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ABSTRACT windowed spectrograms of the de-chirped proce@s. The de-

) L . . . chirping procedure removes dominant line components(ofin

A non-linear multi-window method for generating a time-varying  the time-frequency plane, and therefore a priori knowledge of the
spectrum of non-stationary signals in noise is presented. The time-gigna| is required. While effective, their method has limitations,

varying spectrum is computed from an optimally weighted aver- 5q they note [5], [6]. For example, the chirp extraction procedure

age of multiple Hermite windowed spectrograms. The weights 5 computationally very demanding, and fails when two or more

are determined using linear least squares estimation with respectyossing chirps are present in the signal.

to a reference time-frequency distribution. A masking operation

In this paper, we continue the development of methods for

is also used to reduce extraneous side lobes introduced by highepgnstationaryVSestimation, and in particular the multi-window

order Hermite windows. Several examples are provided, with per-

approach initiated by Bayram and Baraniuk. We develop a non-

formance criteria measures, to demonstrate and quantify the effecyinear least-squares multi-window time-varying spectral estima-

tiveness of this new method.

1. INTRODUCTION

Time-varying spectral analysis is important in many applications

such as radar, sonar, speech, geophysics and biological signals>

Many methods have been developed, particularly for determinis-

tion procedure that addresses some of the limitations noted by
Bayram and Baraniuk. The method we develop does not require
extraction of chirp components, works well with multiple com-
ponent signals (including crossing chirps), and is computationally
simple. Examples are provided, with performance criteria mea-
ures, to demonstrate and quantify the effectiveness of this new
method.

tic signal analysis, and perhaps the most popular method is the
spectrogram, which is the magnitude squared of the short-time 2 MULTIPLE WINDOW NON-LINEAR TIME-VARYING

Fourier transform [1], [2], [11]. For stochastic processes, one of
the primary methods for time-frequency analysis is the Wigner-
Ville spectrum WV3, defined by Martin and Flandrin as [12]

Je

where the integral is the Wigner distributiol/D) of the process
z(t), andE{.} denotes the expectation operator.

If several realizations of the nonstationary procegs are
available, one can obtain an estimate of &Sby ensemble av-
eraging the individuaWD's of each realization. Often, however,
only a single realization of the process is available, in which case
some smoothing of th&/D of z(¢) is typically performed to esti-
mate theWVS[12]. Smoothing with a Born-Jordan kernel yields
a minimum variance estimate of tt¢VVSof a white noise pro-
cess [3], [9]. If the statistics (up to fourth order) are known for a
signal+ noise process, then a non-trivial signal-dependent kernel
can be derived to optimally smooth the WD and estimatatvS
[14]. If these statistics are not known, effective smoothing can
still be achieved, utilizing separable kernels as in [12], or signal-
dependent methods as in [10].

Recently, an alternative approach to WVS estimation was de-
veloped by Bayram and Baraniuk [5], [6]. They extended Thom-
son’s multiple window stationary spectral estimation procedure
[16]to the nonstationary case by averaging multiple Hermite

Wi(t, f) = E{/a:*(t - %)x(t + %)e_j%frdr
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SPECTRUM
Given a realization of a discrete complex time-varying noise cor-

rupted process,
z(n) = s(n) + n(n) )

wheres(n) andn(n) correspond to signal and noise components
respectively, our aim is to generate a computationally efficient,
high resolution time-varying spectral estimate of the noisy sig-
nal with good performance in low signal to noise rat®N\ R).
We achieve this goal by computing a non-linear multi-window
weighted average combination of spectrograms closest td/ihe
in a least squares sense.

Given z(n) we calculateK (k = 0,1, ...
Hermite windowed spectrograms,

, K — 1) different

2

L/2—1 2
Sk(n,m) = | Y w(n+Ohe(f)e 7 ©)
{=—L/2
where the Hermite windows,
k
1 k ﬁ d —¢2
(1) = ——(—1 — 4

are optimally concentrated in the circular time-frequency region
Lr ={(t,f): t*+ f> < R’} and form an orthonormal basis
in L?(R) [8]. Then we optimally weight each of the spectrograms



by solving the linear LS problem GaussianN(m.,o2) [13], [15]. Furthermore, given L indepen-
dent (therefore uncorrelated) random variahtesvith meansm;
2 and variances?, i = 1,2,...., £, the maximum entropy density
(5) is a sum of Gaussian densities [13], [15],

n;iknzz ‘P(n, m) — di Sk (n, m)

