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ABSTRACT

Differential coding allows signal demodulation without car-
rier phase estimation, and thus is commonly used to cope
with phase ambiguity and residual carriers. In a wireless
scenario where the system transfer function is FIR due to
multipath reflections, channel estimation and equalization is
usually required. Inspired by the recent work by Tong [1] on
blind sequence estimation, we propose a vector differential
coding scheme that allows instantaneous signal detection at
the receiver without knowledge of the channel. The new
technique can be regarded as a generalization of the stan-
dard differential coding method for removing convolutional
ambiguities.

1. INTRODUCTION

Differential coding is widely used in communication sys-
tems with phase ambiguity or residual carrier offsets [2]. By
encoding the information in phase differences between suc-
cessive signal transmissions, a differentially encoded phase-
modulated signal allows demodulation without the estima-
tion of the carrier phase. Although relative to coherent de-
modulation, differential coding has slightly higher SNR re-
quirement for the same BER performance, this small in-
crease translates into a significant decrease in system com-
plexity and sensitivity.

In wireless communications with frequency-selective fad-
ing channels, the system transfer function is generally an
FIR filter rather than a complex scalar. The resulting convo-
lutional ambiguity involves multiple adjacent signals which
renders standard differential coding techniques inapplica-
ble. Existing signal recovery techniques usually rely on
channel identification (either using training sequences or
through blind estimation) [2, 3], and channel equalization [4].
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Tong in [1] proposed a blind sequence estimation algo-
rithm to accomplish signal recovery without channel iden-
tification. By estimating the deterministic source correla-
tion from the oversampled observations, the input symbols
are reconstructed through correlation optimization using the
Viterbi algorithm. While this direct approach avoids the
identifiability and channel inversion problems commonly
encountered in channel equalization, it does possess the well-
known limitations of trellis search,i.e., complexity and de-
lays in signal decision. Also noticed is that the decoding
scheme may suffers from catastrophic error propagation sim-
ilar to catastrophic convolutional code, especially under low
SNR.

Inspired by the ideas of differential coding and blind
sequence estimation in [1], we introduce in this paper a
generalized differential encoding technique to recover in-
put symbols from the convolutional ambiguity (FIR chan-
nel) without channel equalization or trellis searching. The
new scheme, which we termfinite-state differential cod-
ing, injects certain ambiguity resistance at the transmitter by
modulating the information bits through finite-state encod-
ing. Instantaneous symbol recovery can be accomplished at
the receiver with a low cost generalized differential decod-
ing procedure. Other advantages of the proposed technique
include robustness against carrier drifts and time varying
channels.

2. FORMULATION

Consider the following baseband signals fromM (M > 1)
receivers,

y(n) = [y1(n) � � � yM(n)]T

=

LX
l=0

h(l)s(n� l) + [v1(n) � � � vM(n)]
T

:

The composite vector channel,h(l) = [h1(l) � � �hM(l)]
T ,

characterizes the transfer function between the transmitter



and a plurality of physical and/or virtual receivers (due to
antenna array, fractional oversampling, or transmission re-
dundancy) [3, 4, 5].s(n) is the transmitted signal, andvi(n)
is the noise element from theith receiver. In wireless com-
munications, it is generally plausible to model the channel
as a vector FIR filter with maximum orderL known to the
system [2].

For presentational simplicity, we will consider noise-
free data in the remainder of this paper. StackingK receiver
vectors into one column:

x(n)
def
=

2
64

y(n)
...

y(n+K � 1)

3
75 =H

2
64

s(n� L)
...

s(n+K � 1)

3
75 ;

we obtain a smoothed data vector as follows,

x(n) = Hs(n): (1)

LetP = L+K,H 2 CMK�P is a block Toeplitz matrix of
fh(l)gL

l=0. We invoke the following common assumptions:

1. K > L=(M � 1);

2. The channel matrixH is of full column rank;

3. The transmitted sequencefs(n)g has no less thanK+
L modes.

3. FINITE-STATE DIFFERENTIAL CODING

If the channels are memoryless, the received signal from the
ith receiver reduces to

yi(n) = his(n)

wherehi represents the phase ambiguity and attenuation.
By differentiating successive received signals, it is seen that
the deterministic correlation of thenormalizedtransmitted
signals,s�(n)s(n�1), is readily available from the outputs.
Conventional differential coding exploits this very idea by
modulating the information bit, denoted asb(n), into the
phase differences:s(n) = s(n� 1)b(n).

3.1. Encoding

When the channels are FIR,s�(n)s(n � 1) in no longer
available due to the convolutional effects offh(l)gL

l=0. How-
ever, as will be shown (also see [1]), the deterministic cor-
relation ofs(n) or vector differentiation offs(n)g

r(n)
def
= sH(n)s(n� 1)

= s�(n)s(n� 1) + � � �+ s�(n+ P )s(n+ P � 1);

can be calculated fromfy(n)g through orthogonalization
without the channel information. This observation suggests
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Figure 1: Finite-state differential encoding

one to modulateb(n) into r(n) at the transmitter so that it
can be recovered blindly at the receiver using generalized
differential decoding.

To elaborate, consider Figure 1 which depicts the encod-
ing diagram. A shift register storesP previously transmitted
signals,s(n); � � � ; s(n + P � 1). For every new bit,b(n),
the encoder selects the next output signals(n + P ) so that
r(n) carries the information ofb(n). At the receiver end,
the decoder calculatesr(n) using the algorithm described
in the next section and provides instantaneous detection on
b(n).
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Figure 2: The encoding state transition diagram

The above idea can be illustrated using a simple exam-
ple withP = 2. For simplicity, we consider BPSK output,
i.e., s(n) 2 �1. The encoding state transition diagram is
shown in Figure 2.�(n) = (s(n � 1); s(n)) denotes the
current state. Each transition path from�(n) to �(n + 1)
is labeled byb(n)=r(n). Based on the current setup, the
detection rules at the receiver are given by

�
b(n) = 1 if r(n) = �2
b(n) = 0 if r(n) = 0



3.2. Decoding

The above encoding scheme modulates the information bits
into the correlation function of the transmitted signals. In
this section we will show thatr(n) = sH(n)s(n�1) can be
directly calculate from the received signals [1].

Denoting
Rx = E [x(n)xH(n)] ;

we have,
Rx =HHH = Us�sU

H

s
; (2)

whereUs�sU
H

s
is the eigenvalue decomposition ofRx.

Here we use the fact that the encoder outputs(n) is white,
since the modular operation incurred by the encoder gener-
ally does not change the statistics of information sequence

b(n). The SVD ofH can be expressed asH = Us�
1

2

sV
H

s
.

Defining

T = �
�

1

2

s UH

s
; (3)

it is readily shown that

z(n)
def
= Tx(n) = VH

s
s(n): (4)

Note thatVH

s is a unitary matrix. The above procedure es-
sentially normalizes the received signals. Consequently, in
noise-free case

zH(n)z(n � 1) = sH(n)s(n� 1) = r(n): (5)

Equation (5) asserts that by normalizing and differentiating
the received signal vectors, the correlation functionr(n),
which contains the bit information, can be reconstructed
from the received signal without the channel information.

The decoding process is outlined as follows,

1. EstimateRx from the received data vectors;

2. Perform an eigenvalue decomposition onRx to ob-
tainUs and�s;

3. Normalize the received data sequence byz(n) = �
�

1

2

s

UH

s x(n);

4. Calculate the correlation function of the normalized
data vector to obtainr(n) = zH(n)z(n�1) = sH(n)
s(n� 1);

5. Detect the information bitb(n) from r(n) based on
the encoding rules.

Remark 1:The above encoding and decoding schemes
can be regarded as generalized differential coding techniques
for FIR channel ambiguities - they reduce to regular differ-
ential coding when the channels are memoryless. It is im-
portant to realize that unlike the scalar ambiguity, the convo-
lutional ambiguity can only be removed when redundancy is

available at the receiver, as well-known in the system iden-
tification literature.

