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ABSTRACT a time/multi-frequency representation that is defined as
For analysis of signals with arbitrary dispersive phase laws, we N N = 2 firi
extend the concept of higher order moment functions and define 1O-WP= (t, f) = // Uz (t,7) H eI dry @
their associated higher order spectra. We propasaaigher or- T =t
der time-frequency representation (TFR), the higher order gener-ihe (v —1)th dimensional Fourier transfofof a local N'th order
alized warped Wigner distribution (HOG-WD). The HOG-WD is moment functiof® u (¢, 7) =& (t—a) HN_l(E 2)(t—atTn)
obtained by warping the previously proposed higher order Wigner _ . . 1 N1 n= . e
distribution, and is important for analyzing signals with arbitrary with centering parameter= >;_, n. The conjugation opera-

. : . : : L,, conjugates the signal if the indexis even, e.g(La4z)(t) =
time-dependent instantaneous frequency. We discuss links to pr|0t10*Ir ) . .
higher order techniques and investigate properties of the HOG-” (). The HO-WD in (1) preserves constant time shifts, and un-

WD We extend the HOG-WD o lass of e rcer,aemat. 02/ £2181 Concfons constantrecuency it on e sgnal e
ing sign, frequency-shift covariant TFRs. Finally, we demonstrate [4]. An entire class of HO-time frequency representations %TFRs)
the advantage of using the generalized higher order spectra to dewa-s derived in [4, 10] b smoothir? theyHOF-)WD with a multidi-
tect phase coupled signals with dispersive instantaneous frequenc;&lensiomII kernelz it canybe viewedgas iNeh order extension of
characteristics. Cohen'’s class of quadratic TFRs [3].
In [9], the HO-Altes Q-distribution (HO-QD) was introduced

1. INTRODUCTION as an extension of the HO-WD to the scale domain. Alternatively,
it is an extension of the second order Altes Q-distribution [1] to
higher order. The HO-QD preserves scale changes and under cer-
tain conditions, hyperbolic frequency shifts. It is important for
analyzing signals with hyperbolic IF characteristics, such as bat
echolocation pulses.

In [8], it was shown that quadratic TFRs which are matched to
signals with dispersive IF characteristics can be obtained by warp-
ing the well-known quadratic Wigner distribution (WD), using a
warping function,&(c). The resulting generalized warped WD
. . . . (GWWD) [8] is a quadratic TFR based on second order moments
The concept of using aarbitrary warping to map one signal ¢ the sjgnal. The GWWD can be viewed as a time-varying gen-

geometry onto a new geometry has been used in the context Oferalized power spectrum. Special cases of the GWWD include the

time-frequency analysis [2, 8]. In this paper, we apply the warp- \yp for ¢ () = ¢ and the Altes Q-distribution [1] faf(c) =In c.
Ing approac_h, based on a warping fu_nct@(m:), to c_)btalnr_1e_\/v In this paper, we unify and generalize the concepts of HO-
H.O generallze_d (HOG) _moment functions and their multidimen- TFRs using warping techniques. Equivalently, we extend to higher
sional generalized Fourier transform, HOG spectra. These NeWq der the quadratic GWWD. Theew higher order generalized
HO statistics are matched to signals with arbitrary dispersive IF warped Wigner distribution (HOG-WD) is well-suited for analyz-
laws, that depe'.‘d 08(c). Spema_ll cases of the HOG spectrum ing signals with dispersive IF characteristics. Important special
for order N = 3 include the classical bispectrum in [7], the scale cases of the HOG-WD include the HO-WD developed in [4, 10]
blspectrum |n.[9], and thaewpower yvarped bispectrum amew .. (matched to signals with constant IF), the HO-QD developed in
exponential blspectrum_developed in this paper. Also, we prOV|de|[9] (matched to signals with hyperbolic IF), tmewHO power
an ex?mp'e demonstratlng_the aﬁva”‘?ge .Of the .HOG spectrum f_o warped WD (matched to signals with power law IF) proposed in
detecting phase coupled sinusoids with dispersive IF characterls-thiS paper, and thaewHO exponentially warped WD (matched
tics. ’

The HO-Wigner distribution (HO-WD) in [4, 10, 5] can be lUnless otherwise specified, integration limits ase to co.
viewed as a time-varying counterpart of HO spectra, and is im-  2This local higher order moment is similar to the one in [4] except
portant for analyzing signals whose phase law varies linearly with We conjugate every other signal term in order to produce frequency shift

) P . covariance.
time. TheN'th order HO-WD [4], of a deterministic signal¢) is SFor space considerations, vector functions are used in the arguments

of multidimensional functions. Vectors are denoted using boldfaced and
*This work was supported in part by ONR grant NO0014-96-1-0350. underlined text, e.ar = [71,- -, TN-1].

Higher order (HO) moment/cumulant functions and their multidi-
mensional Fourier transform pairs, HO spectra, of a random pro-
cessz(t) [7, 6] are theNth order extensions of the second order
concepts of the autocorrelation function, and its Fourier transform
pair, the power spectrum. In [9], the HO moment functions and HO
spectra were warped hyperbolically [8] to obtain scale HO moment
functions and their multidimensional Mellin transform pairs, scale
HO spectra, useful for the analysis of signals with hyperbolic in-
stantaneous frequency (IF) laws such as Doppler invariant signals




to signals with exponential IF) also proposed in this paper. In this 2.2. lllustrative Example

paper, we define theewHOG-WD and we list some of its desir-

We show that phase coupled, complex sinusoids withpower

able properties and special signal cases. Furthermore, we extengl, |F can be characterized by thé = 3, xth power warped

the HOG-WD to a broader class of HO-TFRs that for epépre-
serve dispersive, alternating sign frequency shifts.

2. HIGHER ORDER GENERALIZED SPECTRA FOR
RANDOM SIGNALS

2.1. Definition of Higher Order Generalized Spectra

Arandom signak(t) is Nth order wide sense stationary if itéth
order moment function;Y (r) = E [v£' (¢, T)], depends only on
the lagsr;,i = 1,---, N. Here,vY (t,7) = & (¢t) [[ 2} &(t +
7.) is the local moment function [7] anB [] is the expectation
operator. TheVth order moment spectrum is defined as the—

1)th dimensional Fourier transform of (r), i.e.

N—-1
R =[] @I,
T1 YTN—1

i=1

@)

In [2, 8], arbitrary warpings were used to map TFRs matched to 3.¢.
one signal geometry onto new TFRs matched to a new signal ge- *
ometry. In this paper, we apply the warping idea, using a warp-

ing function(c), to generalize the HO moment functions and HO

moment function and theth powerwarped bispectrum. Define
F(t) = ej(2wb1€:a(f7)+®1)+ei(2ﬂb2§;c(ﬁ)+®2) where¢,.(c)
sgn(c) |c|”, b1, b2 ER, by = 2b1, and the phase®,, ©, are uni-
formly distributed or]—, 7]. If Z(¢) is phase coupled, thed, =
201; otherwise©; is independent 0®,. For both the phase cou-
pled and non-phase coupled cases,the 2, xth power warped
moment functions in (3) are identical and given by>*~(0)

E (5" (03(r 61 (6x() +l0))] = /180 4 2rnni),
)

Hence, theV = 2, xth power warped spectra in (45,2’5"’
8(y—b1)+6(y—2b1), are also identical and cannot be used to de-
tect phase coupled power sinusoids. Thie-3, xth power warped
moment functions‘;’g"‘ (01, 02), inrow 4 of Table 1, however, can

be used to detect phase coupled power sinusoids because it is only
zero in the non-phase coupled case:

O, independen®-
Oy = 20;.

~{o0
o1,02) =
(01,02) 2701 (6 (1) +Ex(72))

For the phase coupled case, #th power warped bispectrum, in

spectra. These new HOG statistics are matched to signals with disfow 4 of Table 1, simplifies to a 2-D impulse located @t 61):

persive IF laws dependent d@iic). We obtain the HOG moment
function as
sz (o)

B [0ha (b6 ), trE(00),e o6 onan))

Bl (0 [[ (06 (60 +€0@))) @

where (Wei#)(t) = #(t.£ (%)) is the signal warping operator,
t, > 0 is a fixed reference time, ang{c) € R is a one-to-one,
differentiable function such th@t ' (¢(c)) = c¢. Note that if the
Nth HOG moment functionsg’f(g), depends only on the lags
oi,i=1,---, N —1, then we say it iSNth order wide sensg¢-
stationary. The HOG spectrufif** (v) is defined as theN—1)th

dimensional generalized Fourier transforms§f¢ (o) in (3):
Sé\f,ﬁ (1) = Foy—=yt PGN—l‘*‘Yl {Sg,g (g)}

N—1
- / . / Y€ (@) [ 724 € )| dor. (4)
o1 Jon—1 =1

The 1-D generalized transform ef (o) is defined as:
A —j2m o
Posa{s2(0)}=ps; (1) = [ 53(0) ™7 [ (o) do (5)

where¢’(c) 4 ¢(c). For example,P is the familiar Fourier
transform wherg(c) = ¢, whereasP is the Mellin transform when
&(c) =Inc. In Table 1, we list some special cases of the HOG

moment functions in (3) and their associated HOG spectra in (4)

for order N = 3 and for various{(c). For example, in row 4
we obtain thenewHO power warped spectra fgfc) = . (c) =
sgn(c) |¢|™, where sgf) is the signum function.

