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ABSTRACT however, requires the distribution of the complex ndise

We consider the problem of estimating the order of the phase/ i 0, ild +2,...,10 bel known. therﬁflt_klslf':;]ssug"neld to ?1"3
of a complex valued signal, having a constant amplitudeW ite and Gaussian. Also, maximum likelihood algorithms

, d " ; are very complicated for a phase order 3. These diffi-
and a polynomial phase, measured in additive noise. Anew_ . g
metholtoj b)ellsed on?he bootstrap is introduced. The proposedU!ties have led to the development of parameter estimation
approach does not require knowledge of the distribution of echniques that are suboptimal, but are computationally in-
the noise, is easy to implement, and unlike existing tech- £XPENSive. Suboptimal methods for estimating the parame-
niques, it achieves high performance when only a small €S 0f a constant amplitude polynomial phase signal were
amount of data is available. The proposed technique Canreported, for example, in [1, 4]. Among these techniques,
be easily extended to non-stationary signals which have aj[he only one that addresses the problem of order selection
is the one based on the polynomial phase transform, pro-

olynomial amplitude and phase, provided a consistent es- : Lo
Emzltor for the Sarameters gan be gbtained. posed by Peleg and Porat [5]. It gives bases for estimating

the orderq of the polynomial phase. However, this model
selection method relies on the CrarrRao bound and thus
1. INTRODUCTION assumes the distribution of the noise to be known.

Many model order selection procedures exist in the case
Non-stationary signals encountered in communications, sonef,a linear model, which may be obtained for the phase of
radar, speech and biology often involve amplitude and/or (2) at high signal-to-noise power ratio. Popular techniques
the frequency modulation of a carrier signal. The so-called are Akaike’s information criterion, Rissanen’s minimum de-
amplitude modulated-frequency modulated signal can be wrigcription length criterion, and Hannan and Quinn’s crite-

ten as the complex representatigit) = a(¢) exp{jo(t)}, rion (see for example [3]). These criteria are often used
wherea(t) and ¢(t), t € [T1,T:], T1,T> < oo, are the  in the context of estimating the parametgrand ¢ of an
amplitude and phase functions. In practice, the sigil autoregressive moving average process of ofdgr). Ex-
is embedded in stationary complex nol$€¢t) so that the  perimental as well as theoretical results indicated that the
received signal is given by model criteria do not yield definitive results. In the absence
of any prior information regarding the physical process that
X(t)==z(t)+U(t), Tm <t<Ts. (1) resulted in the data, one is often left with trying different

model orders and different criteria and, ultimately, interpret-
Assume that the amplitude oft) is constartand that the  ing the different results.
signal is appropriately sampled, yielding values t = In this paper we introduce an approach for selecting the
0,...,n — 1, which are observations from order of a constant amplitude, polynomial phase signal us-
ing the bootstrap [2, 9]. Besides the theoretical and empiri-
< k cal properties of bootstrap selection procedures such as the
Xy = ao exp{j Z bet"} + U, t=0,...,n—-1, (2 ones discussed in [7], there are good reasons to use a boot-
k=0 strap model selection procedure. Bootstrap methods are
. . . simple and computationally efficient (see for example [11]).
wherea, is real valued, representing the amplitubie,k =t 5ne yses a bootstrap approach for the model selection and
0,....q, are the real valued phase coefficients of the Sig- ¢ he subsequent inference, then the bootstrap observa-
nal andg is a fixed integer. The objective is to determine 5o generated for model selection can also be used in the
the order of non-linearity of the phase based on estimateSterence procedure. Thus, the model selection procedure
of the unknowns, by, . . . , by, given observations;, t = can be done at no extra computational cost.
0,. A ’TIL — 1. | h timating th i f Our approach for model selection is powerful in situ-
classical approach 1or estimating the parameters ol o44n5 \where the sample size is small and the distribution
the modelin (2) is the method of maximum likelihood. This, J¢iha noise is unknown. The only assumption we make is

