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DEVWUDFW

Lq prghuq whohfrppxqlfdwlrqv/ lw lv riwhq qhfhvvdu|
wr wudqvplw vhyhudo lqirupdwlrqv dw wkh vdph wlph1 Lw
fruuhvsrqgv wr pxowl0xvhu wudqvplvvlrq1 Lq wklv sdshu/
zh suhvhqw d qhz pxowl0xvhu phwkrg e| phdqv ri olqhdu
shulrglf wlph0ydu|lqj �owhuv1 Iru wzr xvhuv/ lw lv vhhq
wkdw wkh xvh ri shulrglf forfn fkdqjhv vlpsol�hv wkh
uhfrqvwuxfwlrq1 Zh dsso| wklv phwkrg wr wudqvplvvlrq
ri wzr vwdwlrqdu| elqdu| vljqdov1 Vlpxodwlrqv vkrz wkdw
shuihfw uhqfrqvwuxfwlrq lv srvvleoh1

41 LQWURGXFWLRQ

Wkhvh gd|v/ vsuhdg vshfwuxp whfkqlfv duh riwhq xvhg iru
pxowl0xvhu wudqvplvvlrqv ^4`1 Lq ^5` dqg ^6`/ zh vkrzhg
wkdw d olqhdu shulrglf wlph0ydu|lqj �owhu dssolhg wr d
vwdwlrqdu| vljqdo lqwurgxfhv vsuhdg vshfwuxp dqg shu0
plwv pxowlsoh uhfrqvwuxfwlrqv ri wkh lqlwldo vljqdo1 Lq
wklv sdshu/ wkh dxwkruv jhqhudol}h wkhvh uhvxowv dqg sur0
srvh d qhz pxowl0xvhu wudqvplvvlrq phwkrg e| phdqv
ri olqhdu shulrglf �owhuv1 Zkhq wkh lqlwldo vljqdov duh
edqg0olplwhg/ zh vkrz wkdw +lq wkhru|, shuihfw uhfrq0
vwuxfwlrqv fdq eh rewdlqhg1 Lw lv uhdolvhg vxeplwwlqj
wzr vwdwlrqdu| vljqdov wr sduwlfxodu olqhdu shulrglf �o0
whuv/ wkh shulrglf forfn fkdqjhv ^7`1 Dq h{dpsoh lv jlyhq
iru wkh wudqvplvvlrq ri elqdu| vljqdov1
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OLQHDU SHULRGLF WLPH0YDU\LQJ

ILOWHUV

5141 Sureohp irupxodwlrq

Ohw ]m @ i]m+w,> w 5 Uj zlwk m 5 i4==Qj eh Q udq0
grp vwdwlrqdu| surfhvvhv ri }hur phdq dqg phdq vtxduh
frqwlqxrxv1 Wkh| dgplw uhvshfwlyho| wkh Fudpìu0Orëyh
vshfwudo uhsuhvhqwdwlrqv �]m +$, ^8`/ ghwhuplqhg e|=

]m+w, @

.4]
�4

hl$wg�]m +$, +4,

Wkh sulqflsoh ri wkh qhz pxowl0xvhu wudqvplvvlrq sur0
srvhg lq wklv sdshu lv �uvwo| wr vxemhfw hdfk surfhvv
]m wr d olqhdu shulrglf wlph0ydu|lqj �owhu �km ri shulrg
W @ 5�@$3 ^9`1 Zh qrwh Km w+$, wkh iuhtxhqf| uh0

vsrqvh ri �km 1 Vhfrqgo|/ wkh vxp ri wkh rxwsxwv ri wkhvh
�owhuv lv wudqvplwwhg1 Zh revhuyh wkh }hur phdq surfhvv
[ @ i[+w,> w 5 Uj ri vshfwudo uhsuhvhqwdwlrq �[+$,
jlyhq e|=

[+w, @
Q[
m@4

.4]
�4

hl$wKm w+$,g�]m +$, +5,

Odvwo|/ d olqhdu uhfrqvwuxfwlrq phwkrg ri wkh ]m lv grqh
zkhq wkh sdudphwhuv ri wkh �owhuv duh nqrzq=
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Ilj14/ Pxowl0xvhu v|vwhp

