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ABSTRACT

Deconvolution problems are encountered in signal process-
ing applications where an unknown input signal can only be
observed after propagation through one or more noise cor-
rupted FIR channels. The first step in recovering the input
usually entails an estimation of the FIR channels through
training based or blind algorithms. The ’standard’ proce-
dure then uses least squares estimation to recover the in-
put. A recursive implementation with constant computa-
tional cost is based on the Kalman filter. In this paper we
focus on a total least squares based approach, which is more
appropriate if errors are expected both on the output samples
and the estimates of the FIR channels. We will develop a re-
cursive total least squares algorithm (RTLS) which closely
approximates the performance of the non-recursive TLS al-
gorithm and this at a much lower computational cost.

1. INTRODUCTION

Deconvolution problems arise in digital signal processing
applications as diverse as high speed data transmission, re-
verberation cancelation, reflection seismology and image
restoration [4, 2]. In these situations an unknown input
signal can only be observed after propagation through one
or more noise corrupted FIR channels. The FIR channels
can be estimated through training based or blind algorithms.
Once these estimates are available, the input signal can be
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retrieved in several ways. In the case of digital communica-
tions the input belongs to a finite alphabet and a Viterbi al-
gorithm can be used. However, the complexity of the Viterbi
algorithm grows exponentially with the length of the FIR
channels. Therefore cheaper solutions are desirable. One
could alternatively estimate the transmitted sequence as the
least squares solution of the problem. If we assume that er-
rors are present in both the output samples and the estimates
of the channel parameters, a total least squares (TLS) solu-
tion [1],[5] seems to be the appropriate way to recover the
input 1. For reasons of computational complexity it is de-
sirable to turn the classical TLS algorithm into an adaptive
form. In this paper we will present such a recursive solution
which has a constant computational complexity.
In section 2 the data model in presented. Section 3 develops
the new algorithm. Section 4 presents simulation results and
finally in section 5 some conclusions are drawn.

2. DATA MODEL

Assuming a single input-multiple output (SIMO) system,
we definey[k] = [y1[k] : : : yM [k]]T , x[k] = [x[k � L] : : :
x[k]]T andn[k] = [n1[k] : : : nM [k]]T as respectively the
output, input and noise vector at timek. This results in the
following input/output formula:
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Note that there areM (possibly time varying) FIR channels
h
(k)
1 [�],: : : ,h(k)M [�] of lengthL. If we then stack data vectors

overN � L symbol periods and defineYL+1jN = [y[L +
1]T � � �y[N ]T ]T , X1jN = [x[1] � � �x[N ]]T andNL+1jN =

1Note that a structured total least squares solution would even perform
better, but is computationally very expensive [3].



[n[L+ 1]T � � �n[N ]T ]T we obtain:
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In this paper we will assume thatHN has been estimated
through training based or blind algorithms and focus on the
recovery of the input vectorX1jN using a TLS type ap-
proach.
The TLS solution [1],[5] of equation 1 is proportional to the
right singular vector corresponding to the smallest singular
value of the matrixAN = [HNYL+1jN ]. A scaling is ap-
plied such that the last entry in the singular vector equals
�1.
Notice that the dimensions of the matrixAN (and hence the
complexity in computing the right singular vector) grow in
each iteration step so that a straightforward application of
the TLS procedure results in a growing computational com-
plexity per iteration. The aim of this paper is to exploit the
sparsity ofHN to obtain a recursive total least squares de-
convolution algorithm with constant computational require-
ments. In a first step we will derive an algorithm with grow-
ing matrix dimensions, which we will then transform into a
solution with constant computational requirements.

