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7DUJHW LGHQWLqFDWLRQ XVLQJ EDWWOHqHOG DFRXVWLF VHQ�
VRU DUUD\V LV DQ LPSRUWDQW SUREOHP IRU WKH $UP\ �>�@ � �
$FRXVWLF VLJQDWXUHV RI WDUJHWV RI LQWHUHVW� VXFK DV WDQNV
DQG WUXFNV� H[KLELW WLPH�YDU\LQJ SDWWHUQV RI KDUPRQLF
DPSOLWXGHV WKDW IDFLOLWDWH WDUJHW ,'� ,Q WKLV SDSHU� KDU�
PRQLF SKDVH FRXSOLQJ LV VKRZQ WR DOVR EH SUHVHQW LQ
WKHVH DFRXVWLF VLJQDWXUHV WKRXJK LVVXHV UHPDLQ WR IXOO\
H[SORLW WKHVH UHODWLRQVKLSV IRU WDUJHW ,'� :LWK DOO HOVH
EHLQJ HTXDO� IUHTXHQFLHV ZLWK VLPSOH KDUPRQLF UHODWLRQ�
VKLSV� VXFK DV � WR � RU � WR �� DUH SUHIHUUHG WR SURGXFH
VWDEOH IHDWXUHV� $OVR� QDLYH XVH RI ))7 DSSURDFKHV WR
HVWLPDWH SKDVH OHDGV WR HUUDWLF HVWLPDWHV� &UDPHU�5DR
ERXQGV �&5%� DUH SUHVHQWHG DQG SURYLGH LQVLJKWV LQWR
WKH OLPLWDWLRQV RI WKH DFFXUDF\ RI SKDVH FRXSOLQJ HVWL�
PDWHV DQG VXJJHVWV WKH YDOXH RI GHYHORSLQJ QRQVWDWLRQ�
DU\ PHWKRGV�
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7KH VSHFWURJUDP IURP DQ DFRXVWLF VHQVRU WDNHQ E\ WKH
$FRXVWLF 6LJQDO 3URFHVVLQJ EUDQFK RI WKH $UP\ 5H�
VHDUFK /DERUDWRU\ �$5/� GXULQJ UHFHQW qHOG WHVWV DW
$EHUGHHQ 3URYLQJ *URXQG �$3*� LV VKRZQ LQ )LJXUH
��� � 7KH KDUPRQLF VWUXFWXUH DQG WKH WLPH�YDU\LQJ QD�
WXUH RI WKH VLJQDO LV YHU\ DSSDUHQW� $ FRXSOHG KDUPRQLF
VLJQDO PRGHO DFFXUDWHO\ PRGHOV D ODUJH SRUWLRQ RI D YH�
KLFOH
 V DFRXVWLF VLJQDWXUH� HVSHFLDOO\ WKDW FRPLQJ IURP
WKH HQJLQH� DQG LV JLYHQ E\
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ZKHUH � LV FDOOHG WKH IX Q G D P HQ WD O IUHTX HQ F\ � K N LV DQ

LQWHJHU LQGLFDWLQJ WKH N WK KDUPRQLF QXPEHU �DVVXPHG
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NQRZQ� � ,Q ��� � $ N ! � DQG � N DUH UHVSHFWLYHO\ WKH DP�

SOLWXGH DQG SKDVH RI WKH N WK KDUPRQLF� ,W LV VRPHWLPHV
SUHIHUDEOH WR ZULWH ��� DV
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ZKHUH X N  $ N FRV�� N � DQG Y N  b $ N VLQ�� � � 7KH
SDUDPHWHUL]DWLRQ RI IXQGDPHQWDO IUHTXHQF\ I  �  ��~ �
FDQ DOVR EH XVHG LQ ��� DQG ��� �

7KH GDWD UHFHLYHG DW WKH DFRXVWLF VHQVRU LV D VDP�
SOHG YHUVLRQ RI WKH FRQWLQXRXV�WLPH PRGHO LQ ��� ZLWK
DGGLWLYH QRLVH FRQVLVWLQJ RI WKH FXPXODWLYH HpHFW RI DP�
ELHQW QRLVH VXFK DV ZLQG� QRQ�WDUJHW VRXUFHV� $OVR� WKH
WDUJHW
V DFRXVWLF VLJQDWXUH LV QRW FRPSOHWHO\ GHVFULEHG
E\ �� � )RU WKH GDWD LQ )LJXUH ��� � WKH IXQGDPHQWDO
IUHTXHQF\ FDQ EH DVVXPHG FRQVWDQW IRU VKRUW WLPH ZLQ�
GRZV �RQ WKH RUGHU RI D VHFRQG� DQG WKH VWDWLRQDU\
PHWKRGV WR EH SUHVHQWHG FDQ EH DSSOLHG� 7KH VDP�
SOLQJ UDWH LV 7  ���� VDPSOHV SHU VHFRQG DQG ))7
V
ZHUH WDNHQ ZLWK Q  ���� VDPSOHV� 7KH VWURQJHVW
OLQH DW DSSUR[LPDWHO\ �� +] LV WKH �WK KDUPRQLF VR
WKDW WKH IXQGDPHQWDO IUHTXHQF\ LV DSSUR[LPDWHO\ ��
+]� )RU WKH FXUUHQW $5/ WDUJHW ,' V\VWHP �>�@ � � WKH
VHFRQG WKURXJK WZHOIWK KDUPRQLFV DUH XWLOL]HG VR WKDW
K  �������������������������� 7 DQG P  �� LQ ��� �
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/HW \  �\ � �\ � �����\ Q �
7 EH D YHFWRU GHQRWLQJ D JLYHQ

VHW RI Q VDPSOHV DW WLPHV W����W��������W�Q � � $Q H[DP�
SOH RI GDWD IURP D VKRUW WLPH ZLQGRZ �DSSUR[LPDWHO\ D
��� D VHFRQG� LV VKRZQ LQ )LJXUH ��� ZKLFK LV WKH qUVW
��� VDPSOHV IURP WKH GDWD LQ )LJXUH ��� � 7KH WLPH
LQGLFHV DUH DVVXPHG WR EH W�L�  L b �Q � �� � ZKLFK
FRUUHVSRQGV WR DVVRFLDWLQJ WKH SKDVH ZLWK WKH PLGGOH
RI WKH WLPH ZLQGRZ DQG DV GLVFXVVHG LQ >�@ JUHDWO\ VLP�
SOLqHV WKH DQDO\VLV�



)LJXUH � � %DWWOHqHOG $FRXVWLF 'DWD ZLWK 7LPH�YDU\LQJ +DUPRQLF 6LJQDO

)LJXUH �� $FRXVWLF 'DWD ZLWK &RXSOHG +DUPRQLF 6LJQDO

8VLQJ ��� � WKH FRXSOHG KDUPRQLF VLJQDO SDUDPHWHU
HVWLPDWLRQ SUREOHP FDQ EH ZULWWHQ DV D OLQHDU PRGHO
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$VVXPLQJ WKH QRLVH LV ZKLWH� WKH QRLVH YHFWRU ] LV PXO�
WLYDULDWH *DXVVLDQ� 1 Q �� �� � ,� DQG WKH PD[LPXP OLNH�
OLKRRG HVWLPDWH �0/(� RI β LV JLYHQ E\

Aβ  Aβ�� �  �; 7 ; � c � ; 7 \ ���

OHDGLQJ GLUHFWO\ WR WKH 0/(
V RI X DQG Y E\ ��� � 7KH
0/(
V RI WKH DPSOLWXGH DQG SKDVH DUH REWDLQHG YLD
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ZKHUH DUFWDQ LV WKH IRXU TXDGUDQW DUF WDQJHQW IXQFWLRQ
�0$7/$% IXQFWLRQ $7$1�� �

$FFXUDWH DSSUR[LPDWH 0/( VROXWLRQV IRU X DQG Y

FDQ EH IRXQG IRU ODUJH Q DQG � QRW WRR FORVH WR � DQG
K N � QRW WRR FORVH WR ~ � ,W LV ZHOO�NQRZQ �IRU H[DPSOH
>�@ � WKDW LQ WKLV FDVH
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ZLWKRXW PDWUL[ LQYHUVLRQ� 7KH 0/( RI X DQG Y FDQ
DOVR EH HsFLHQWO\ DQG VLPSO\ HVWLPDWHG XVLQJ WKH ))7
RI \ � 7KH FRQWLQXRXV )RXULHU WUDQVIRUP �&)7� RI \ �
GHQRWHG E\ < �I � LV
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IRU � � I � � �� 7KH ))7 RU PRUH SUHFLVHO\ WKH
GLVFUHWH )RXULHU WUDQVIRUP �')7�� FDOFXODWHV ���� RQO\
DW WKH FHQWHU IUHTXHQFLHV ) N  N  Q RI WKH )RXULHU ELQV



IRU N  ���������Q b �� � $SSUR[LPDWH HVWLPDWHV XVLQJ
WKH ))7 FDQ EH REWDLQHG E\ URXQGLQJ WKH IUHTXHQFLHV
WR WKH QHDUHVW IUHTXHQF\ ELQV�

AX N  �� Q �5H�< �URXQG�Q K N I � Q �
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ZKHUH URXQG�[ � LV WKH QHDUHVW LQWHJHU WR [ � 7KH 0/(
RI DPSOLWXGH FDQ EH REWDLQHG E\ ��� EXW WR DFFRXQW IRU
XVLQJ WKH FHQWHU IUHTXHQF\ RI WKH )RXULHU ELQV UDWKHU
WKDQ WKH H[DFW IUHTXHQFLHV� WKH HVWLPDWH RI SKDVH LV

A� N  DUFWDQ�b AY N � AX N �
b �Q K N I b URXQG�Q K N I � �~ �Q b �� Q
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ZKLFK FDQ EH D FRUUHFWLRQ RI DOPRVW ~  � IRU KDUPRQLF
IUHTXHQFLHV WKDW DUH KDOI D ELQ DZD\ IURP WKH FHQWHU�
$V GLVFXVVHG ODWHU� WKH FRUUHFWLRQ LQ ���� LV YLWDO IRU
DFFXUDWH HVWLPDWLRQ RI KDUPRQLF SKDVH FRXSOLQJ� ,W DOVR
VKRXOG EH QRWHG WKDW WKH DSSUR[LPDWH HVWLPDWH ��� LV
HTXLYDOHQW WR XVLQJ WKH &)7 LQ ���� UDWKHU WKDQ WKH
')7 ZKLFK OHDGV WR

AX N  �� Q �5H�< �K N I � �
AY N  b �� Q � ,P�< �K N I � �

����

ZKLFK LV MXVW ���� ZLWKRXW URXQGLQJ� $Q LPSRUWDQW
SRLQW DERXW WKHVH DSSUR[LPDWH 0/(
V LV WKH\ UHPDLQ
YDOLG �SHUKDSV UHTXLULQJ D ODUJHU Q � LQ WKH FRORUHG QRLVH
FDVH�
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8VLQJ PHWKRGV WR HVWLPDWH IXQGDPHQWDO IUHTXHQF\ GH�
VFULEHG LQ >�@ � WKH OHDVW VTXDUHV HVWLPDWHV RI DPSOLWXGH
DQG SKDVH IRU WKH GDWD LQ )LJXUH ��� ZHUH REWDLQHG� 7KH
HVWLPDWHG DPSOLWXGHV RI WKH WKLUG DQG VL[WK KDUPRQLF
DUH VKRZQ LQ )LJXUH ��� ZKLFK� GHVSLWH WKH YDULDWLRQ
LQ SRZHU DV D IXQFWLRQ RI UDQJH GXH WR DFRXVWLF SURS�
DJDWLRQ HpHFWV� KDYH D IDLUO\ FRQVWDQW GLpHUHQFH� 7KLV
VXJJHVWV WKDW WKH UDWLR RI WKH WKLUG DQG VL[WK KDUPRQLF
�WKH VWURQJHVW OLQH� LV D PRUH UREXVW IHDWXUH IRU WDUJHW
,'� )RU WKLV UHDVRQ� QRUPDOL]LQJ WKH DPSOLWXGHV E\ WKH
VWURQJHVW OLQH LV SDUW RI WKH FXUUHQW WDUJHW ,' V\VWHP