Remark 2:In contrast with the blind sequence estima-
tion algorithm in [1], which also involves normalization and
differentiation, the scheme here avoids the computational
demanding trellis searching (with2P states). Furthermore,
by encoding the information into correlation at transmitter
side, one can avoid the error propagation problem in [1].
The current approach offers instantaneous decision on the
information bits. Such is extremely important to delay sen-
sitive communications. On the other hand, it is reasonable
to expect some performance loss of the new algorithm. Sim-
ilar loss occurs in standard differential coding relative to co-
herent demodulation.

3.3. Implementation Issues

Several implementation issues are further addressed in this
section.

First of all, the way encoding is performed, information
bits are modulated into transmission data vectors of length
P (P = K + L) to accommodate FIR channels with max-
imum orderL. P is fixed by the transmitter. The order of
the channel however, varies in practice at the receiver. One
should change the smoothing factor accordingly so that the
length ofs(n) in (1) remains a constant. In other words,
if the true channel order isL0 � L, theK value must be
P � L0. This can be easily accomplished by checking the
rank condition ofRx.

On the complexity side, the main computational cost at
the receiver is the eigenvalue decomposition ofRx. The de-
velopment of fast subspace decomposition techniques pro-
vide computationally efficient, easily parallelizable meth-
ods to obtainT [6]. Recently studies show that subspace
decomposition can be implemented adaptively, even when
the rank of the matrix varies [7]. Subspace tracking algo-
rithms can be applied to the proposed technique to handle
time-varying channels. Due to its differential nature, the
decoding scheme here has inherent resistance against envi-
ronmental variations and error propagation. In addition, it
can be shown that similar to the standard differential coding
technique, the new method is also insensitive to residual car-
rier offset, which makes it particularly attractive to wireless
communications.

4. SIMULATION

In this section, we provide some computer simulations to
compare the performance of our algorithm with Tong’s meth-
od [1]. For illustration purpose, we choose a channel with
length 2, so the state diagram depicted in Figure 2 is used
for finite-state differential encoding. At receiver end, we
use 4 antennas so no further data smoothing is needed. The



information sequence is binary, and BPSK signals are trans-
mitted into the channels.

We measure the Bit Error Rate(BER) under different
signal-to-noise ratio (SNR) defined by

SNR = 20 log10
E
�
kH(k)k

�
E
�
kv(k)k

� (6)

where, thek � k stands for Frobenius norm.
The channels do not vary with time in our simulations,

we use 100 symbols to calculate the transform matrixT

in Equation (3) for normalization. Implementation of the
proposed algorithm is straightforward. In Figure 3 we show
jr(n)j of received signals in Equation (5) under 15dB SNR.

To alleviate the effect of error propagation, we simulate
Tong’s algorithms in batch mode by collecting every 30 re-
ceived signals and feeding them into decoding trellis. Note
we assume the knowledge of initial state of trellis for each
data block. Therefore, even there exists a catastrophic paths,
it will not last more than 30 symbols. The performance of
two algorithms is shown in Figure 4. It can be seen at low
SNR, the proposed algorithm performs better. This is due to
the error propagation effect in Tong’s algorithm. Our algo-
rithm is more robust under low SNR. When SNR exceeds
certain threshold, the successive errors become less possi-
ble, the error correcting capability of Viterbi algorithm be-
comes dominant. Therefore Tong’s algorithm outperforms
the proposed approach at high SNR values.
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Figure 3: Values ofjr(n)j

5. CONCLUSION

We presented in this paper a finite-state differential coding
scheme that can remove the convolutional ambiguities due
to FIR channels. By modulating information bits in differ-
ences between successive vector signal transmissions, in-
stantaneous detection can be realized at the receiver through

generalized differential decoding without knowledge of the
channels. Numerical simulations show promises of the new
approach in wireless communications. Further analytical
studies are required to better understand the performance of
this scheme.
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