0

~

x~
Il

. . N . . _ 1 < 1 7(11-77711—)2/20'.2
whereP(n,m) is a reference time-frequency distribution, which f(x) = 7 Z =e ‘. (10)
we take here to be th&/D. iz V2mo;

Using a one dimensional indexing (via row-wise scanning) of
Sk(n,m) and P(n,m), (5) can be written compactly in matrix
form as

In time-frequency theory, the mean frequency of a signal com-
ponent at a given time is given by the instantaneous frequency,
i (t), of the component [7]. Similarly, the variance in frequency
at a given time is given by the (square of) instantaneous bandwidth,
oZ(t) [7]. Hence, given the (statistically independent) individual
instantaneous frequencies and bandwidths of a multi-component
a°Pt = (STs)"!'sTP. @) signql, it folloyvs frc_)m a_bove that the maximum entropy spectral

density at a given time is

min||P — Sd|*. (6)

The linear LS solution of (6) is given by

A linear least-squares estimatg of P is e ) .
P|t) = Z bi e (=¥ (0)7/207 (1) (11)
i=1

. K-l P \/2rc}(t)
Pr(n,m) = Z d7P' Sy (n, m). (8) _
k=0 where P(wlt) denotes a conditional density, afél is a normal-

ization factor which is the ratio of the power of tff& signal com-
ponent to the total signal power over the time-frequency interval
considered. The maximum entropy joint densiyED) is there-
fore given by

Since negative values have no physical interpretation in a time-
varying spectrum, we take the positive part of (8). Furthermore,
since the k-th order Hermite window;(¢) hask zeros which

show up as side-lobes in the multiple window spectrum, we mask

the positive part of the spectrum in order to eliminate these side-  P(t,w) = P(t)P(w|t) (12)

lobes as follows . Noting that the zero associated Witl¥) is c

hidden under the main lobe associated viigli¢), we observe that _ Z pi 1 P t)e_(u—p;(t))z/%?(t)

the positive part of the estimate obtained for= 2 will have no T Lap 2mo2(t) ¢

side-lobes. Therefore, we can use the multiple window spectrum i=1 !

(MWS for K = 2 to mask the positive part of the spectrum for \yhere P, (¢) is the time marginal of thé" signal component.

K > 2. The masking functio(n, m) is We use thisVIED to achieve an objective comparison between
TFRs for known signals. We define a performance meadek) (

Tn,m)y=4 L Py(n,m) >0 ©) of the resultingTFRs with respect to this ideal as
’ 0 if Px(n,m)<0 ' B
Eg:l Eﬁf:l P?(n,m) (dB)
Yoo Yoy [P(n,m) = P(n,m)|?

E where P(n, m) is the discreteMED of the noise-free signal, and

|12 (n, m)|| P(n,m) is theTFRbeing assessed.
For comparison purposes, we generated several discrete syn-
thetic test signals of the form

Our non-linear multiple window time-varying spectrum is thus P M = 10logio (

K1 +
P(n,m) = T'(n,m) KZ A% Sy (n, m)>

k=0

whereT'(n,m) and (.)* denote the masking and positive-only

thresholding operations respectively, and the SCﬁ)ﬂ{L nor- c

. o . nm)ll jei(n)
malizes the distribution such that its total energy equals the total z(n) =s(n) +n(n) = g pi(n)e’*H 4+ n(n) (13)
energy ) of the given signal. i=1

The main computational requirement of our method is the cal- where

culation of optimal weightings for the Hermite windowed spectro- 1/4 —as(nena:)2/2
grams. Thiseequires tt?e invgersion of thex K matrixB = SEIZS pi(n) = ciai/m)!/tem im0 (14)
which can easily be carried out by using the Cholesky factorization and )
technique, due to the fact thBtis a symmetric positive definite @i(n) = vin®/3 + Bin® /2 + Doin (15)
matrix. are the time-varying amplitude and phase, respectively ofthe
signal componenty(n) is complex additive Gaussian white noise
3. EXAMPLES (AGWN, @o; is the discrete-time frequency in radians, and=

_ _ _ _ ()%, From (14) and (15), we havgl(n) = yin® + B;n + Goi
In this section, we give several examples for noise-free and NOISY ando2 (n) = % from which one can easily construct tNEED

signals. The effectiveness of the non-liné&WSis quantified via f the noise-free signal, per (12). We define 8% R of a noise
a performance measure, with comparisons to other techniques, an@orrupted signal asg P '

to an “ideal” TFR which we use as the standard of comparison,
generated as follows. LYW ()2

It is well known that, given only the meam, and variance SNR = 10logio Nz;
o2 of an unknown density (z), the maximum entropy estimate is = Yooy In(n)]?