5151 Olqhdu uhfrqvwuxfwlrq

Dv �km lv d olqhdu shulrglf �owhu/ lwv iuhtxhqf| uhvsrqvh
Km w+$, lv shulrglf lq w ^9`1 Li zh vxssrvh wkdw lw dg0
plwv d Irxulhu ghyhorsphqw/ dvvxphg wr eh vx!flhqwo|
uhjxodu/ zh qrwh=

Km w+$, @
.4[

n@�4

#m n+$,h
ln$3w +6,



zkhuh wkh
�
#m n+$,

�
n5]

duh wkh frh!flhqwv ri wkh Irxulhu

ghfrpsrvlwlrq ri Km w+$, jlyhq e|=

#m n+$, @
4

W

W@5]
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Km w+$,h
�ln$3wgw +7,

Iurp +5, dqg +6,/ zh ghgxfh wkdw [ fdq eh h{suhvvhg
dv=
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m@4

.4[
n@�4

hln$3w

.4]
�4
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Lwv vshfwudo uhsuhvhqwdwlrq ehfrphv=

g�[+$, @
.4[

n@�4

Q[
m@4

#m n+$�n$3,g�]m +$�n$3, +9,

Iru wklv pxowl0xvhu wudqvplvvlrq/ wkh vshfwudo uhsuhvhq0
wdwlrq ri wkh uhfhlyhg vljqdo [ lv dq lq�qlwh vxp ri
zhljkwhg vkliwhg yhuvlrqv durxqg $3 pxowlsohv ri hdfk
g�]m +$,/ zkhuh m ghvfuleh doo wkh xvhuv1 Iru h{dp0
soh/ li wkh vxssruwv ri wkh g�]m +$, duh lqfoxghg lq
^�8$3@5>8$3@5^/ wkh prgxoxv ri +9, fdq eh uhsuhvhqwhg
e|=
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Ilj15/ Revhuyhg vshfwudo uhsuhvhqwdwlrq

Zh kdyh qrz wr uhfrqvwuxfw wkh ]m rqo| nqrzlqj
wkh revhuyhg vljqdo [ dqg wkh olqhdu shulrglf �owhuv
lqwurgxfhg �km1 Lq sudfwlfh/ zh dvvxph wkdw wkh vshfwudo
vxssruw ri wkh ]m lv lqfoxghg lq � @ ^�$3@5> $3@5^=

;$ @5 ^�$3@5> $3@5^> g�]m +$, @ 3 +:,

Wkh htxdwlrq +9, jlyhv wkhq=

;o 5 ]> ;$ 5 ^�$3@5> $3@5^>

g�[ +$ . o$3, @
Q[
m@4
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+;,

Zh vhdufk wkh Q vshfwudo uhsuhvhqwdwlrqv ri wkh ]m rq
�1 Zh kdyh Q xqnqrzq sdudphwhuv1 Wkxv/ Q htxd0
wlrqv ri +;,/ xqghu vrph lqyhuvlelolw| frqglwlrqv/ shuplw
olqhdu uhfrqvwuxfwlrq ri wkh ]m1

61 DSSOLFDWLRQ IRU WKH

WUDQVPLVVLRQ RI WZR XVHUV

6141 Jhqhudo fdvh

Ohw ]4 dqg ]5 eh wzr vwdwlrqdu| surfhvvhv ri vshf0
wudo uhsuhvhqwdwlrq lqfoxghg lq � @ ^�$3@5> $3@5^1 Zh
wudqvplw [/ vxp ri ]4 �owhuhg e| �k4 dqg ri ]5 �owhuhg
e| �k5/ zkhuh �k4 dqg �k5 duh olqhdu shulrglf wlph0ydu|lqj
�owhuv ri shulrg W @ 5�@$31 Htxdwlrqv +;, jlyh=

;o5]> ;$5^�$3@5>$3@5^>

g�[ +$.o$3,@#4 o+$,g�]4 +$,.#5 o+$,g�]5 +$,
+<,

zkhuh wkh i#4 n+$,jn5] dqg wkh i#5 n+$,jn5] duh wkh
Irxulhu vhulhv ghyhorsphqw frh!flhqwv ri K4 w+$, dqg
K5 w+$,/ iuhtxhqf| uhvsrqvhv ri �k4 dqg �k51 Htxdwlrqv
+<, shuplw wr rewdlq g�]4