3. RTLS ALGORITHM

3.1. Version 1

At time k � 1, a newH(k�1) has been estimated, and a
new data vectory[k � 1] becomes available. At that mo-
ment, all the previous equations inH(L+1), : : : ,H(k�2) to-
gether with the new equations inH(k�1) may be assembled
in a matrix to form one large overdetermined set of equa-
tions inX1jk�1. The total least squares solutionX1jk�1

then equals the right singular vector (up to a scaling factor)
associated with the smallest singular value ofAk�1, with
Ak�1 = [Hk�1YL+1jk�1].
This right singular vector may now be computed in an itera-
tive way,i.e. for the computation of the right singular vector
at timek one may use the results obtained at time stepk�1.
The singular vector is updated in two steps.
The first step is a QR-updating operation in which the trian-
gular R-factor of the QR-decomposition of the matrixAk�1
is tracked [1]. In the second step the singular vector is com-
puted through inverse iteration [1] using the R-factor com-
puted in the first step.

3.1.1. QR Updating

Denote the QR-decomposition ofAk�1 asAk�1 = Qk�1 �
Rk�1 and assume that thek � k matrixRk�1 is known at
time stepk � 1.
To go from time stepk � 1 to k, three operations have to
be performed on the matrixAk�1. First we have to add
a column of zeros toAk�1. Secondly we change the last
and one but last column of this updatedAk�1. Finally we
append the rows of
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to the updatedAk�1.
The first and second operation imply respectively thatRk�1
is extended with an extra row and column of zeros and that
this updatedRk�1 is multiplied on the rhs withP :
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This modifiedRk�1 matrix remains upper triangular and
can be updated toRk using QR-updating:
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TheQH
r matrices are composed of Givens rotations which

cancel out the bottom part in the rhs matrices.

3.1.2. Inverse Iteration

Since the right singular vectors ofRk equal the eigenvectors
of (RHk � Rk), the right singular vectorvk corresponding to
the smallest singular value ofRk, can be computed through
inverse iteration [1]:

� initialize vk
� iteration:

for r = 1; : : : ; P

RHk � Rk � sk = vk (5)

vk = �
sk

sk(k + 1)
(6)

end

The first equation in the iteration is solved forsk. The last
equation ensures that the last component of the vectorvk is
�1 and hence forms the TLS solution. Equation 5 can be
refined as:

RHk � wk = vk (7)

Rk � sk = wk (8)



The first equation is solved forwk (using forward substitu-
tion) and the second one forsk (using back substitution).
Clearly the computations required in this procedure grow in
time since the dimensions ofRk andRHk grow. The next
section explains how to transform the above algorithm in an
algorithm with constant computational requirements.

3.2. Version 2

The algorithm with constant computational requirements is
based on the following modification. At time stepk, we
assume that the firstk + 1� j components of the vectorvk
have been accurately estimated (the only condition onj is
thatj > b L

M�1c+ L+ 12). These components can then be
replaced by a fixed value in all subsequent starting vectors
for the inverse iteration step, namely:

vk(1 : k + 1� j) � x̂(1 : k + 1� j) (9)

In a digital communications contextx̂(1 : k + 1� j) could
e.g. represent the hard decisions on the firstk + 1� j bits.
This means that the inverse iteration step will truly iterate
only over the lastj components of the vectorvk, i.e. vk(k+
2 � j : k + 1). In order to simplify notation, we introduce
the following definitions:

RH11k = RHk (1 : k + 1� j; 1 : k + 1� j)

RH21k = RHk (k + 2� j : k + 1; 1 : k + 1� j)

RH22k = RHk (k + 2� j : k + 1; k + 2� j : k + 1)

w1k = wk(1 : k + 1� j)

w2k = wk(k + 2� j : k + 1)

x̂k = x̂(1 : k + 1� j)

v2k = vk(k + 2� j : k + 1)

R22k = Rk(k + 2� j : k + 1; k + 2� j : k + 1)

s2k = sk(k + 2� j : k + 1)

Using equations 7 and 8 the loop equations in the inverse
iteration step can be rewritten as:

1. computew1k (forward substitution):

RH11k � w1k = x̂k (10)

2. computew2k (forward substitution):
define thej � 1 vectorfk as:

fk = RH21k � w1k (11)

for k > j � 1 andfj�1 = 0j�1.

RH22k � w2k = v2k � fk (12)

2 This condition assures that the set of equations is overdetermined at
timej�1, when the first input symbol is estimated:(j�1�L)�M > j�1.
Furthermore it is seen from the formula thatj is at leastL+2, which will
be useful further on.

3. computes2k (back substitution):

R22k � s2k = w2k (13)

4. finally, the new values for the lastj entries invk are
obtained as:

v2k = �
s2k

sk(k + 1)
(14)

Equations 12, 13 and 14 are executedP times. It will now
be shown how one can avoid the computation ofwk(1 :
k + 1� j), a vector with growing dimensions. To this aim,
fk is computed recursively,i.e. usingfk�1, which will then
allow to set up a fully adaptive algorithm.
The crucial observation is that the firstk � L � 1 rows of
Rk�1 remain unchanged in the QR-updating step after iter-
ationk� 1 (except for the insertion of some zero columns),
because of the initial zero block in�k, see equation 2. Com-
bining equations 2 and 10, it can then be shown thatfk can
be computed recursively as:

fk =
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for k > j � 1 andfj�1 = 0j�1.
The proof is omitted here due to space limitations. In the
inverse updating step, now onlyfk andR22k are needed. In
the QR-updating step, we can easily updateR22k because
of equation 2. The final algorithm is summarized below
(at this point, time indices are omitted since matrices are
overwritten). We adopt to the following definition for�k:
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� update thev-vector,
for r = 1; : : : ; P

RH � w ( v � f

R � v ( w

v ( �
v

v(j)

end

� estimate the input:

x̂[k + 2� j] = v(1)

� append a column of zeros:
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end
end

4. SIMULATION RESULTS

This section compares the performance of the RTLS algo-
rithm with respect to the non-recursiveTLS and least squares
(LS) solutions. The simulation parameters are depicted in
table 1.

M L j N P

10 5 12 100 1

Table 1:Simulation parameters

The input sequencex was drawn from a Gaussian constel-
lation with unit variance. The channels were assumed to be
randomly time varying and at each time instant the chan-
nel coefficients were drawn from a Gaussian distribution
with unit variance. Subsequently some Gaussian noise was
added to the (noise free) output samples and the channel pa-
rameters. The noise added on the channel and the outputs
was of equal variance�23. Finally the different algorithms
were run using the noisy samples and the results were av-
eraged over 100 Monte-Carlo runs. The performance index
used is the mean square error, which is computed as:

MSE = Ef

NX
i=1

(x̂[i]� x[i])2=Ng

�2 / alg. RTLS TLS LS

0:32 0.00618 0.00619 0.00704
0:52 0.01996 0.01963 0.02547
0:72 0.05847 0.05830 0.05923

Table 2:MSE for varying noise variance

Table 2 shows the MSE for different values of the noise vari-
ance. The TLS and RTLS algorithm outperform the LS al-
gorithm and the RTLS algorithm closely approximates the
performance of the TLS solution.
Other simulations showed that an increase ofM enlarges
the performance gap between the (R)TLS and LS algorithms.
Increasing the number of iterationsP in the inverse iteration
step had very little influence. An increase inj left perfor-
mance almost unaltered. On the other hand when the noise
level was increased beyond a certain threshold level the LS
solution provided more accurate results than the TLS/RTLS
algorithms. Finally note that for the simulation parameters
shown in table 1 (thus even for relatively short bursts) the
number of flops required by the TLS algorithm exceeded
that of the RTLS algorithm by roughly a factor 800.

5. CONCLUSIONS

In this paper we have presented a new recursive total least
squares algorithm for input sequence detection in deconvo-
lution problems. The simulation results showed that the al-
gorithm closely approximates the performance of the classi-
cal TLS algorithm at a much lower computational complex-
ity. Hence the algorithm might be useful in deconvolution
problems whenever a TLS type approach is expected to give
better results than a LS type approach.
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