Alternatively, given the conventional HO spectruRy (£) in
(2), we can derive the HOG spectrum by (i) warping the signal
to obtain(Wez)(t), (i) applying the HO spectrum to the warped
signaI,R{,"V“?(i), and (iii) scaling the axes to obtain the correct

1 N Y1

units, i.e.
N, 1 N 1 N YN-1
S¢ () tN—*lRWf;’(t_ ) tN—,lwai(t—,“w . )

This is a useful formulation for implementing any HOG spectra as

4

we can use the standard algorithms for HO spectra. HOG spectr:

0,
3(m1 = b1,y2 — b1),

36 _ ©, independen®-
Sz (1 72) = { 0, =20,.
This is important for detection applications since it will indicate
one peak for only the case of the phase coupldgdpower sinu-
soids. Since this holds for aM, it includes the special cases of
sinusoids £=1) and linear FM chirps{=2).*

3. HIGHER ORDER GENERALIZED WARPED WIGNER
DISTRIBUTION (HOG-WD)

3.1. Definition of the HOG-WD

We also apply the warping concept, based on the warping function
&(c), to HO-TFRs. We obtain theew N'th order HOG-WD by: (i)
warping the deterministic signalt), (ii) computing the HO-WD
in (1) of the warped signalWex)(¢), and (iii) transforming the
time/multi-frequency axes for correct time/multi-frequency local-
ization. Thus,

1 i)

e ®)

wherev (t) = ££(&) and(We)(t) is defined in (3). Expanding
(6), we can re-express the HOG-WD as

HOG-WD) *(t, f) = P P

HOG-WD}* (¢, £) = HO-WDy; (trf(ti)

(M5 (t, o)}

oty oo
N—-1 . ;
=t£“1/ ) / M (6,0) [T 777l (00)] dow, (7)
o1 JoON-1 n=1

an (N —1)th dimensional transform of the warped local moment
function M2 (t, &), ande =[o1; - - ,on—1]. The integration lim-

its depend on the range 6fc). The warped local moment func-
tion, M2-¢(t,e) in (7), is a warped version afl (¢, 7) in (1):

4For this zero mean signal example, either power warped moment func-
tions or power warped cumulants could have been used as they are iden-
tical for N < 3. For random signals, cumulant functions are sometimes

apreferred as their spectra satisfies such desirable properties as suppressing

are important in analyzing phase coupled sinusoids with arbitrary Gaussian noise and characterizing a signal’s phase information [7].

IF as we demonstrate next.



\ £(c) 3rd order Generalized moment functisft (o;, o) Generalized bispectrs* (7, 72) ref. |
Slinear(c) =c¢ E [Z*(t)Z(t + t,01)T(t + t,02)] IS 53 flinear(gl 0y)e 12T Mo 0202) 45 7, [6, 7]
&in(c) =In(c) E [2*(¢) 1(1‘01 (Tm ] fo %5;“'” 01,Jg)c‘,_ﬁ"(“l““”*”f”“””‘%‘% [9]

&ule)=sgre) [d" | B[#* (1) (1,1 (6x(1) + &nl0))F (&L () + Ex02))] | [ [575 (01, 09)e 208000800 o0, * T doydos | new
Eexplc) = €° E[i*(t )7’(2‘ ln (el ) ) 4 em))#(t, In(eld (&) 4 e )] IJ sz'éexr’(m,rrz)efﬂﬂ(hf“+”r'2f'"2>e(‘71+”2)(](71(102 new
one-to-one [ E[i*()a(t, (E(]) + E(01) (LT E(D) +E(02))] | [ [ 575 (01, 00)e PO 282 [€(01) & (03)| doidos | new

Table 1: Third order HOG moment functions in (3) and their corresponding HOG bispectra in (4) for diffétent Here, E[] is the

expectation operator. Rows 2-5 are special cases of the last row.

M (@) = e (1€(0)

=" (17" (& ——Zgal))
ﬁ( o) (e (e )+£0n—NZ€m))- ®

AIternatlver, we can express the HOG WD |n (7) in terms of the
generalized transformp,.. (c) in (5):

(1, f) = %/Cpi([ﬁgﬁ] - 9)
N—1 fn

1 b R (G

N
3.2. Importance of the HOG-WD

The HOG-WD is an important HO-TFR that could be used for the
multidimensional analysis of sighals with dispersive IF character-
istics. In particular, let:, () = ?>7*¢(*/*") b ¢ R, be a complex
exponential with arbitrary IR v(t) = b %f(%). Then, for even
orderN, the HOG-WD of this signal is ideally centeredsaiv (¢),
along its multi-frequency axes, i.e.

