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ABSTRACT 2. EXPONENTIAL MODELING

In this paper we present a numerically robust method for mod- Sinusoidal coding aims at modeling a sigmals a sum of, say,
eling audio signals which is based on a exponential data model. ~ sinusoids, i.e.,

This model is a generalization of the classical sinusoidal model

in the sense that it allows the amplitude of the sinusoids to . K

evolve exponentially. We show that, using this model, so-called &(n) = Z ax(n) cos(nwi (n) + i (n)), @)
attacks can be represented very efficiently and we propose an k=1

algorithm for finding the exponentials in a robust way. More-
over, we show that by using a proper segmentation of the input
data into variable length segments the signal-to-noise ratio can
be drastically improved as compared to a fixed-length analysis.

wherea (n), wr(n) and g (n) are slowly time varying param-
eters, such thatz — || is minimized for some norm and some
value of K. Conventional sinusoidal coders divide the signal into
segments and assume the parametgrs;, andy;, to be constant
throughout each segment. In reconstructing the signal, overlap-add
or interpolation techniques are used to obtain a smooth transition
of the reconstructed signal at the segment boundaries [3].
. . . . . Audio signals with so-called “attacks” or “transients”, like the
In audio coding the need for lower bit rates(64 kbit/s) is grow- signal shown in Figure 2a, contain fast variations in amplitude and
ing. The emerging MPEG standardization work items will aim at  annot be modeled efficiently as a sum of constant-amplitude si-
bit rates well below 64 kbit/s. In the current MPEG-8 overview, nsoids. We, therefore, extend the conventional sinusoidal model
bit rates< 32 kbit/s are proposed. Until now, audio coding re- y ajjowing the amplitude to evolve exponentially. To do so, we
search has mainly been focusing toansparent codingvhere bit introduce a damping coefficiént;, € R and define
rate constraints are rather mild.

Recently, apart from audio coding schemes delivering a trans- K
parent audio quality, other qualifications have gained attention, Z(n) = Zake“““"cos(wmhL ©Ok)
among which most notably is threedium qualitycoding scheme. k=1
As opposed to transparent quality, medium quality audio coding d
reveals an audible difference between the original and coded sig- = Z rrdr, 0<n <N, (2
nals, yet any coding artifacts must not be perceived as being annoy- k=1
ing. Current MPEG-4 standardization negotiations [1] are address- )
ing the full range of possible bit rates and quality assignments. ~ Wherery, ¢, € C. N € Nis the segment length. The parameter

Traditionally, audio and speech coding have been two com- " determines the initial phase and amplltude,wwejete_rmlnes
pletely separated areas of investigation. Speech coders, for exam{h€ frequency and damping. Note that= 2K. Equation (2)

ple, are exploiting speech specific features almost to the extreme EXPresses (n) as the sum of damped (complex) exponentials, in

in particular speech coders which are tuned toward dedicated aph€ remainder of this paper referred tocasnponentsin order to

plications. Examples of such coders include vocoders [2] and si- be able to use this model, we need an analysis method to determine

nusoidal coders [3]. The latter, however, are less dependent orih® Parametersry, ¢;) for d components, that together form a

data-specific properties and can, therefore, be applied to audio sigd°°d approximation of a given signal segment. _
nals as well. In fact, after some modifications of the classical si- _ Signal analysis in conventional sinusoidal coders is based on
nusoidal model, this coding technique results in an efficient and Fourier transform methods. The performance of these methods is

robust representation of audio signals. not_ opti_mal; mo_st not_ably_, they fail to give an aCCL_Jrate frequency
This paper is organized as follows. In Section 2 we introduce estimation for_ _smusmds in the low-frequency region [4]'. Mor_e-

the exponential signal model, an extension to the classical sinu-OVe" the traditional methods take for granted that the sinusoidal

soidal model. In Section 3 we propose an algorithm for finding components have a constant amplitude and can, therefore, not be

the exponential components. Since this method is not subject tOUSEd to dettermltr;e ;[he dlamplngt(r:]osztlﬁletnts. In the TﬁXt se(t:)tllon
a stability condition, we investigate in Section 4 the sensitivity of we present a robust analysis method that overcomes he problems

the final reconstruction to perturbations of the model parameters.ment'oneoI above.

Next,_ in Section 5, we invgstigate thg §egmentation of the input 17, damping coefficient;, can be any real number. Positive values
data in order to represent it with a minimum number of compo- of +,, therefore, correspond to expanding amplitudes rather than to truly
nents. Finally, in Section 6, we draw some conclusions. damped amplitudes.

1. INTRODUCTION




3. SIGNAL ANALYSIS therefore, are interested in an approximation of the signal segment
with a lower number of componenﬁs< d.
3.1. Ideal signals As we stated above, the number of componehiss a signal
segment equals the rank of the corresponding Hankel data matrix.
An approximation of the signal segment with a lower number of
components can thus be obtained from a lower rank approxima-

Let us first suppose the signalto be “ideal”, that is, it really is a
sum ofd damped complex exponentials,

d tion of H. It is well known [6] that the best rani-approximation,
z(n) = Zrkqﬁﬁ, 0<mn<N, 3) in a least squares sense, of a matrix can be obtained by setting
k=1 the smallest singular values equal to zero and leavel thegest

singular values unaffected. However, the resulting rémpprox-

imation of H, sayﬂ, is not Hankel anymore. As a resuff is
not shift-invariant and n@ satisfying (4) does exist. We, there-
z(n) = C®"B, fore, determine as thdeast squaresolution to (4). Once we have

found ® we have to determinB. For the same reasoB, cannot

whereC = (1,...,1) € cxd P = diag(¢1,... ,¢q) € cdxd be taken directly fronC. Instead, givenp, we determineB by

with r, # 0 and¢; # ¢;, @ # j. We can rewrite (3) in matrix
notation as

andB = (r1,... ,rq)" € C¥*'. The superscriptdenotes matrix ~ solving the least squares problem
transposition. . .
LetHe C"*!,m+1l—-1=N,m >dandl > d,bea HEH||$_x||2'

Hankel data matrix built on the signal segment i ) . . i
By inspection of (3), we conclude that this is equivalent to solving

CB CeB --- Co''B 1 1
C3B C®B - Co'B =(0) o A
H= 1.(1) ¢1 - ¢d
: : : min : - : : B ®)
m—1 m m+1—2 . . . 2
ce™'B Ce™B -.- Co™~’B 2(N = 1) VoL gt
Itis well known [5] that there exist matrice3 € C™*¢ andC e Other methods to obtain a reduced rank approximation of a
c, signal segment include the Cadzow algorithm [7], which can be
C used to determine a rankHankel approximation ofH, and the
Co structured totaIAIeast norm algorithm [8], which can be used to de-
0= i , C=[B @B ... &"'B], termine a rank{ approximation of the signal segment itself, both
: in a least square sense. With both meth@landB can be com-
cpm—! puted as described in Section 3.1 since the rank-reduced Hankel

matrix in that case does have the shift-invariant structure.
such thatH = OC. This decomposition is unique up to a sim-

ilarity transformation.© and(C are of full rankd since they are 4. SENSITIVITY

Vandermonde matrices. Hence, réEW = d. It is also well . . . ) )

known [5] that® can be computed fror® by exploiting its shift- Using the proce_dure described above, we approximate a given sig-

invariance structure. Thus, 1" be © without the top row and Nl segment with a sum of components of the farmpi. If

O be® without the bottom row. Then |¢x| < 1, the component has a decaying envelope and we will
call such a component a stable component. The analysis described

0'e =0, (4) above is not subject to a stability condition and can thus also out-

put components for whiclp,| > 1. Such components have an

which can be solved for the unknowin expanding envelope and we refer to them as unstable components.

