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ABSTRACT

This paper presents an approach to vector quantization of sources
exhibiting intervector dependency. We present the optimal decoder
based on a collection of received indices. We also present the
optimal encoder for such decoding. The optimal decoder can be
implemented as a table look-up decoder, however the size of the
decoder codebook grows very fast with the size of the collection
of utilized indices. This leads us to introduce a method for stor-
ing an approximation to the set of optimal decoder vectors, based
on linear mapping of a block code vector quantization. In this
approach a heavily reduced set of parameters is employed to rep-
resent the codebook. Furthermore, we illustrate that the proposed
scheme has an interpretation as nonlinear predictive quantization.
Numerical results indicate high gain over memoryless coding and
memory quantization based on linear predictive coding. The re-
sults also show that the sub-optimal approach performs close to
the optimal.

1. INTRODUCTION

In modern applications of vector quantization, e.g. in speech cod-
ing, one of the main goals is attaining high quality at low bit rate. A
common technique for enhancing performance at a particular rate
is to utilize the memory in the source signal in the coding process.
In this paper we emphasize the utilization of memory in the trans-
mitted index processfIng resulting from the quantization. The
memory in the index process is assumed to stem from intervector
dependency in the processfXng of source vectors. To illustrate
the principle of the proposed method, consider the decoding prob-
lem. Given that, at timen, the decoder makes the observation
In = in an ordinary, memoryless, VQ decoder would produce the
centroidc(in) = E[XnjIn = in] as estimate of the transmitted
source vectorXn. However, in many practical situations we can
assume that (i); the index processfIng contains memory that can
be utilized by the decoder for enhanced performance, and (ii ); the
decoder knows about the collection of a number of, say,M indices
received earlier, that is,in�1; : : : ; in�M . Since the index process
is assumed to have memory, the decoder should thus produce as
estimate the “multi-index” centroidE[Xnjin; : : : ; in�M ] instead
of the “single-index” centroidc(in) for decoding, at timen. This
idea, which is made more precise below, is central to this paper.
Similar conclusions regarding the use of multi-centroid decoding
have been drawn before in, e.g., [1] for vector quantization and
in [2] for scalar encoding. See also [3] for a general treatment of
nonlinear estimation using vector quantization.

Decoding based onE[Xnjin; : : : ; in�M ] can be implemented
as a table look-up. However, the size of the decoder codebook gen-
erally grows extremely fast as a function ofM . Because of this
drawback of the proposed method, we in this paper put consider-
able effort in introducing a method for sub-optimal decoding based
on linear mapping of a block code VQ (LMBC VQ; see [4, 5]) for
storingthe multi-index codebook at the decoder. In LMBC VQ the
number of degrees of freedom in representing the codebook is con-
strained, and hence a smaller set of parameters has to be stored in
order to represent the codebook. Another contribution of the paper
is the consideration of optimal encoding for decoding based on the
collection of received indices and results for joint encoder-decoder
design.

2. PRELIMINARIES

To begin describing the problem under consideration carefully,
consider ad-dimensional stationary vector processfXng, where
Xn 2 R

d , and a vector quantizer with encoder mapping" and
with decoder�. At time n the encoder produces an indexIn 2
IN , whereIN , f0; 1; : : : ; N � 1g, and where we assume that
N = 2L (hence, the rate of the code isR = L=d), and the decoder
computes a source vector estimateX̂n.

As described in the introduction, the decoder is assumed to be
a function of a collection of observed indices. More precisely, in
denoting byIn 2 IM+1

N
the collection of the the present and the

earlierM transmitted indices, that isIn = (In; : : : ; In�M), then
when the observationIn = in is made, the decoder� is a function
of in, according to

X̂n = �(in): (1)

In an analogous manner the memory in the index process is utilized
in the encoding: Denote asJn 2 IMN the earlier indices alone, that
is Jn = (In�1; : : : ; In�M ), then, given thatJn = jn and that
Xn = xn the encoder is a function,

in = "(xn; jn) (2)

of the source vector,xn, and of the earlier transmitted indicesjn.
To measure system performance, we throughout employ the

mean squared error (MSE) distortion measure

D = EkXn � X̂nk
2; (3)

and “optimal” will throughout refer to the minimization ofD.
Next section is devoted to optimal encoding and decoding.