7KHUH DOVR H[LVWV D SKDVH FRXSOLQJ EHWZHHQ WKH WKLUG
DQG VL[WK KDUPRQLF DV VKRZQ LQ )LJXUH ��� ZKLFK LV D
SORW RI WKH GLpHUHQFH

G � �  PRG��� � b � � ��~ � ����

YHUVXV WLPH� 7KH YDOXH RI G � � LV UHODWLYHO\ FRQVWDQW RYHU
VKRUW WLPH ZLQGRZV� +RZHYHU� WKH GLpHUHQFH LV QRW ]HUR
DV SUHGLFWHG LQ VRPH PRGHOV� H�J� >�@ � DQG GRHV DSSHDU
WR YDU\ VOLJKWO\ RYHU WKH HQWLUH WLPH SHULRG� 7KLV DS�
SDUHQW DQRPDO\ LV SHUKDSV GXH WR SURSDJDWLRQ HpHFWV

)LJXUH �� +DUPRQLF $PSOLWXGH (VWLPDWHV

DQG�RU YDULDWLRQV LQ WKH WDUJHW
V DVSHFW RU RSHUDWLRQ
FKDUDFWHULVWLFV � 7R ZKDW H[WHQW GLpHUHQFHV VXFK DV LQ
���� DUH XVHIXO LQ WDUJHW LGHQWLqFDWLRQ UHPDLQV DQ RSHQ
LVVXH� ,Q DGGLWLRQ� WKHUH LV DOVR DQ LVVXH RI KRZ DFFX�
UDWH WKHVH GLpHUHQFHV FDQ EH HVWLPDWHG� 2QH UHDVRQ�
WKH KDUPRQLF QXPEHUV � DQG � ZHUH FKRVHQ WR VKRZ
FRXSOLQJ LV WKH VLPSOH � WR � UDWLR EHWZHHQ WKHP WKDW
PLQLPL]HV WKH YDULDQFH RI WKH FRUUHVSRQGLQJ GLpHUHQFH�
:LWK KDUPRQLFV � DQG �� IRU H[DPSOH� WKH FRUUHVSRQG�
LQJ GLpHUHQFH LV G � �  PRG��� � b �� � ��~ � ZKLFK� ZLWK
DOO HOVH EHLQJ HTXDO� ZRXOG KDYH D YDULDQFH ���� WKDW RI
���� � 6R IRU WDUJHWV ZKHUH � DQG � DUH GRPLQDQW KDU�
PRQLF OLQHV� WKH KDUPRQLF FRXSOLQJ ZLOO EH PRUH GLs�
FXOW WR GHWHFW DQG WUDFN DQG PD\ QRW EH VWDEOH IHDWXUHV�

)LJXUH �� 3KDVH &RXSOLQJ EHWZHHQ 7KLUG DQG 6L[WK
+DUPRQLF

7KH LPSRUWDQFH RI XVLQJ WKH FRUUHFWHG SKDVH LQ ����
FDQ EH GHPRQVWUDWHG LQ WKH FDOFXODWLRQ RI ���� � :LWK�
RXW WKH FRUUHFWLRQ� HPSLULFDO UHVXOWV VKRZHG WKDW WKH
FDOFXODWHG GLpHUHQFHV ZHUH DERXW ��� GHJUHHV Rp �L�H�
WKH ZRUVW SRVVLEOH HUURU� KDOI RI WKH WLPH DQG QHDUO\
FRUUHFW WKH RWKHU KDOI� 7KH UHDVRQ IRU WKLV LV� DVVXPLQJ
XQLIRUP GLVWULEXWLRQ ZLWKLQ WKH )RXULHU IUHTXHQF\ ELQV�



WKDW KDOI WKH WLPH WKH HUURU LQ WKH SKDVH HVWLPDWHV DUH
LQ RSSRVLWH GLUHFWLRQV DQG DGG WRJHWKHU GHVWUXFWLYHO\
LQ ���� DQG KDOI WKH WLPH WKH\ FDQFHO HDFK RWKHU RXW�

�� &5$0(5�5$2 %281'6

7KH &UDPHU�5DR %RXQGV IRU WKH FRXSOHG KDUPRQLF SD�
UDPHWHUV JLYH LQVLJKW LQWR WKH SUDFWLFDO PDWWHU RI WKH
DFFXUDF\ RI WKH IHDWXUHV XVHG IRU LGHQWLqFDWLRQ� 7KH
VLQJOH VLQXVRLG FDVH� P  � DQG K �  �� ZDV qUVW SUH�
VHQWHG LQ >�@ DQG LV DOVR GLVFXVVHG LQ GHWDLO LQ >�@ � )RU
ODUJH Q DQG IUHTXHQFLHV VXsFLHQWO\ VHSDUDWHG� DOO WKH
FURVV�WHUPV LQ WKH LQIRUPDWLRQ PDWUL[ IRU HVWLPDWLQJ
DUELWUDU\ PXOWLSOH IUHTXHQFLHV LQYROYLQJ GLpHUHQW VLQX�
VRLGV DUH QHJOLJLEOH �>�@ � >� @ � � 6LPLODUO\� IRU WKH KDUPRQ�
LFDOO\ FRXSOHG FDVH� WKH LQIRUPDWLRQ PDWUL[ LV DSSUR[L�
PDWHO\ GLDJRQDO
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LV D GLDJRQDO PDWUL[ ,QYHUWLQJ ���� OHDGV WR WKH DSSUR[�
LPDWH &5%
V IRU WKH DPSOLWXGHV
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LV WKH 615 RI WKH N WK VLQXVRLG� $V VKRZQ LQ �>� @ � IRU
H[DPSOH� DQ LQWHUHVWLQJ UHVXOW LV WKDW WKH &5%
V IRU WKH
FRORUHG *DXVVLDQ QRLVH FDVH DUH DSSUR[LPDWHO\ HTXDO WR
WKRVH DERYH ZLWK � �  � � �K N � � WKH ORFDO QRLVH YDULDQFH
DQG � N  $ �

N
 ��� � �K N � � WKH ORFDO 615�

)RU ODUJH Q � WKH YDULDQFH RI WKH 0/(
V RI DPSOLWXGH�
SKDVH� DQG IXQGDPHQWDO IUHTXHQF\ DUH DSSUR[LPDWHO\
HTXDO WR WKH &5%� /RRNLQJ DW ���� � WKH YDULDQFH RI
IXQGDPHQWDO IUHTXHQF\ JRHV GRZQ ZLWK WKH SUHVHQFH RI
KLJK 615 WRQHV ZLWK ODUJH KDUPRQLF QXPEHUV� )RU EDW�
WOHqHOG DFRXVWLFV� WKLV LV QRW DOZD\V WKH FDVH EHFDXVH RI
LQFUHDVHG SURSDJDWLRQ ORVV DW KLJKHU IUHTXHQFLHV� $OVR�

WKH IXQGDPHQWDO IUHTXHQF\ FDQ EH HVWLPDWHG IDLUO\ DF�
FXUDWHO\ ZLWK VPDOO GDWD VL]HV� EXW ���� VKRZV WKDW
H[SORLWLQJ WKH KDUPRQLF SKDVH FRXSOLQJ IRU WDUJHW ,'
PD\ UHTXLUH PRUH WLPH VDPSOHV� +RZHYHU� EHFDXVH RI
WKH QRQVWDWLRQDULW\ RI WKH IXQGDPHQWDO IUHTXHQF\ LW LV
QRW DOZD\V SRVVLEOH WR LQFUHDVH Q DUELWUDULO\ DQG WKH
DFFXUDF\ RI SKDVH HVWLPDWHV LV OLPLWHG ZLWK VWDWLRQDU\
DSSURDFKHV� 6R� REWDLQLQJ PRUH DFFXUDWH SKDVH HVWL�
PDWHV ZLWK WLPH�YDU\LQJ IXQGDPHQWDO IUHTXHQF\ LV D
VXE MHFW IRU IXUWKHU UHVHDUFK DQG SUHVHQWV DQ LQWHUHVWLQJ
SUREOHP LQ QRQVWDWLRQDU\ VLJQDO SURFHVVLQJ�
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>� @ 0� *KRJKR DQG $� 6ZDPL� ?/RZHU ERXQGV RQ WKH
HVWLPDWLRQ RI KDUPRQLFV LQ FRORUHG QRLVH� � 3 URF�
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FHVVLQ J� ( VWLP D WLR Q 7 K HR U\ 375 3UHQWLFH +DOO�
(QJOHZRRG &OLpV� 1HZ -HUVH\ ������ �����

>�@ '� (� /DNH ?(sFLHQW PD[LPXP OLNHOLKRRG HVWLPD�
WLRQ IRU PXOWLSOH DQG FRXSOHG KDUPRQLFV� � VXEPLW�
WHG WR ,( ( ( 7 UD Q V� 6 LJQ D O 3 URFHVVLQ J �

>�@ '�&� 5LIH DQG 5�5� %RRUVW\Q� ?6LQJOH�WRQH SDUDP�
HWHU HVWLPDWLRQ IURP GLVFUHWH�WLPH REVHUYDWLRQV��
,( ( ( 7 UD Q V� ,Q IR UP � 7 K HR U\ � YRO� ,7����SS� ����
���� 6HSW� �����

>�@ '�&� 5LIH DQG 5�5� %RRUVW\Q� ?0XOWLSOH WRQH SD�
UDPHWHU HVWLPDWLRQ IURP GLVFUHWH�WLPH REVHUYD�
WLRQV�� % HOO 6 \VW� 7 HFK - �� SS� ���������� 1RY�
�����

>�@ 6URXU� 1� DQG 5REHUWVRQ� -� � ?5HPRWH 1HWWHG
$FRXVWLF 'HWHFWLRQ 6\VWHP� � $UP\ 5HVHDUFK /DE�
RUDWRU\� $5/�75����� 0D\ �����

>�@ 3� 6WRLFD� 5� /� 0RVHV� %� )ULHGODQGHU� DQG 7�
6RGHUVWURP� ?0D[LPXP OLNHOLKRRG HVWLPDWLRQ RI
WKH SDUDPHWHUV RI PXOWLSOH VLQXVRLGV IURP QRLV\
PHDVXUHPHQWV� � ,( ( ( 7 UD Q V� $ FR X VW�� 6 SHHFK �

6 LJQ D O 3 URFHVVLQ J � YRO� ��� SS� �������� 0DUFK
�����

>�@ $� 6ZDPL DQG 0� *KRJKR ?&UDPHU�5DR ERXQGV
IRU FRXSOHG KDUPRQLFV LQ QRLVH�� 3 URF� $ VLOR P D U
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>�@ :HOOPDQ 0� 6URXU� 1� DQG +LOOV '�� ?$FRXVWLF )HD�
WXUH ([WUDFWLRQ IRU D 1HXUDO 1HWZRUN &ODVVLqHU� �
$UP\ 5HVHDUFK /DERUDWRU\� $5/�75������ -DQ�
XDU\ �����


