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ABSTRACT tends to zero is to resort tboperators instead of delay op-
The | ;  latti fruct . . ith fil erators [1-3, 10]. Although the interrelations between the
€ importance of fattice structures in connection With 1=, iy ,0us and discrete lattice structures have been rarely

tering and prediction has peen known for deCf’.‘de.S- Thestudied, it is known [10] that thé& lattice naturally leads to
demand for faster processing has led to steadily increas-

. ) . .~ a continuous form as the sampling rate increases.

ing sampling rates, and as a result the behavior of the dis- We follow the notation and terminology used in [10].
crete filters as the sampling period tends to zero has becomq.he bar inz(k) or z;, is used to avoid an explicit reference
an important theoretical and practical issue. One way of,[0 the sampling period\: z(k), or zy, are shorthands for
solving the numerical problems that arise in the usual filter (kA). The duration of the obs,ervatiém intervk-T, 1], is
structures when the sampling period becomes small com-, (below we will takeT = 1 for simplicity). The'ob,se}ved
pared V\.’ith the dynamics of thg underlying physical pro- signaly is the sum of a unknown signalin white noisev.
cesses is to r_esort t‘boperators instead of de_lay operators_. The prediction / smoothing problem consists in predicting
Although the interrelations between the continuous and dis- _ . - specific time, giveny for all t € [t — T,¢). Itis
crete lattice structures have been rarely studied, it is known ' -

that thes latti wurally leads t . ¢ th assumed that is zero-mean wide sense stationary, and that
at theo fattice naturally leads 1o a continuous formas the ., ., 416 uncorrelated. The covariancesdé known, and

sampl?ng rate increases. This paper addres_ses this pqint angenoted by (7) (in the continuous case) ¥; (discrete
establishes the rate of convergence of the discrete lattice f'l'case). The estimateof s, given the observed signal, is

ter to the continuous filter as a function of the sampling pe-

riod or of the filter order. ¢
sw=- [ ATt-oyede, @
t—T

1. INTRODUCTION or, in the discrete case,

The importance of discrete and continuous lattice structures N

in connection with digital signal processing in general, and 5k+1)=— Z Kiey(i—1,k),
filtering, autoregressive modeling, and prediction in partic- i=1

ular, has been well known for decades [4, 6].

The digital signals processed by the discrete lattice fil-
ters, as in the case of other digital filters, are often obtained
by sampling some continuous-time signal. However, the
asymptotic behavior of the digital system at high sampling
rates is rarely studied.

This is an important theoretical and practical issue, be-

whereK' are the reflection coefficients, thgare the back-
ward residuals, and (7', 7) or simply A() defines the con-
tinuous time prediction filter (see [10]). The Levinson pre-
dictor is optimum in the mean square sense and works in
terms of a weighted sum of past values of the measurement
signaly,

cause the demand for faster processing has led to steadily N
increasing sampling rates, and most traditional numerical s(k+1)=— Zag\’g(k —i+1),
algorithms become increasingly ill-conditioned as the sam- i=1

pling rate increases.
One way of solving the numerical problems that arise
in the usual processing structures when the sampling perio

and the weight” can be obtained by solving the Yule-
JNalker equations. They are also called the reflection coef-
ficients, sincer®, corresponds to the coefficieAt” in the
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Weller et al.[10] define theA scaled variables

andANT] = KN+1/A. Interms of these variables one has

N
$(k+1) Z Dk

which should be compared with (1).
It was shown by Welleet al. [10, Theorem 5.1] that,
under certain conditions and wWitHA = T,

~ A%l =0,

—i+1)A,

lim[[A(r) ()
forr=0,A,...,(N—1)A. Here, A% is a continuous-time
piecewise constant function constructed fromAH{év, i) in
the following way:
- A(N,i), T¢€
A _ 1 s )y
20 ={ H,

[(i — 1)A,AL0<i< N
re[(N-1A,T].