3. OPTIMAL ENCODING AND DECODING

Here we treat optimal decoding, for a given encoder, and optimal
encoding, for a given decoder. We start by investigating the decod-
ing.

3.1. Optimal decoding

For a given encoder, and a given source, it is straightforward to re-
alize that the optimal decoder is the minimum mean squared error
(MMSE) estimator (c.f., [1] and [2])

X̂n(i) = E[XnjIn = i]: (4)

GivenIn = i, the decoder̂Xn(i) is hence a function of theM +1
integers ini. Denote, for simplicity, theNM+1 possible vectors
asv(i). The decoder can then be implemented as a table look-up,
by storing the vectorsfv(i)g. However, the size of the decoder
codebookfv(i)g grows exponentially according to2L(M+1) with
the resolutionL and with the size of the memoryM . In Section 4
we will therefore describe a method for storing a reduced-size ap-
proximation tofv(i)g based on LMBC VQ. As a prerequisite to
Section 4, the following is a description of the Hadamard trans-
form representation for VQ codebooks [6].

The setfv(i)g of possible decoder vectors can be represented
asv(i) = Th(i) whereT is a fixed transform matrix and the
vectorh(i) is defined as (c.f. [6])

h(in) = ~h(in�M )
 � � � 
 ~h(in�1)
 ~h(in); (5)

where “
” denotes the Kronecker matrix product and where

~h(i) =

�
1

bL(i)

�

 � � � 


�
1

b2(i)

�



�
1

b1(i)

�
: (6)

Here, for some (arbitrary) integeri 2 IN , the bits (in af�1g
representation) of the integer are denotes asbl(i) 2 f�1g; l =
1; : : : ; L. Consequently, the vectorh(i) contains all possible prod-
ucts of the different bits of the indices contained ini. More pre-
cisely, in interpretingi as the integerK(i) ,

P
M

m=0 in�mN
m,

h(i) is theKth column of anNM+1 byNM+1 Hadamard matrix
H. In the following, we will use both the vector notationi and
the integer interpretationK(i) interchangeably. The mapping ma-
trix T is defined uniquely by the set of codebook vectors and is
obtained as the Hadamard transformT = N�(M+1)VH where
V contains all the codebook vectors as columns. The principle of
using the Hadamard transform for representing (memoryless) VQ
codebooks, is described more thoroughly in [6].

3.2. Optimal encoding

Having presented the optimal decoder, for fixed encoding, we con-
tinue here with a treatment of optimal encoding. The optimal en-
coder transmits the value ofin that minimizes the expected value
of kXn�X̂nk

2 conditioned thatJn = jn; In = in andXn = xn.
That is,

"(xn; jn) = arg min
in2IN

kxn � X̂n(in; jn)k
2: (7)

According to the commonly used principle in VQ design [7], one
straightforward way of designing an encoder-decoder pair is as
follows: (0) Chose an initial encoder; (i) determine the optimal
decoder for the given encoder; (ii ) determine the new optimal en-
coder for the new decoder; (iii ) repeat from (i). Codes designed
according to this principle are evaluated in Section 5.

