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ABSTRACT retrieved in several ways. In the case of digital communica-

Deconvolution problems are encountered in sianal or tions the input belongs to a finite alphabet and a Viterbi al-
peconvolution problems are encountered In sighal p OceSSgorithm can be used. However, the complexity of the Viterbi
ing applications where an unknown input signal can only be

observed after bronadation throudh one or More Noise Cor_algorithm grows exponentially with the length of the FIR

U te(;/FIR char?nepl)s gTr:e first SLtjg in recoverin th:a Ut channels. Therefore cheaper solutions are desirable. One
P . L P g PUt could alternatively estimate the transmitted sequence as the

usually entails an estimation of the FIR channels through

o : ; least squares solution of the problem. If we assume that er-
training based or blind algorithms. The 'standard’ proce- d P

dure then least r timation to recover th ir1rors are presentin both the output samples and the estimates
ure then uses least squares estimation 10 recover th€ g o hannel parameters, a total least squares (TLS) solu-
put. A recursive implementation with constant computa-

. ) ) . tion [1],[5] seems to be the appropriate way to recover the
e 1% 20" W ot Forreasons of compuatonslcomplet e
q PP ' Sirable to turn the classical TLS algorithm into an adaptive

appropriatg if errors are expected both on the'outputsample%rm. In this paper we will present such a recursive solution
and the estimates of the FIR channels. We will develop a ré- vhich has a constant computational complexity.

cursive total least squares algorithm (RTLS) which closely In section 2 the data model in presented. Section 3 develops

approximates the performance of the non-recursive TLS al_the new algorithm. Section 4 presents simulation results and
gorithm and this at a much lower computational cost. . W algor ' pres
finally in section 5 some conclusions are drawn.

1. INTRODUCTION
2. DATA MODEL

Deconvolution problems arise in digital signal processing
applications as diverse as high speed data transmission, reAssuming a single input-multiple output (SIMO) system,
verberation cancelation, reflection seismology and imagewe definey[k] = [y.[k] ... yan[K]]" , x[k] = [z[k — L]...
restoration [4, 2]. In these situations an unknown input «[k]]” andn[k] = [ni[k]...nu[k]]" as respectively the
signal can only be observed after propagation through oneoutput, input and noise vector at tinke This results in the
or more noise corrupted FIR channels. The FIR channelsfollowing input/output formula:
can be estimated through training based or blind algorithms. A R IRl
Once these estimates are available, the input signal can be ! ! !

ylk] = : | x[k] + nlk]
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07N, Xyn = [2[1] - 2[N]]F and Npjq v =




[n[L + 1]7 - --n[N]¥]T we obtain:

o [1E ] .

Xyn + Npgyn - (1)

HN

Yiiyn =

00 ...

In this paper we will assume théty has been estimated
through training based or blind algorithms and focus on the
recovery of the input vectoX; y using a TLS type ap-
proach.

The TLS solution [1],[5] of equation 1 is proportional to the
right singular vector corresponding to the smallest singular
value of the matrixdy = [HnYz41n]. A scaling is ap-
plied such that the last entry in the singular vector equals
—1.

Notice that the dimensions of the matrdg, (and hence the
complexity in computing the right singular vector) grow in
each iteration step so that a straightforward application of
the TLS procedure results in a growing computational com-
plexity per iteration. The aim of this paper is to exploit the
sparsity offH  to obtain a recursive total least squares de-
convolution algorithm with constant computational require-
ments. In a first step we will derive an algorithm with grow-
ing matrix dimensions, which we will then transform into a
solution with constant computational requirements.

3. RTLS ALGORITHM

3.1. Version1

At time k — 1, a newH*~1) has been estimated, and a
new data vectoy[k — 1] becomes available. At that mo-
ment, all the previous equations#(“+1), ... H*=2) to-
gether with the new equations f#i(* 1) may be assembled

in a matrix to form one large overdetermined set of equa-
tions in Xy ;,_;. The total least squares solutiofy ;_,
then equals the right singular vector (up to a scaling factor)
associated with the smallest singular valuedqf ;, with
A1 = Hr—1Yo41k—1]-

This right singular vector may now be computed in an itera-
tive wayi,i.e. for the computation of the right singular vector
at timek one may use the results obtained at time &tefl.

The singular vector is updated in two steps.

The first step is a QR-updating operation in which the trian-
gular R-factor of the QR-decomposition of the matdix_;

is tracked [1]. In the second step the singular vector is com-
puted through inverse iteration [1] using the R-factor com-
puted in the first step.