which, for that givenf, may or may not have an upper
bound with respect to all finite partitiod If it has such an
upper bound we writ¢g € BV, and say thaf is of bounded
variation. The least upper bound@f P, /) with respect to
all finite P is the variation off in I = [0, 1], denoted by
V().
Every continuous monotonic function defined bn=
[0, 1] is of bounded variation, and its total variation f$1)—
f(0)]. The continuity is not essential (any BV function has
a finite derivative almost everywhere, that is, with the pos-
sible exception of a set of zero Lebesgue measure).
Consider the integral equation

/ Alo

whereW (the covariance function) is known andl (the
continuous time filter) is unknown (this is an example of
a Fredholm integral equation of the second kind). The max-
imum value of the covariance functié#i is assumed at the
origin, that is,||IW|| = W(0). It is assumed that the pa-
rameterT” satisfiesI’ > 1//(0), to ensure that the solution
A to the integral equation exists. For an introduction to

T)+TA(T —0)do =0, € [0,7],

This leaves open one important question: how rapidly doesjntegral equations and functional analysis see [5,7]. Two

A2 converge tod asA — 0?

well-known classical references on the subject are [8, 9].

This paper addresses this point and establishes the rate \ye recall the mean value theorem for integrals: given a

of convergence of the discrete lattice filter to the continuous continuous functiory defined onl =

filter, as a function of the sampling periddor of the filter

order N. Our results show that the convergence of (2) can

be at leasO(1/N) in the L, norm.

Weller et al. constructed a piecewise constant function
out of the solution to the discrete time problem, and then
showed that this function converges to the solution of the
continuous time problem, whereas we discretize the solu-
tion to the continuous time problem, and then show that the
vector obtained solves the discrete time equations with a

maximum error ofD(1/N). The result holds independently
of the nature of the sampling functionals that yi&lgl out

of W(r), that is, independently of how the underlying con-
tinuous process is sampled.

2. RESULTS

The symbol|| f|| denotes thd. ., norm of the functionf,
that is, the essential supremum of its absolute value,

1£llso = sup|f(@)].

Let P be a partition of the intervdl = [0, 1], that is, a finite
set of points{z; }1<;<n suchthad < z; <z <z3...<
zn < 1. Given a partitionP and a functionf one may
consider the quantity

Zlf

xz 1)|

= [a, b], there exists a
point¢ € [a, b] such that

/f

Let us return to the prediction/ smoothing problem and take,
without loss of generalityl” = 1 (recall thatT" is the dura-
tion of the observation interval). The relatidh = NA
becomes, of courséy = 1/N.

We split the interval = [0, 1] into N equal intervaldy,
of lengthA. By the mean value theorem, there exists inside
each intervall}, a point, denoted by, such that, for any
particularr;,

fE)0 = a).

W(r) +TA(r

)+ — Z A& )W
Note that theN points{¢;} depend uporr, and that the
discretization of the integral isxact

Assume now that we are given a sef\dsamplesA(o;)

of A(r) and that we wish to estimate tle,, norm of the
difference between

1N
g

(T —=&) =

W(r — o)

and
T
/0 A(o)W (1 — o) do.



Based on the previous discretization we reach the conclu-
sion

1 N—1 T
¥ > Alok)W (1 — o%) —/ A(e)W(r —o)do| =
k=0 0
1 N-1
< 5 > A(oR)W (1 — o) — A&)W (1 — &)
k=0
_ VAOW( )
N
_ VW) + VIW)[|Alle
N
= O(1/N),

assuming thatl andW are of bounded variation. Note that
although the point4¢,.} depended orr, the final bound
does not. Alternative versions of this result, in terms of the
modulus of continuity of the integrand, could also be de-
rived. Settingr = iA ando;, = kA leads to

N—-1
W(iA)+I‘A(z’A)+% > A(RMW[(i—k)A] = O(1/N).
k=0

However, this does not mean that the vecigkA) is an
approximate solution to the Levinson predictor equations

N-1
Wi+yal + Y Wi al =0,

=0

(3)
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