3.3. Interpretation as nonlinear prediction

An interesting interpretation of the proposed method based on (7)
and the Hadamard representation,Th(i), for the decoder vectors,
can be obtained as follows: Note that according to (5) and (6), the
vectorh(i) can be subdivided into three parts, as

h(i) = hnew+ hmixed + hold; (8)

wherehnew contains the possible products of the bits,bl(in), of
the indexin (and zeros in other positions),hmixed contains mixed
terms, that is, products of bits ofin and bits of old indicesjn, and
hold contains products of old bits only (terms depending only on
the indices ofjn). Thus, the decoder vectorv(in) can be written

v(in) = Thnew(in) +Thmixed(in; jn) +Thold(jn): (9)

Consequently, the optimal encoder (7) can be reformulated as

"(xn; jn) =

arg min
in2IN

ken �Thnew(in)�Thmixed(in; jn)k
2; (10)

whereen = xn � Thold(jn). The vectoren can be interpreted
as aprediction error, since it is formed as the difference between
the present vectorxn, to be coded, and a predictionThold(jn)
based on the previously transmitted indicesjn. Hence we see that
the encoder tries to represent the prediction erroren as closely as
possible using a “new” codevectorThnew(in) and a codevector
Thmixed(in; jn) that depends, in a nonlinear fashion, onboth the
new indexin (to be transmitted) and the old indicesjn. Conse-
quently, the proposed method has an interpretation as nonlinear
predictive coding. Assuming that the encoder-decoder pair has
been trained for a particular source, the matrixT is determined
by the resulting decoder codebook. In the interpretation as predic-
tive coding we note that this matrix determines both the VQ (the
codebook)and the “predictor”. Hence, the design gives ajoint op-
timization of the VQ and the (nonlinear) predictor. Other work on
nonlinear predictive coding in VQ for speech coding has been pre-
sented in, e.g., [8] (see also [3]). In passing we note that another,
perhaps more obvious, interpretation of the proposed method is
an interpretation as finite-state VQ [7], where the “state” is deter-
mined by the old indices collected injn.

4. LMBC-BASED DECODING AND ENCODING

The optimal decoder can, as commented on above, be implemented
by storing the entire set of decoder vectorsfv(i)g at the decoder.
However, the size of the decoder codebook grows exponentially
with the memoryM , so the decoder quickly becomes intractable
in terms of storage requirements. In this paper we emphasize
the use of LMBC VQ [5, 4] for storing an approximation to the
decoder vectors. This approach is based on the representation
v(i) = Th(i). From this expression it is evident that the decoder
can equivalently be implemented by storing the mapping matrix
T. In LMBC the Hadamard representation isconstrainedso that
only a (relatively small) number of the columns ofT are allowed
to be non-zero. This is equivalent to using a representationGg(i),
where the vectorg is defined from a sub-set of the components of
the “full-freedom” Hadamard columnh(i). To be more specific,
we illustrate the principle using the, so called, E3 code. As de-
scribed in [4, 5] the E3 code, forg(i), is defined to contain+1
in the first position, all linear terms (i.e., the bits ofK(i)) and



all nonlinear terms (products of bits) ofweight three(all possible
products of three different bits among the(M+1)L bits ofK(i)).
Consequently, in the E3 code the LMBC codevectorg is of size
1 + L(M + 1) + (L(M + 1))!=(6(L(M + 1) � 3)!). We refer
to [4, 5] for a comprehensive description of the LMBC VQ ap-
proach (with application to the design of memoryless vector quan-
tizers). These references also give examples of other LMBC codes
and some guidelines for choosing a particular code. In Section 5
we present results for both “full-freedom” optimal decoding and
LMBC-based decoding, using the described E3 code. (For LMBC
we have chosen to employ the E3 code in our results.)

4.1. Decoding

The LMBC-based decoder stores the mapping matrixG and cal-
culates, for each time-instantn, the vectorg(in) to produce the
decoded vectorGg(in). The dependence ofg(in) on in is deter-
mined by the employed LMBC code. Since the productGg(in)
has to be computed for each time-instant, the price for the re-
duced storage capacity requirement can be observed to be an in-
creased computational complexity in the decoding (compared to
table look-up decoding which is of virtually zero computational
complexity). However, the decoding complexity can generally be
assumed to be moderate since, as mentioned, the number of terms
of the vectorg(in) is relatively low and hence the complexity of
evaluating the matrix productGg(in) is low.