3.1.1. QR Updating

Denote the QR-decompositiondf, ; asAy 1 = Q1 -
R;_; and assume that thHex k matrix R;_; is known at
time stepk — 1.

To go from time stepk — 1 to &, three operations have to
be performed on the matrid; ;. First we have to add
a column of zeros tod; ;. Secondly we change the last
and one but last column of this updatdg_,. Finally we
append the rows of

ap = [ Oarx (k—(L+1)) ‘ y[K] }

to the updatedi;,_;.

The first and second operation imply respectively fRat |

is extended with an extra row and column of zeros and that
this updatedR?;,_; is multiplied on the rhs withP:

)

SRR I

This modified R, _; matrix remains upper triangular and
can be updated t&;, using QR-updating:

Riy_1 O
o F & 0 0 - P
o forr=1,... , M
FE " F
[T} Q- { ayg(r,:) } )
end
[} Rk<:E

The QX matrices are composed of Givens rotations which
cancel out the bottom part in the rhs matrices.

3.1.2. Inverse Iteration

Since the right singular vectors &, equal the eigenvectors
of (R - Ry), the right singular vectoay;, corresponding to
the smallest singular value &, can be computed through
inverse iteration [1]:

e initialize vy,

e iteration:
forr=1,...,P
RkHRkSk = U (5)
Sk
= —— 6
vk sk(k+1) ©
end

The first equation in the iteration is solved fqr. The last
equation ensures that the last component of the vegts

—1 and hence forms the TLS solution. Equation 5 can be
refined as:

()
(8)

RkH * We Vk

Rk * Sk W



The first equation is solved far; (using forward substitu-
tion) and the second one fg}, (using back substitution).
Clearly the computations required in this procedure grow in
time since the dimensions @;, and Rf grow. The next
section explains how to transform the above algorithm in an
algorithm with constant computational requirements.

3.2. Version 2

The algorithm with constant computational requirements is
based on the following modification. At time stép we
assume that the firét+ 1 — 5 components of the vectoy,
have been accurately estimated (the only conditior @n
thatj > | /=5 | + L + 1?). These components can then be

3. computes,, (back substitution):

R22,c © 82, = Wz, (13)

4. finally, the new values for the lagtentries invy, are
obtained as:

T S
Sk(k + 1)

V2, = (14)
Equations 12, 13 and 14 are executeétimes. It will now
be shown how one can avoid the computatiorugf{1 :

k + 1 — j), a vector with growing dimensions. To this aim,
fr is computed recursivelye. using fi 1, which will then
allow to set up a fully adaptive algorithm.

The crucial observation is that the fifst— L. — 1 rows of

replaced by a fixed value in all subsequent starting vectorsRy_; remain unchanged in the QR-updating step after iter-

for the inverse iteration step, namely:

ve(l:k+1—j)=a(1:k+1—j) 9)

In a digital communications contexf1 : £ + 1 — j) could
e.g. represent the hard decisions on the first1 — j bits.
This means that the inverse iteration step will truly iterate
only over the lasj components of the vectoy,, i.e. vi (k+

2 —j: k+1). In order to simplify notation, we introduce
the following definitions:

R, REQ:k+1—j,1:k+1—})
Ry Rf(k+2—7:k+1,1:k+1—j)
R = RI(k+2—j:k+L,k+2—j:k+1)
wy, = wp(l:k+1-7)

wy, = wipk+2—-j7:k+1)

i = &(1:k+1—7)

ve, = w(k+2—-j:k+1)
Rys, = Rp(k+2—j:k+1,k+2—5:k+1)
So, = spk+2—-7:k+1)

Using equations 7 and 8 the loop equations in the inverse
iteration step can be rewritten as:

1. computaw,, (forward substitution):

R -wy, = iy (10)
2. computaw,, (forward substitution):
define thej x 1 vectorf;, as:
fr =RYE -wi, (11)
fork >j—1landfj_1 = 0jx1.
R wsy, = v, — fi (12)

2 This condition assures that the set of equations is overdetermined at
time j—1, when the firstinput symbol is estimatgg:i—1—L)-M > j—1.
Furthermore it is seen from the formula thas at leastZ, + 2, which will
be useful further on.

ationk — 1 (except for the insertion of some zero columns),
because of the initial zero block in,, see equation 2. Com-
bining equations 2 and 10, it can then be shown fhatan

be computed recursively as:

po1(2:5—1 - i
_ fr 1(0] ) . 2(k+1-7)— fr_1(1) )
fial) | R loikel=g)
kafil(k_{_Q—j:k—l,k-l-l—j)

0
Rkal(kvk_F]- _])

(15)

fork>j—1landfj_ =0jx.

The proof is omitted here due to space limitations. In the
inverse updating step, now onfy andR»,, are needed. In
the QR-updating step, we can easily updRtg, because

of equation 2. The final algorithm is summarized below
(at this point, time indices are omitted since matrices are
overwritten). We adopt to the following definition foy,:

eforL+1<k<j—-1.
Br = Omx(h—(r+1)) H® Onrxijmi—1) yIK] |

o fork>j-1
B =ar(k+2—j:k+1)

1. initialization:

v
R

f 0j><1
2. iteration equations:
fork=L+1,...
e updateR
forr=1,... , M

[ Oy —1]"
0jxj

R

{_

0

R

[

(r;:)

H
r

| <o [me]

end
ifk>j7—1



e update ther-vector,
forr=1,...,P

RE .w <« v—f
R-v

v

< w
<= -
v(j)
end
e estimate the input:
[k +2—j] =v(1)

e append a column of zeros:

f2:5-1
f= 0 +
f@)
ik+2—4]-f@) [R2:-LD
RH(1,1) RH (j,1)
_[R2:j2:5-1) Og_nx1  R(2:4,4)
R_[ O1x(j-2) o 0 ]

v(2:j—1)
0
v()

1
|

end
end

4. SIMULATION RESULTS

This section compares the performance of the RTLS algo-

[o%/alg. [ RTLS [TLS [LS |
0.3 0.00618] 0.00619] 0.00704
0.5 0.01996] 0.01963| 0.02547
0.7 0.05847| 0.05830] 0.05923

Table 2:MSE for varying noise variance

Table 2 shows the MSE for different values of the noise vari-
ance. The TLS and RTLS algorithm outperform the LS al-
gorithm and the RTLS algorithm closely approximates the
performance of the TLS solution.

Other simulations showed that an increase\bfenlarges

the performance gap between the (R)TLS and LS algorithms.
Increasing the number of iteratiofsin the inverse iteration
step had very little influence. An increasejirteft perfor-
mance almost unaltered. On the other hand when the noise
level was increased beyond a certain threshold level the LS
solution provided more accurate results than the TLS/RTLS
algorithms. Finally note that for the simulation parameters
shown in table 1 (thus even for relatively short bursts) the
number of flops required by the TLS algorithm exceeded
that of the RTLS algorithm by roughly a factor 800.

5. CONCLUSIONS

In this paper we have presented a new recursive total least
squares algorithm for input sequence detection in deconvo-
lution problems. The simulation results showed that the al-
gorithm closely approximates the performance of the classi-
cal TLS algorithm at a much lower computational complex-
ity. Hence the algorithm might be useful in deconvolution

rithm with respect to the non-recursive TLS and least squareproblems whenever a TLS type approach is expected to give

(LS) solutions. The simulation parameters are depicted in
table 1.

Table 1:Simulation parameters

The input sequence was drawn from a Gaussian constel-
lation with unit variance. The channels were assumed to be
randomly time varying and at each time instant the chan-
nel coefficients were drawn from a Gaussian distribution

with unit variance. Subsequently some Gaussian noise was
added to the (noise free) output samples and the channel Papy)

rameters. The noise added on the channel and the output
was of equal variance?3. Finally the different algorithms

better results than a LS type approach.

6. REFERENCES
[1] G.H. Golub and C. F. Van LoarMatrix Computations The
Johns Hopkins University Press, 1989.
(2]
(3]

S. Haykin, editor.Blind Deconvolution Prentice Hall, 1994.

P. Lemmerling, S. Van Huffel, and B. De Moor. Structured
Total Least Squares Problems: Formulations, Algorithms and
Applications. InProceedings of 2nd International Workshop
on TLS and Errors in Variables Modellingpages 215-223.
SIAM, Philadelphia, 1997.

J.M. Mendel. Lessons in Estimation Theory for Signal Pro-
cessing, Communications, and Contréirentice Hall Signal
Processing Series, 1995.

S

were run using the noisy samples and the results were av-

eraged over 100 Monte-Carlo runs. The performance index
used is the mean square error, which is computed as:
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MSE = B (ali] - il /N)

SHowever, the algorithm can easily be adapted to cope with different

variances by including a pre-whitening step.



