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ABSTRACT

Hidden Markov models (HMMs) are used in many signal

processing applications including speech recognition, blind

equalization of digital communications channels, etc. The
most widely used method for maximum likelihood estima-

tion of HMM parametersistheforward-backward (or Baum-

Welch) algorithm which is an early example of application

of the Expectation-Maximization (EM) principle. Inthiscon-
tribution, an alternative fast-converging approach for maxi-

mum likelihood estimation of HMM parametersisdescribed.
This new techniquesis based on the use of genera purpose
guasi-Newton optimization methods as well as on an effi-

cient purely recursivea gorithmfor computing thelog-likeli-
hood and itsderivative.

1. INTRODUCTION

Hidden Markov models (HMMs) are used in many applica-
tions, including (among many others) speech processing[9],
digital communications[3] or biological signal processing [1].
As of today, the most efficient, and by far the most popular,
approach for estimating the parameters of HMMs is based
onthe Expectation-Maximization (EM) principle[9], [6]. The
EM algorithm, as formul ated by Dempster et al. (1977) [2],
isan iterative optimization method for maximum likelihood
estimation of statistical modelsthat involve unobserved (or
latent) data. The applicationof EM to Hidden Markov Mod-
elsis not straightforward and requires an additional induc-
tive agorithm known as the forward-backward, introduced
by Baum et al. (1970) [9], [6].

The main advantages of EM are its immediate applica
bility to alarge class of statistical models aswell asits ease
of implementation. On the other hand, there is no reason
why EM should be systematically preferred to other alterna-
tive optimization approaches (as was a ready pointed out by
several discutantsthe original paper by Dempster et al. [2]).
In particular, EM isknown to converge very owly in some
models[4], [10],[6]. Many of the sol utionsproposed to speed
up the convergence of EM are based on the observation that
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EM provides an indirect way of computing the gradient of
thelog-likelihood according to the Fisher relation

Vylogp(z;0)|y, = VeE[logp(z,y;0)|x;0]l,,
D

where x denotes the observed data, y the unobserved data
and ¢ the parameters of the moddl [4], [6].

For HMMs however, the use of (1) implies a complete
iteration of the forward backward procedure introduced by
Baum et al. In the present work, we describe an aternative
recursive procedurefor computing thelog-likelihood, which
isattractive from a computational point of view. The paper
is organized as follows: in sections 1 and 2, the computa-
tion of thelog-likelihood and its derivativesis detailed; sec-
tions 3 and 4 are devoted to the comparison of the proposed
method with the standard EM-based approach.

2. COMPUTING THE LIKELIHOOD

Let usconsider an HMM with vector valued observationsx;
and associated unobservable state s, € {1,..., N}, where
N denotes the number of states. I : II;; £ P(sip1 =
J|s: = ¢) isthetransition matrix associated withthe Markov
processand f;(x;) denotesthestate conditional distribution
p(x¢|s: = ¢). Thenotation X; will be used as a shorthand
for the subsequence (x, , x,41, . . . x5 ). Inthefollowing, the
dependence upon theHMM parametersisimplicitin all ex-
pressionsand omitted for notational simplicity. For asequence
of observationsof length 7", Bayesrulescan beused torewrite
thelog-likelihood as

T
log p(XT) =) log p(x:|X{7") @)
t=1

where p(-|XY) is by convention equivaent to the uncondi-
tional distribution p(-). The HMM structure makes it possi-



bleto rewrite (2) as

log p(X

[Z Fi(x¢) e (3)

[Z p(xt, 50 = i|Xt1_1)]

i 3)

where ¢,(i) = P(s; = i|X|™!) denotes the state prediction
filter. ¢.(¢) can be updated recursively using (see [11])

¢1(j) = p(Sl =)

¢t+1 Zfz Xt f/>t ij (t > 1) (4)

The normalization factors ¢; are given by

N
Ct = ka(xt)¢t(k) (5)
k=1

Except for the fact that it is normalized, (4) bear close re-
semblance with the formulas used for updating the forward
variable a; (i) £ p(X},s; = i) inthe Baum-Welch recur-
sions[9], [6].