+$, dqg g�]5
+$, rq � li dqg

rqo| li/ iru hdfk $ ri �/ lw h{lvwv wzr ydoxhv ri o iru zlfk
zh fdq rewdlq wzr htxdwlrqv olqhduo| lqghshqghqw1 Lq
sudfwlfh/ zh dwwhpsw wr yhuli| wkdw lw h{lvwv wzr lqwhjhuv
o4 dqg o5 vxfk wkdw/ iru hdfk $ ri�/ +#4 o4+$,> #5 o4+$,,
dqg +#4 o5

+$,> #5 o5
+$,, duh qrw uhodwhg=

;$5^�$3@5>$3@5^> #4 o4
+$,#5 o5

+$,�#4 o5
+$,#5 o4

+$,9@3

+43,
Lw ohdgv wr ]4 dqg ]5 uhfrqvwuxfwlrq1 Lq idfw +<, fruuh0
vsrqgv iru o4 dqg o5 wr=
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+44,

Iurp +43,/ wklv v|vwhp dgplwv wkh iroorzlqj vroxwlrq=
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+45,

]4 dqg ]5 duh wkhq wkh uhvsrqvh ri[ wkurxjk olqhdu sh0
ulrglf wlph0ydu|lqj �owhuv1 Lq jhqhudo/ wkh sdlu +o4> o5,/
yhuli|lqj +43,/ lv qrw xqltxh1 Wkxv/ zh fdq rewdlq vhy0
hudo uhgxqgdqw vroxwlrqv iru +<,1 Rxu pxowl0xvhu v|vwhp
fdq dovr uhdolvh huuru fruuhfwlrq dv lw kdg eh vhhq suh0
ylrxvo| iru wkh wudqvplvvlrq ri dq xqltxh lqirupdwlrq
^5`1

6151 Xvh ri sduwlfxodu forfn fkdqjhv

Zh vxssrvh qrz wkdw �k4 dqg �k5 duh wzr shulrglf forfn
fkdqjhv/ wkdw duh sduwlfxodu fdvhv ri olqhdu shulrglf



wlph0ydu|lqj �owhuv ^7`1 Wkh| duh gh�qhg e| wkh wzr
iuhtxhqf| uhvsrqvhv K4 w+$, dqg K5 w+$, vxfk wkdw=

;q 5 i4> 5j> Kq w+$, @ jq+w,h
�l$iq+w, +46,

zkhuh iq+w, lv d uhdo phvxudeoh ixqfwlrq dqg jq+w, lv
d frpsoh{ lqwhjudeoh ixqfwlrq/ iq+w, dqg jq+w, ehlqj
W @ 5�@$3 shulrglf1 Iru wklv dssolfdwlrq/ zh wdnh=

i4+w, @ �i5+w, @ i+w, dqg j4+w, @ j5+w, @ 4 +47,

Ohw i#n+$,jn5] eh=

#n+$, @
4

W

W@5]
�W@5

h�l$i +w,�ln$3wgw +48,

Wkh iuhtxhqf| uhvsrqvhv ri �k4 dqg �k5 ehfrph=

;AA?
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K4 w+$, @
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ln$3w
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+49,