> (dB). (16)



Example 1:Fig. 1 shows six time-frequency representations [2] R. Altes, “Detection, estimation and classification with spec-
of three discrete complex Gaussian parallel chirp signals where  trograms,”J. Acoust. Soc. Anwvol. 67, pp. 1232-1246, 1980.
01202203:1,51:Bzzﬂgzw/N,alzazzagz [3]
0.006, nop = 32, Moo = 96, noz = 160, L:}(n = (:102 = (:103 = 0, H H e H H
and the signal lengttv. = 192. The SNR of the signal is 3IB. \Ijglr.nﬂs ;c:)r Sg;ggglszgszt_igglsvg réoelsfl,ligggrans. Sig. Proc.
Fig. 1(a)-(b) show theMED and the proposed non-lineMwWS T ' T )
for the noise free case, respectively. The well-known cross-terms[4] R. G. Baraniuk and D. L. Jones, “Signal-dependent time-
problem of theWDis seen in Fig. 1(c) for the noisy signal. In fact frequency analysis using a radially Gaussian kerngignal
one of the cross terms directly interferes with the chirp component ~ ProcessingVol. 32, No. 3, pp. 263-284, June 1993.

in the middle. The radially Gaussian kernBGK) TFR[4] with [5] M. Bayram, “ Multiple window time-frequency analysis,”

kernel volumex = 3 is shown in Fig. 1(d). The spectrogram with Masters ThesisDep. of Electrical Engineering, Rice Univer-
a Gaussian window is shown in Fig. 3(e), and the proposed non-  sjty, Houston, Texas, May 1996.

linearMWSis shown in Fig. 1(f). ThéM results for this example 6
are summarized in table 1. As seen from the figure and table, the[ ]
proposed non-linedWSperforms well.

M. G. Amin, “Minimum variance time-frequency distribution

M. Bayram and R. G. Baraniuk, “Multiple window time-
frequency analysis/EEE SP International Symposium Time-

Example 2:In this example we consider a multicomponent E;%qlf]encylegré% Time-Scale Analysiaris, France, pp. 173-
signal whose components intersect. Fig. 2(a) shows the proposed » Juné )
non-lineatMWSof two quadratic discrete complex Gaussian cross- [7] L. Cohen, “Time-frequency distributions-A review,"Proc.
ing chirp signals where; = c» = ¢c3 = 1,1 = —y2 = n/N?, IEEE, vol. 77, no. 7, pp. 941-981, 1989; —Time-
B1 = B2 =0,a1 = az = 0.0005, no; = no» = 128, &p1 = 0, Frequency AnalysjsPrentice-Hall, 1995.

@o2 = m, signal lengthN = 256, and K = 6. Performance [8] I. Daubechies, “Time-frequency localization operators: A ge-

measures for var_iouSNR Ievels_ are given in Fig. 2(b). . ometric phase space approadfEEE Trans. Info. Theoryol.
Example 3:Fig. 3 shows six time-frequency representations 34, pp. 605-612, July 1988.

of a multicomponent signal consisting of a tone, linear chirp, and

sinusoidal FM. Parameters ate = 0.81, ¢» = 1, ¢3 = 0.9, [9] S. B. Hearon and M. G. Amin, “Minimum-variance time-
a1 = ap = 20/N?, as = 40/N?, no; = no» = 128, nos = frequency distribution kernels,JEEE Trans. Sig. Prog.vol.
102, 81 = B2 = 0, Bs = (96/N?)m, @or = (60/N), @o» = 43, no. 5, pp. 1258-1262, May 1995.