HOG-WD (¢, £) = [t (t)"N TTAZ) 6(fn + (—1)"bw(t)),
whered(t) is the Dirac delta function. Notice the alternating sign
in the argument of the delta function. For example, if the warping
function £(c) = Eexplc) = ¢, thenzy(t) = 2 <”’"" is a com-
plex sinusoid with exponential IF law,(t) =be'/ ' /t,, and the
HOG-WD simplifies to:
HOG-WD, (8, £) =Je*/*" [N TN} 6(f + (-
The HOG-WD is also useful for analyzing impulse functions. Let
the signal be an impulse function centered at time location
d(t)=5(t — to), then the HOG-WD is proportional to an impulse
function localized at the same ting:

HOG-WD) % (¢, ) =8(t — to) |t-v(to)|V " .

e (o)

£(o
t
t,

HOG-WDY

9)

l)nt_bret/t,‘).

3.3. Some Special cases of the HOG-WD

Various interesting cases of the HOG-WD in (6), (7) and (9) can
be obtained by appropriately selecting the functjéa).

HO-WD: Whené(c) = jinear(c) = c in (6), the HOG-WD sim-
plifies to the HO-WD in (1), SiNC€We;j, oo ) (1) = z(1).

HO-QD: When¢(c) =&in(c) =Inc, the HOG-WD in (6) sim-
plifies to a time/multi-frequency versidif the HO Q-distribution
(HO-QD) in [9]. The HO-QD is given as

N-1
HO-QD}! (¢, £) =tiv‘f 3 /Mi“ () [T 7 i (a0)
- 1 YON—-1 gi

=1

5The HO-QD in [9] is a time/multi-scale representatiory (¢, c).
They are related as0-QDY (¢, £) = ¢ ' TX (t,¢) | _t #-

the (IV —1)th dimensional Mellin transform of a loc&¥'th order
scale moment functiod/,, ’5'”( t,o), that is defined in (8) with
&(c) =én(c) =lne, ando; ERT,i=1,---, N —1 are scale lag
parameters. The range of integration in (10) is fr@t0 co.
HO-PWD: Whené(c) =& (c)=sgr(c) |¢|*, k #0, the HOG-WD
in (6) simplifies to thenewHO power warped WD (HO-PWD):

i
N—l
The HO-PWD is thg N — 1)th dimensionakth power transform
of the local N'th orderxth power warped moment function in (8),
MY (t, ), with €(c) =€x(c).
HO-EWD: Whené(c) = Eexp(c) = e°, we obtain thexewHO expo-
nentially warped WD (HO-EWD). The HO-EWD is th{éV —1)th
dimensional exponential transform of the lodgth order expo-

nential moment functlonMN §exp( t,a), which is defined in (8)
with £(c) =Eexp(c) =e°

HO-EWD] (¢, f) —tr/ /M
o1 JonN—1 zl

For example, the HO-EWD is useful in analyzing signals with ex-
ponential IF characteristics.

]27r

HO-PWD]) (¢, f) = e e ¢.(0i)\do;.

N— —t
—j2nt, fietre%i _o;
g J2mtrfi e%ido;.

3.4. Desirable properties of the HOG-WD

The HOG-WD preserves many desirable signal properties impor-
tant for time-frequency analysis, some of which are listed below.
[P-1] The HOG-WD satisfies the generalized warped time shift
covariance property defined as:

y(t) = z(n(t, 7)) =
HOG-WDN=5(t,f):HOG-WD;"f(n(t,T), f), (11)
v(t) =

wheren(t, 7)=t,.£~ (g(—) Z). Note that wher§ (c) = &jinear(c)
=c, the property in (11) 5|mpI|f|es to time-shift covariance :
y(t) = 2(t — 7) = HO-WDy “Inear(¢ £) = HO-WDY (t — 7, f).
Furthermore, wherg(c) = &in(c) = In(c), the property in (11)
simplifies to scale covariance, ig(t) = x(te_tlr) =

HO-QD, "IN (, £) = HO-QD, (e 7r ¢, e™r f).

[P-2] For N even, and(c) given, the HOG-WD in (7) preserves
alternating sign frequency shifts if changes in the signal’s IF are

v(n(t, 7))

proportional tav(t) = ££(£):
y(t) = (1)) = HOG-WD) S (¢, 1, fo, <, f1) =
HOG-WD, (¢, f1 — bu(t), f2 + bu(t), -+, fxm — bu(t)).