LThe more complex case whetét) is time-varying, modeled as a  thatthe noise sequence is identically and independently dis-
polynomial of finite order will be briefly discussed in section 4. tributed. However, we will discuss later how this assump-




tion can be alleviated. The results presented in this paper2.2. Model Selection

are based on a constant amplitude, polynomial phase signal, . L :

but can easily be extended to non-stafionary signals which/n Practical situations the model orderis unknown. We

have a polynomial amplitude and phase, provided a consis-Vish to selecta subset of the parametgéig, k = 0, ... ,q,

tent estimation technique for the parameters of such signaldo fit ¢ to the model given in (3). The problem is stated

is available. An outline of the paper follows. as follows: givengy, ... , ¢, 1, estimate the parameter
Section 2 introduces our approach to selecting the modelThis can be formulated as a model selection problem in

order of a constant amplitude, polynomial phase signal, us-which we selecg from {0, ... , ¢} and each3 corresponds

ing the bootstrap. In Section 3, we present results with sim-to the model in (4) of ordes, i.e.,

ulated data and measure the performance with the empirical

probabilities of selecting various models. We briefly discuss - d &

how the techniques presented in section 4 can be extended ¢t = Z bit™ + W,

to model non-stationary signals, having a polynomial am- k=0

plitude and a polynomial phase. Underg, we havebg = (bo, . .. ,bg)' which is obtained by
the least squares estimate
2. ABOOTSTRAP APPROACH FOR MODEL . .
SELECTION by = (H3Hs) ™' Hj;®. 7)

where the expression f@ 3 is similar to that ofH, except
thatq is replaced bys in H. We assume that = q is the
For the sake of clarity, we will assume that the signal-to- largest possible model. Thoptimalmodel is

power ratio (SNR), defined to b€ /o7;, whereo?, is the

power of the noise, is sufficiently high. This assumption can Bo=max{k:0 <k <q, by #0}.

be alleviated, but the bootstrap procedure for model order v 4 o T
selection to be introduced in the next subsection will need to - Wt b= O’_Tl’ iAQ’ - be '7'19 J‘rom the AdlStI’ItlU'[lon
be altered to cater for other estimators (see section 4). AlsoPutting mass:™ to 7, — 1/n )i, 71, Wherer, = ¢, —

2.1. Parameter Estimation

and without loss of generality, we assume that= 1. >-i_o bit* is thet:th residual under the largest mogkk=
Let the phase of;, described in (2), be given by g. The bootstrap analdg}; ,,, of by is defined in (7) witm,
q replaced bym and® replaced byb*, whose elements are
¢r= beth,  t=0,...,n-1, (3)  givenby
k=0 8
Tk 7 4k ~ _
b = (bo,...,b,)" be avector ofy + 1 phase coefficients ¢ = Zbkt Twg, t=0,....,m—-1. (8)
andg be a fixed integer. Under the assumption that the SNR k=0
is large one can approximate the signal given in (2) by The model selected by the bootstrap is the minimizer of
X ~exp{j(ods +Wy)} =ex 'A, 4 N ~e\2
t p{Jj(o: )} p{joe} 4) . ne1 (¢t _ Zf:o bk,mtk)
with W, being a real zero-mean independent noise sequence Lrm(B) = E. Z n ©)
with variancesjy, = ot;/2 [8, 1]. t=0
In the sequel we will base our procedure on parame-gyerg3 = 0,... , q, whereE, denotes expectation with re-