(220/N)m, @o3 = (120/N), and the signal lengttv = 256. [10] D. L. Jones and R. G. Baraniuk, “An adaptive optimal-kernel
In addition, the first signal component has an additional sinusoidal time-frequency representation|EEE Trans. Sig. Prog.vol.
phase of20cos(27n/N). Fig. 3(a)-(b) show théVED and the 43, no. 10, pp. 2361-2371, Oct. 1995.

proposed non-lineaMWS for the noise free case, respectively. . W

Fig. 3(c)-(f) show thaVD, RGK TFR spectrogram, and non-linear [11] R. chenlg, H. Dunn, and L. Lacey, “The sound spectro-

MWSin presence of zero meakGWNwith SNR = 3 dB. The graph,”J. Acoust. soc. Amvol. 18, pp. 19-49, 1946.

PM results for this example are summarized in table 1. Here again,[12] W. Martin and P. Flandrin, “Wigner-Ville spectral analysis of

the proposed non-lineddWSperforms well. nonstationary processeslEEE Trans. ASSPvol. 33, no. 6,
Example 4:Fig. 4 shows foull FRs of the echo-location pulse pp. 1461-1470, Dec. 1985.

emitted by the Large Brown Bat, Eptesicus Fuscus. The duration[13] a. papoulis, Probability, Random Variables, and Stochastic

of the digitized data is 2.5 microseconds, and there are 400 sam- ProcessesMcGraw-Hill, 1991.

ples. The sampling period was 7 microseconds. Comparing the o

non-linearMWSto three otheTFRs in Fig. 4, we see that pro- [14] _A. M. Sayeed and_D. L anes, Optlmal_kernels for nonsta-

posed method is able to detect even the weakest high frequency  tionary spectral estimation [EEE Trans. Sig. Progvol. 43,

line component successfully. no. 2, pp. 478-491, Feb. 1995.

[15] C. Shannon, “A mathematical theory of communication, part
3,” IEEE Bell Syst. Tech. Jvol. 27, pp. 623-656, 1948.

[16] D. J. Thomson, “Spectrum estimation and harmonic analy-
In this paper, we developed a simple, effective multi-window sis,” Proc. IEEE vol. 70, pp. 1055-1096, Sept. 1982.
method for time-frequency analysis of nonstationary processes.
The proposed method was evaluated using clean and noisy signals
and compared to th&/D, spectrogram and oth8iFRs. Quanti- ) . .
tative performance measures were given, and in all cases the pro:r'é".blegl'.P'VI R.eS‘fJItS |ndEd} for ExampIE 1 g}g' 1) and Example 3
posed technique outperformed other methods. (Fig. 3) in noise free and noisyi(VE = 3 dB) cases.

4. CONCLUSIONS

Example 1 Example 3
ACKNOWLEDGMENTS METHOD | Noise Free| Noisy || Noise Free| Noisy
MWS 11.6 6.4 9.0 5.9
Bat data is courtesy of Curtis Condon, Ken White, and Al Feng of RGK TFR 7.8 4.8 6.9 3.9
the Beckman Institute of the University of lllinois. SGRAM 2.9 2.4 2.2 2.0
WD -3.0 -3.9 -2.8 -3.4
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Figure 1: (a) ldealMED of three parallel noise-free Gaussian
chirps. (b) Proposed non-linesWSwith K = 6 for noise-free
case. FouifFRs in presence oAGWNwith SNR = 3 dB: (c)
WD, (d) RGK TFRwith kernel volumea = 3, (e) spectrogram,
and (f) proposed non-linedWSwith K = 6. Table 1 gives
guantitative performance measures.
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Figure 2: (a) Proposed non-linelstWSof two crossing quadratic
Gaussian chirps. (b) PM comparison of thiideRs of two crossing
quadratic chirps in various levels of nois€FRs are the Wigner

distribution (WD), spectrogram (SGRAM), and the proposed non-

linear multiple window spectrum (MWS).
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Figure 3: (a) ldealMED, (b) Proposed non-lineaWS with

K = 6 of a multicomponent signal in noise-free case. Four time-
frequency representations of the same multicomponent signal in
AGWNwith SNR = 3 dB: (c) WD, (d) RGK TFRwith kernel
volumea = 3, (e) spectrogram with a Gaussian window, (f) pro-
posed non-lineaMWSwith K = 6. Table 1 gives quantitative
performance measures.
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Figure 4: Four TFRs of the echo-location pulse emitted by the
Large Brown Bat, Eptesicus Fuscus: &P, (b) RGK TFRwith
kernel volumea = 3, (¢) spectrogram with a Gaussian window,
(d) proposed non-linedMWSwith K = 4.