One way for finding® and( is through singular value de- The names stem from the fact that in the case the segment length is
composition (SVD). LeH = UXV* be the SVD ofH, where unbounded, components for whigh,| < 1 will converge to zero

U € C™ ™ andV € C*! are unitary matrices arld € R™*! is while components for whichp,| > 1 will grow unlimited.
a diagonal matrix with diagonal entries > 02 > ... > 04 >0 In practice components will not in general decay to zero or
ando, = 0fork = d + 1,... ,min(m,[). The superscript expand to infinity, as they are confined to a finite length segment.

denotes matrix transposition and complex conjugation. A suitable However, even with finite length segments, the unstable compo-
rank+ decompositiod = O’C’ can then be obtained by setting, nents will be very sensitive to perturbations¢f. An example

for example, 0’ = UX andC’ = V*. As stated above, a similar-  that illustrates this sensitivity phenomenon is shown in Figure 1.
ity transformation will transform them int® andC, from which In Figure 1a, a segment of a music signal of 160 samples is de-
the component parametes,, ¢x) can be computed. picted. This signal is approximated with 60 exponentials with the
method described in the previous section. The reconstruction of
the signal using these components is shown in Figure 1b (solid
line) as well as the reconstruction error (dotted line). It is clear
The analysis method given in the previous section assumes thathat the reconstruction is almost perfect.

the signal segment is exactly of the form (3). Audio signals of Next we take one of the unstable components and increase the
reasonable length almost always obey (3) with< &. From modulus of the corresponding parameger In our experiment,

a coding point of view this number is usually too large and we, we increased one parameter for whigh,| = 1.06 to |¢x| =

3.2. Audio signals



1.09. The resulting reconstruction, using the perturbed parameter,
is shown in Figure 1c. Itis clear that the reconstruction “explodes”
at the right-hand side boundary which has to be prevented.

The sensitivity to perturbations of unstable components can be

greatly reduced. Before discussing how this can be done, we first
take a closer look to the influence of perturbed parameters on the

final reconstruction.

Let ¢ = e™el“*, wherev,,wr, € R. The parameters;
andw,, are the damping coefficient and frequency, respectively, o
the kth component, which we will denote k.. If we perturbryy,
sayvy, = v + ¢, resulting in a perturbed componerit, we have
thatz),(n) = e*"ry¢} so that

f

1Ak (7)]lso = llzk(n) = zk(n)]lo

=l(e™ = Dredillo, 0<n<N. (6)
Equation (6) shows that, it)x| > 1, the error is zero ak = 0

and increases exponentially asncreases, which was illustrated
in Figure 1c. On the other hand, |ibx| < 1, such problems do
not occur since in that case the error decreases exponentially fo
sufficiently largen, assuming thafe| < |vx|-

We can greatly improve the numerical stability of the signal
reconstruction by using an alternative representation for the com-
ponentse;, for which|¢x| > 1. This can be seen as follows.

Letpr = reépn ', the value ofcy, atn = N — 1. We then
can rewriter;, as

r(n) = Tk Ok (7
= ol o
=poy VT 0<n<N. (8)

Infact, (8) is a backward description ®f whereas (7) is a forward
description ofr. With (8), the errof| A (n)||. becomes

1Ak (M)l = llzk(n) = zk(n) ]|
= 1™ — e

= 1"V D) floe, 0<m < N.

In this case, ifi¢x| > 1, the error doesiotincrease exponentially
asn increases but becomes zerawat N — 1. In fact, by time-

¢ V) e ©?*4 and definev,, as

1 1
b1 bgq

V¢ == . . )
N-1 N-1

¢

the minimization problem (5) can be formulated as

1 d

min|fx — V4Bll2 = min |x — (VsD) B'|l,

whereB’ = D™'B = (ri,..
(z(0), ... ,z(N — 1))%. Hence, rather than finding the parame-
tersri,...,r; we now find the parametet, if |¢x| < 1 and

pr if |¢x| > 1. Note that, in coding or transmission applications,
we do not have to code or transmit additional data for discriminat-
ing between both representations at the decoder c.q. receiver. If
|¢x| < 1 we use the forward representation, otherwise we use the

t
o Ty Di+1y .- 7p({) andx =

Ibackward representation.

5. SEGMENTATION

One of the main problems in audio coders is how to handle so-
called “attacks” or “transients”. With the exponential modeling,
these attacks can be represented very efficiently. The reason for
this is that attacks can almost perfectly be described as the impulse
response of a linear time-invariant system, which is of the form (3)
with |¢x| < 1 for all k.