The original HO-WD [4, 10] did not satisfy any frequency shift
covariance property foN > 2, since the local HO moment func-
tion in [4] was defined with only one conjugated signal term. By



alternately conjugating the signal terms usifgin (8) in a man-
ner similar to [9], we obtain a HO-WD with(c)=c in (7) which
satisfies this property.
[P-3] The HOG-WD preserves generalized warped scalings on
asignaliy(t) = z(u(t,a)) =

v t,a

).

HOG-WD (¢, f) =| |V HOG-WDY ¢ (u(t,a),

wherep(t,a) = trf‘l(af(t{)). This property simplifies to scale
covariance whei(c) =, or&(c) =&, (c), and to constant time-
shift covariance wheg(c) =e°

[P-4] The HO-WD in [4] was designed to preserve the IF prop-
erty, i.e. the mean frequency of the HO-WD at a given time yields

the derivative of the phase of the signal. By choosing the centering

parametery = % Efi‘ll 71, in the HO moment function in (1), the

HO-WD satisfies the centering constraint [5, 4], necessary for pre-
serving the IF property. Since the HOG-WD is a warped version of
the HO-WD, it preserves a generalized IF property. Specifically,
if z(t) = r(t)e?*® r(t) > 0, then the generalized IF (mean
conditional frequency) property is given as:

ffl ff f; HOG-WD) "¢ (¢, t, f)dfr---dfna nd ®
Jp, Sy HOG- WO S (t, f)dfy - dfna ardt”
where\; = (—1)**'for N even and\;=(—1)"*"+ L for N odd.

[P-5] Multiple integration over all frequency parameters of the
Nth HOG-WD yields the instantaneouéth order temporal mo-
ment,

t _
(YN 0G-WDY 4 (¢, £) dfy - - - df v
€GN [ HoswoX < g) i---ay
= 2O [(Lar)t) = MYE(6,671(0),+,67(0)).

[P-6] Integrating the HOG-WD along curves that are propor-
tional to the IF¢; v(¢),: = 1,---, N—1, yields the HOG moment
spectrum P ¢ (v):

Pl () = /HOG-WD;"f(t, crv(t), -, enot v(t) |t (t)| dt
t

(%%) ﬁ Lap) (=) 30)

wherep,(c) is the 1-D generallzed transform in (5). Whah=3,

the HOG spectrum simplifies to the bispectrum in [7, 6]§6f) =

¢, the scale bispectrum in [9] f@i(c) = In ¢, thenewpower warped
bispectrum forg(c) = £« (c), and thenewexponential bispectrum
for £(c) = e°. The HOG moment function for a deterministic
signal,pY ¢ (a) = [ tN M4 (t,a) |v(t)| dt, and the HOG spec-
trum, P¢(v), share the same generalized transform relation as
for random signals in (4).

4. GENERALIZED HIGHER ORDER CLASS

In [4], Cohen’s kernel function approach [3] was applied to the
HO-WD to obtain an entire class of higher order TFRs:
qpc (t—t, f— f) HO-wDY

D=l e

By choosing the kerneu;o ,to be a low-pass functlon, cross terms
in the non-linear HO-WD can be attenuated. In the same spirit, we

(& £ dtdel

derived a class of HO generalized TFRs by applying the warping
procedure in (6) to the HO Cohen'’s class above:

N i f
G //'f1 lel/}C‘ E( )7@ I/(lg))
‘HOG-WD. ¢ ({, ) # I dr-

This newHO generalized warped class consists of TFRs that al-
ways satisfy the generalized frequency-shift covariance property
for N even. Moreover, the kern&lg of the HO-TFR can be cho-
sen to reduce the troublesome cross-terms of the HOG-WD in var-
ious applications.

5. CONCLUSION

We have provided a unifying framework for the concepts of higher
order (HO) moment functions, their associated transform pairs, the
HO spectra, and HO TFRs. They can be important for the analysis
of random and deterministic signals with arbitrary, dispersive IF
characteristics. We have shown how our work generalizes previ-
ous TFRs, as for special cases it simplifies to the HO-WD in [4],
the HO-QD in [9], and to the GWWD in [8]. It also generalizes
previous spectra: the bispectrum in [7], the scale bispectrum in [9],
and the generalized power spectrum in [8], while introducing the
new power warped bispectrum and exponential bispectrum. We
demonstrated the importance of our new results by showing, for
example, that the new power warped bispectrum is well-suited for
the detection of phase coupled power sinusoids.
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