Pruhryhu/ zh frqvlghu wkdw i+w, kdv wkh iroorzlqj surs0
huw|=

i+�w, @ �i+w, @ i+w. W@5, +4:,

Wkhq zh kdyh=

#n+$,@
4
W

W@5U
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@ 4
W

W@5U
3

^frv+$i +w,, frv+n$3w,.+�4,n frv+$i +w�W@5,, frv+n$3w,

� vlq+$i +w,, vlq+n$3w,�+�4,n vlq+$i+w�W@5,, vlq+n$3w,`gw+4;,

@ 4
W
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3

^frv+$i +w,, frv+n$3w,.+�4,n frv+$i +w�W@5,, frv+n$3w,

�+4�+�4,n, vlq+$i +w,, vlq+n$3w,`gw

Lw phdqv wkdw=

#n+�$, @ +�4,n#n+$, +4<,

Zh vxeplwwhg ]4 dqg ]5 wr wkh shulrglf forfn fkdqjhv
�k4 dqg �k5 ri iuhtxhqf| uhvsrqvhv gh�qhg lq +49, dqg
yhuli|lqj +4<,1 Zh revhuyh[/ vxp ri wkh rxwsxwv ri wkh
�owhuv/ dqg zh dwwhpsw wr uhfrqvwuxfw wkh lqlwldo vljqdov1
Dv suhylrxvo| vhhq/ wkh uhfrqvwuxfwlrq lv srvvleoh li wkh
frqglwlrq +43, lv yhul�hg/ lq rwkhu zrugv li lw h{lvwv wzr
lqwhjhuv o4 dqg o5/ zlwk o4 � o5 rgg/ vxfk wkdw=

;$ 5 ^�$3@5> $3@5^>

�
#o4+$, 9@ 3
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+53,

Wkh v|vwhp +45, ehfrphv iru o4 hyhq dqg o5 rgg=
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�
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+54,

Lq wklv sduwlfxodu fdvh/ ]4 dqg ]5 uhfrqvwuxfwlrq lv wkhq
yhu| vlpsoh wr rewdlq1

71 H[DPSOH

Zh dssolhg wkh suhylrxv uhvxow iru pxowl0xvhu wudqvplv0
vlrq ri elqdu| vljqdov1 Wkxv/ iru wklv h{dpsoh/ ]4+w,
dqg ]5+w, duh wzr vwdwlrqdu| Q1U1]1 vljqdov zlfk vshf0
wuxp lv qhjohfwleoh rxw ri ^�$3@5> $3@5^/ lw phdqv wkdw
<<( ri wkh vshfwuxp lv lq ^�$3@5> $3@5^1 i+w, lv fkrvhq
htxdo wr=

i+w, @ �� vlq+$3w, +55,

i+w, yhul�hv +4:, dqg wkh i#n+$,jn5] duh jlyhq e|=

#n+$,@
4
W

W@5U
�W@5

hl$� vlq+$3w,�ln$3wgw@Mn+�$,

+56,

zkhuh Mn+�$, lv wkh n*wk rughu Ehvvho ixqfwlrq1 Zh wdnh
� @ 4 dqg $3 @ 49�1 Wkh wudqvplwwhg vljqdo lv jlyhq
e| Iljxuh 61
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Ilj1 6/ Revhuyhg vljqdo

Lw lv lpsrvvleoh wr uhfrjql}h ]4 dqg ]5 gluhfwo| re0
vhuylqj[1 Zh uhfrqvwuxfw wkhq ]4+w, dqg ]5+w, wkdqnv
wr +54, iru o4 @ 3 dqg o5 @ 41 Iljxuhv 7 dqg 8 vkrz wkh
lqlwldo vljqdo dqg wkh uhfrqvwuxfwhg vljqdo uhvshfwlyho|
iru ]4+w, dqg ]5+w,1
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Ilj1 7/ Uhfrqvwuxfwlrq ri ]4+w,
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Ilj1 8/ Uhfrqvwuxfwlrq ri ]5+w,

Iru elqdu| vljqdov shuihfw uhfrqvwuxfwlrq lv wkhq
srvvleoh diwhu d elw ghwhfwlrq1

81 FRQFOXVLRQ

Lq wklv duwlfoh zh kdyh suhvhqwhg dq ruljlqdo phwkrg ri
pxowl0xvhu frppxqlfdwlrq v|vwhp1 Zh kdyh xvhg olq0
hdu shulrglf wlph0ydu|lqj �owhuv1 Lq sduwlfxodu/ lw zdv
vkrzq wkdw shuihfw uhfrqvwuxfwlrq zdv vlpsoh wr re0
wdlq zlwk wzr xvhuv e| phdqv ri shulrglf forfn fkdqjhv1
Vlpxodwlrqv kdyh ehhq grqh zlwk wzr vljqdov1 Wkh| fdq
|hw eh jhqhudolvhg zlwk dq| qxpehu ri vwdwlrqdu| vlj0
qdov1
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