In order to model these attacks with a minimum number of
components, it is important that the attack starta at 0. If this
condition is not satisfied, we have to model the signal with con-
siderable more components, the additional components needed to
compensate for the samples preceding the attack. This is illus-
trated by Figure 2. Figure 2a shows a recording of the attack of
a castanet. Figure 2c shows the same signal, shifted in time. Fig-
ures 2b and 2d show the reconstruction of these two fragments
usingcf = 32 components. The SNR of the reconstruction of Fig-
ure 2b is 13.8 dB, while Figure 2d has a SNR of 26.0 dB. We,
therefore, conclude that it is important to split up the input data
into segments which can be modeled with low-order systems. As
a consequence, the start points of the analysis windows, as well as

reversing the data we turn unstable components into stable oneshe length, must be variable.

and vice versa. This means that we can significantly improve the
numerical stability of the overall reconstruction by choosing dif-
ferent representations for different componentsgif| < 1 we

use the forward description (7) whereagdf.| > 1 we use the
backward description (8). This procedure guarantees usathat
components can be regarded as being stable, which is of great im
portance whenV is large, as is the case with high-quality audio
signals (typicallyN > 500 for 44.1 kHz sampled audio).

Back to our experiment, Figure 1d shows the result of recon-
structing the audio signal of Figure 1a using the two different com-
ponent representations (solid line) together with the corresponding
reconstruction error (dotted line). This signal is reconstructed with

One way of finding a (possible) split point within a data seg-
ment is to divide the segment in two parts, and model each part
with an equal number of componenf¢2. Since both parts are
modeled with a fixed number of components, regardless of their
respective lengths, the SNR tends to have an optimum for a split
point near the middle of the segment. However, if the segment
contains an attack, the optimal split point will be located at the be-
ginning of the attack. The optimal split point found this way is then
taken as the boundary of the next segment, and so forth. The pro-
cedure is illustrated in Figure 3 for one single segment. Figure 3a
shows a segment of 320 samples of a recording of a castanet, sam-
pled at a rate of 8 kHz. The signal is split in two parts where both

the same parameters as the ones used to reconstruct the signal parts are modeled with 32 componenis= 64). Figure 3b shows

Figure 1c, that is, including the perturbed parameigr It is ob-
vious that the reconstruction error has been reduced significantly.

The analysis procedure does not change by allowing the two
representations. To see this, assume g . .. ,|¢;| < 1 and
lgjt1l,-- - logl > 1. If we letD = diag(L,... 1,07,

Tosees

the SNR in the reconstruction of this signal versus the location of
the split point. As we see, the optimal split point aligns well with
the attack.

It is impractical to determine the optimal split point by trying
each split point in between the start and the end of the segment,
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Figure 1:a) Fragment of a music signal, b) reconstruction using 60 Figure 2:a) Recording of a castanet signal, b) reconstruction with

components (solid line) and reconstruction error (dotted line), ¢) 32 components (solid line) and reconstruction error (dotted line),

reconstruction with perturbed parametey., and d) correspond- c) recording of the (time shifted) castanet signal, and d) recon-

ing reconstruction using forward and backward representation.  struction of ¢) with 32 components (solid line) and reconstruction
error (dotted line).

ment. Instead we use a two-step approach. In the first step, the
SNR for a few split points is computed in order to roughly locate

the optimal split point. In the next step, some split points around @ 0 o 100 150 200 20 300
the optimal one are computed to more accurately determine the

since this would require N Hankel decompositions for each seg- T T T W

30

optimal position. & " " " ; " "

We have used this procedure for the segmentation of a few S 20f ,_/—/_,f\/\R,
seconds recording of the castanet, containing several attacks. We & w0} . . . . . .
used an analysis frame of length= 320 andd = 64. The result- 0 50 100 150 200 250 300
ing mean segment length is 168 and the resulting SNR, measured (b) split point

over the entire signal, is 20.5 dB. If we do the same experiment for

a fixed length window of 160 samples (using 32 components per

frame), the resulting SNR is only 12.9 dB. We, therefore, conclude Figure 3:a) Recording of a castanet signal and b) the signal-to-
that proper segmentation results in a potentially large improvementnoise ratio for different split points.

of SNR for signals containing attacks.
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