When the vectorg is unconstrained, that is, wheng(i) = h(i),
the optimal decoder matrix isG = T, whereT is the Hadamard
transform of the set of optimal decoder vectorsfv(i)g (c.f. Section
3.1). However, when constrainingg according to the LMBC prin-
ciple the codebook is defined from the mapping matrixG which
has to be optimized for the given encoder. More precisely, it is
straightforward to show that in the MMSE sense the matrixG

should be chosen according to (c.f., [4, 5])

G = E[Xng
T ]fE[ggT ]g�1; (11)

whereg = g(In).

4.2. Encoding

The optimal encoder, for a given decoderGg(in), is

"(xn; jn) = arg min
in2IN

kxn �Gg(in; jn)k
2: (12)

An LMBC-based encoder-decoder pair can now be designed based
on; (0) an initial choice of encoder; (i) the selection of a particular
LMBC code [4, 5] in order to defineg(i); (ii ) the expression (11)
defining the mapping matrixG, and; (iii ) the expression (12) for
the optimal encoder, given a decoder. This procedure can then be
iterated from (ii ) to produce a final encoder-decoder pair.

Note that the computation of"(xn; jn) requires a search over
IN , where for each value of the new index,in, to be tested, the
vectorGg(in; jn) is calculated and compared toxn. The num-
ber of such vectors to be evaluated isN . The complexity of the
“brute-force” method of searching by evaluating firstg(in; jn),
based on the description of the employed LMBC code, and then
the matrix productGg, can be quite high (depending on which
code is employed). Most LMBC codes [4, 5], however, have suf-
ficient amount of structure to allow for considerable simplifica-
tions in the search. To illustrate this, givenjn let i be the value

of in to be tested, theng = g(i; jn) andGg are to be evalu-
ated for alli 2 IN . Now assume that the possible values fori
are tested in Gray code order;i = G(0); G(1); : : : ; G(N � 1),
whereG(k) defines the Gray encoding of the integerk (that is,
G(k) = k � (k=2), where “�” denotes bit-wise modulo-2 addi-
tion), then for each index to test it is known that onlyonebit has
been altered compared to the previous index that was tested. Since
an alteration in one bit always influences an equal number of po-
sitions1 in the vectorg, it is straightforward to store a table listing
the numbers of the elements ofg that change sign when a new
index is tested. Then if~X is the value ofGg tested againstxn
in the previous comparison, the new vector to test is obtained by
adding to~X (or subtracting, depending on the previous signs) two
times a sum over the columns ofG that correspond to positions
in whichg has changed sign. Using this technique, the complex-
ity of the search becomes proportional toN times the number of
terms in the sum over the columns. The number of terms is gen-
erally (depending on which LMBC code is employed) much less
than the size ofg, so the search complexity can often be assumed
to be of the same order of magnitude asN . (Note thatN is the
number of terms that have to be searched in ordinary memoryless
VQ encoding of a size-N VQ).

5. SPEECH QUANTIZATION

To examine the performance of the described method we will in
this section present experiments on quantization of speech sam-
ples. We have chosen to work with speech samples for simplicity
and in order to illustrate the performance of the proposed method.
Parameters extracted from speech, as well as blocked speech sam-
ples, generally have high correlation between consecutive vectors.
Quantization schemes exploiting this property by linear predictive
methods have indeed shown improved performance compared to
memoryless methods. Occasionally, however, consecutive vectors
have very low mutual dependency, corresponding to rapid changes
of the speech signal. In these cases it has been shown advanta-
geous to incorporate an additional robustness to this rapid change
in the vector trajectory [9]. In [2], it is indicated that non-linear de-
coding, of the same form as (4), also inherits a robustness towards
the varying intervector dependency. As previously mentioned, the
method described here can be seen as a non-linear predictive vec-
tor quantizer. We will therefore compare the new approach to the
performance of a traditional linear predictive scheme. In a com-
mon implementation of such a scheme [7], a linear prediction,~xn,
is given by

~xn =

KX
k=1

Akx̂n�k (13)

wherex̂n�k are previously coded vectors,Ak are prediction coef-
ficient matrices andK is the predictor order. The prediction error
en = xn � ~xn is then quantized using a memoryless VQ.