3. COMPUTING THE GRADIENT

Formulasfor computingthe derivativesof thelog-likelihood
can be obtained by simply differentiating (3) and (4). The
form of thelog-likelihood given by (3) has been used before
as a technique for proving the consistence and asymptotic
normality of themaximumlikelihoodestimatein HMMs(see
thereferencesin[7]), however theideaof using (3) to effec-
tively computethe gradient of thelikelihoodisdueto Mevel
and LeGland [7], [5].

Usualy theHMM parameter vector can be splittedintwo
distinct parts. Parameters 8 of state-conditional distributions
fi(+) and transition parameters that define IT. For simplicity
we omit here the question of theinitial state distributionand
assume that it is known a priori.

For the distributional parameters 8, the gradient of the
log-likelihood isgiven by

1
D 16 (i) Vo fi(xe) + fi(x:) Vosi(i)]  (6)

i=1

Where Voo, (7)

Vo logp(X

z

can be updated recursively using

1 N
Veoodiy1(j) = o Z(Hz’j — ¢e11(J)) x
(00 (1) Vo fi(xe) + fi(x:) Ve (i)]  (7)

For the transition parameters 7, the gradient of the log-li-
kelihoodis given by

T N
1
v logp XT § 55 fz n¢t (8)
t=1

i=1

Where V ,,¢,(7) can be updated recursively using

Zfz Xt

(1L — ¢t+1( 1)) Vinde(i) + ¢¢ () Viplliz] - (9)

(7) and (9) bothinvolvethe state predictor filter ¢, (7) at time
indext—1 andt aswell asitsgradient at timeindex¢—1. The
recursions should be started with Vg ¢4 (i) = V61 (4) =
in the case where theinitia state distributionis known.

The above recursions, when used for computing the gra-
dient of thelog-likelihood have anumerical complexity pro-
portional to 7" x N2, which is comparable with that of the
forward-backward [6]. Whatever thelength of the sequence,
the storage space needed to compute the gradient of thelog-
likelihood is constant and proportional to N x p wherep is
the total number of parameters, whereas the storage space
needed for the forward-backward is proportional to N x 7.
Thisfeature ismost useful in situationswhere dealing with
long observation sequences is unavoidable as for the analy-
sisof DNA sequences [1] or blind equalization for commu-
nication channels[3].

The proposed method for estimating the HMM parame-
terssimply consist in using ageneral purpose quasi-Newton
optimization algorithm [8], where the log-likelihood and its
gradient are evaluated recursively using the equations given
above. Such agorithms are based on the Newton approx-
imation formula, and the “quasi” prefix corresponds to the
fact that one has to use embedded line searches to adjust the
step size at each iteration [8].
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4. COMPARISON WITH THE EM BASED
APPROACH

We first briefly review the main convergence properties of
the EM agorithm in a general context: Under suitable reg-
ularity conditions, the main numerica characteristics of the
EM dgorithm are:

1. Global convergence (in Zangwill’ ssense) in the set of
stationary pointsof the likelihood [12].

2. When thea gorithm converges (pointwise) to 8, afirst
order approximation yields the following update for-
mula[4]

6,41 =0, —1.(0%) Vologp(X7T;0)]|,

" (10)



where I.(6”) isthe so-called complete data informa-
tion matrix (see[2] for its precise definition).

Eqg. (10) indicates that at convergence, each iteration of the
EM algorithm closely resembles a step of the Newton ago-
rithm for maximizing the log-likelihood, except for the fact
that I.(0") is the “complete data information matrix” and
not the observed data information matrix I(6™), defined as
the inverse of the Hessian of the log-likelihood. Because of
this mismatch in the descent direction, in practice the EM
performs like a gradient descent agorithm (linear conver-
gence) with alow speed of convergence [4], [10].