The nonlinear prediction presented in this work has a finite
memoryM in the decoder, and linear predictive schemes that uti-
lize a finite memory have been presented in the literature, e.g.
[10, 11]. Since the decoding structure of a linear predictive quan-
tizer based on (13) is recursive, there is an infinite memory in the

1This statement holds for the E3 code, and all other codes (like the ones
proposed in [5, 4]) that are defined according to: “Include ing(i) all linear
terms, all terms of weightw1 plus all terms of weightw2 : : : ”, but does
not hold for all LMBC codes.



decoder. We can thus regard the performance of a recursive struc-
ture as an upper bound on the performance of a finite memory
structure.

Two sets of speech material were prepared from the TIMIT
speech database for the experiment. The training was performed
on 150 seconds and another 50 seconds was used for evaluation.
For the linear predictive VQs a first order prediction is employed.
The results of the experiments are shown in Table 1 for rateR =
L=d = 1 and in Table 2 forR = 2. The tables show the ob-
tained SNR (in dB) for memoryless quantization, linear predic-
tion, optimal encoding-decoding (according to (7) and (4), indi-
cated as “Full”(-freedom) in the table) and LMBC based encoding-
decoding (according to (12) and (11) and employing the E3 code).

VQ SNR [dB]

Mem.less 6.6
Lin. pred. 7.4
Full M=1 7.7
E3M=1 7.6
Full M=2 8.1
E3M=2 8.0
E3M=3 8.3

Table 1: Performance at 5 bits and 5 dim.

VQ SNR [dB]

Mem.less 10.7
Lin. pred. 11.7
Full M=1 12.2
E3M=1 12.1
E3M=2 13.0

Table 2: Performance at 6 bits and 3 dim.

As can be observed all memory schemes outperform memory-
less quantization. Furthermore, the new approach performs better
than linear predictive coding. We also note that the LMBC based
method performs relatively close to the optimal approach.

In the experiments, we have noted that the LMBC-based ap-
proach is much more robust against discrepancies between the
training set and the evaluation set, than is the optimal approach.
This is most likely due to the fact that in the LMBC-based method
the parameter to be estimated from the training set is the mapping
matrixG, while design of an optimal code is equivalent to esti-
mating the full-size matrixT (or, equivalently, the setfv(i)g of
decoder vectors). Since the size of the constrained matrixG is
(much) less than the size ofT, in effect the unknown parameters
to be estimated are much fewer in the LMBC approach. Hence the
accuracy of the training, based on a limited set of training vectors,
can be expected to be (much) higher in the LMBC-based approach,
while a drawback of the optimal approach is that a very large train-
ing set is needed in order to get reliable results.

6. CONCLUSIONS AND FURTHER WORK

In this paper we have proposed a vector quantization method uti-
lizing the dependency between transmitted indices. We have pre-

sented both an MMSE optimal decoder, given a collection of pre-
viously transmitted indices, and an MMSE optimal encoder for
such a decoder. An optimal decoder needs a storage of possible
reconstruction vector which grows exponentially with the size of
the employed memory. We have therefore proposed a sub-optimal
decoding scheme where the storage requirement at the decoder is
substantially reduced. This is achieved by using a linear mapping
of a block code to describe an approximation to the set of possible
decoder vectors. By using a Hadamard formulation the proposed
method can be interpreted as a nonlinear predictive vector quanti-
zation scheme of finite memory. Experiments on quantized speech
showed that both the proposed optimal and sub-optimal schemes
outperform a traditional linear predictive scheme. These promis-
ing results indicate that the proposed method will also be well
suited for quantization of parameters extracted from speech, such
as spectrum and excitation parameters. One main suggestion for
further work is hence the application of the proposed method in
parametric speech coding.
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