In sharp contrast, the proposed method reaches superlin-
ear convergence when it fallsinthe attraction domain of one
of thelocal maxima of the likelihood [8] (see next section).
Onedrawback of the proposed quasi-Newtonapproach isthat
it makes it necessary to ded with possible constraint on the
HMM parameters. The most obvious constraint is that IT
must be a stochastic matrix, where each line contains posi-
tiveelementswhich sumtoone. Usua solutionstothisprob-
lem include the reparameterization of each line of the tran-
sition matrix as a point on the RV hypersphere represented
by N — 1 angles[11]. In the following section, we use the
computationally simpler solutionwhich consistsin usingthe
natural transition matrix parameterization and (i) projecting
the gradient on the subspace orthogonal to the linear con-
straints Y0, I;; = 1 (1 < i < N), (ii) take into account
the parameters bounds (0 < II;; < 1) when determining
the step size. This second method has the disadvantage that
it may exhibit poor convergence if the true parameter value
lies close to the inequality constraints boundaries (if one of
the transition probabilitiesis very small for instance). For
the distribution parameters, it is possible in most cases to
get rid of the constraintsby amere reparameterization of the
model asisdemonstrated in next section.

5. RESULTS

Weillustratethe behavior of the proposed method inthe case
where the state-conditional distributions are Gaussian. For
reason of simplicity, theobservation are assumed to be scalar,
but the same computati on scheme could be used straightfor-
wardly if the state-conditional distributionswere multivari-
ate normal with diagonal covariance matrices. The distribu-
tion parametersare @ = (p1, ..., 4N, K1, ... ,kN)" where
1t; isthemean value correspondingto state and «; = log o;
isthelogarithm of the standard deviation for the same state.
Theuse of «; rather than o; makesit possibletotreat the op-
timization with respect to 8 as an unconstrained optimiza
tion problem. For this model, theterm V f; () featured
in(6) and (7) only hastwo non-null components correspond-
ing to:

Ofi(we) _ (e —p)

K3

and

M:i[<u)2—l ) (12)

Ok; o o;

To evaluate the proposed method, we use datasimul ated
from a 3 states HMM with known parameters:

at
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The stationary probability distribution (margina probability
distribution of the observations for large value of the time
index t) corresponding to the actual parametersisplotted as
the solid curve on fig. 1 together with those corresponding
totheinitia vaue of the parameters (dotted line) and to the
MLE (dashed ling). Note that the initial guess of the HMM
parameterswas chosen so that bothiterative procedurescon-
verge to the MLE (and not to alocal maxima).
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Figure 1. Stationary probability distributions correspond-
ing to true parameters (solid ling), initial parameters (dotted
line), MLE (dashed lin€).

Fig. 2 displaystherelative distance (measured using 1.2
norm) between the estimated parameters and the MLE as a
function of the iteration index. The curve corresponding to
EM (star signs) is approximately linear for large iterations
indexes, which denoteslinear convergence of theagorithm.
The dope of this curve (in the rightmost part of the plot) is
0.94 which confirmsthat EM does convergevery slowly even
for small-size HMMs. As expected, the quasi-Newton opti-
mi zation scheme (circles) converges much faster. Of course,
each iteration of the proposed algorithm is more complex
than a single step of EM because it requires the computa-
tion of the gradient through (6)-(9) as well as severa eva-
uations (usualy 3 when quadratic interpolation line-search
algorithmsare used [8]) of thelog-likelihood. On the other-
hand, fig. 2 showsthat it isvirtually impossibleto approach
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Figure 2: Relative distance to the MLE for EM (stars) and
quasi-Newton optimization (circles).

the MLE with areasonabl e precision when using EM (25iit-
erations for a 10% error and approximately 65 for a 1% er-
ror).
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Figure 3. Relative distance to the MLE for EM (stars) and
guasi-Newton optimization (circles), for an observation se-
guence of length 2000.

Fig. 3 correspond to the same model with an observation
sequence 10 timeslonger (2000 observations). Withthisdata
length, the speed of convergence of EM isdlightly better but
still stays close to 1 (measured value of 0.91). Looking at
bothfigs. 2 and 3, itisclear that even for large sample sizes,
the proposed quasi -Newton opti mi zationscheme largely out-
performs EM in terms of convergence speed and accuracy.

6. CONCLUSION

The HMM training method proposed in this paper is based
on astandard well-documented classof algorithmswhich are
readily available in most numerical optimization packages.
For HMMs, the use of such fast-converging agorithm ap-
pears to be a promising aternativeto standard EM training.

The proposed approach also makesit possibleto carry out all
computations using a single forward scan through the data
at each iterationwhich ispreferablein caseswherethetrain-
ing sequenceislong. Finally, thisapproach can be extended,
more naturally than EM, to adaptive estimation tasks (see

[5)).
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