ter estimates obtained through the method of least squaresgpect to the bootstrap sampling [7]. This procedure is con-
which requires that the phase be unwrapped [1]. The un-gjstent in the sense that
wrapped phase;, t = 0,... ,n — 1, can be written in the ) R
matrix form Jlim P{§ =060} =1,
d=Hb+W, (5) providedm satisfiesm/n—0 and m—oo. For practical
uses,m needs to be specified for a fixed One should
whered = (éo, . an_l)', W = (Wy,...,W,_1) and choosemn so that the least squares fitting of model (6) does
not have too high variability [7]. One possible choice of
1 0 0 0 m could bem = n?, 0 < v < 1. For more details
1 1 1 1 on the choice ofn the reader is referred to [7]. Compu-
H=| . . . ) . tation of 'y, ,,(3) in (9) can be performed through Monte
S : : Carlo approximation. Give8 bootstrap resamples; for
1 n—1 (n—1* -+ (n-1) t=0,...,n—1,Ty »(8) can be approximated by
The least-squares estimate tors then given b 2 O
qu : gV y (B) _ 1 & || ¢ - Hﬁbﬁl,)m ||2

n
b=1

(10)

b=(HH) 'HS. (6)



forall 8 € {0,...,q}. Adetailed procedure for the model
selection is given in Table 1. Notice that the method of re-
sampling used in Table 1 is based on the i.i.d. assumption
of the noise sequence. In the case where this assumptio
does not hold, we could use the methodsobsampling
suggested in [6], which works for a colored noise sequence

Rable 1:Bootstrap based procedure for estimating the
order of a polynomial phase signal.

under minimal assumptions.

The bootstrap data generated for computing (10) can be
used in inference, for example, for setting confidence inter-
vals forb after model selection. A method for setting con-
fidence intervals for the parameters of a constant amplitude
polynomial phase signal under the assumption of a known
model order has been introduced in [10].

3. SIMULATION RESULTS.

The procedure described in Table 1 was tested extensively
on polynomial phase signals whose amplitude is constant.
We report here results obtained for a signal that has a cubig
(¢ = 3) phase, and a constant amplitude, in the presence of
Gaussian and double exponential noise. We consider data
lengths ofn = 64 andn = 32 and a varying SNR within
the range 5-15 dB. For each SNR, = 100 bootstrap re-
samples of the signal were produced and the procedure wa
repeated 100 times to find the probability of correct phase
order selection. When estimating the residualsas set to

6 andm was chosen to bé8 and24 for n = 64 and32,
respectively.

The results are shown in Tables 2 and 3 for Gaussian and
double exponential noise, respectively, whegs: 64. They
indicate that the empirical probability of correctly selecting
the phase order is high at a reasonable SNR. As expected
the noise distribution does not seem to have much influence
on the performance. For = 32, Table 4 shows that the
results are satisfactory for an SNR of 15 and 10 dB. The
results for 5 dB SNR are not as good as in the case when
n = 64, which is not surprising for such a small amount of
data.

It was not expected that the method would perform well
at low SNR (0 dB) because it is based on the least square$
estimator of the phase, and a least squares estimator require
an SNR larger than approximately 5 dB for the approxima-
tion in (4) to be accurate [1, 8]. An alternative bootstrap
model selection approach in the case of a low SNR is dis-
cussed in section 4.

The choice of the largest possible model had little ef-
fect on the results as long as this number is larger than the
true model order. Also, similar results were obtained for
other values form, smaller thann. The results obtained
so far confirm that bootstrap techniques can be employed
to model selection of signals, having a constant amplitude
and a polynomial phase, when the distribution of the noise

U7

S

Step 1. Select the largest possible modet ¢, and find
the least squares estimdi®f b = (b, ... ,b,)".

Step 2. Compute the residuals
A~ q A~
Pe=cp—» bptt, t=0,...,n—1
k=0

Step 3. Center the residuals, to obtain

Step 4. Forall0 < 8 < g,

(a) draw independent bootstrap residuals
with replacement, from the empirical distt
bution of7;, t =10,... ,n — 1.

(b) Compute
~ /3 ~
ér = bit" +7, t=0,...,m—1,
k=0

wherem is such thain/n — 0 andm — oo.
(c) Findthe leastsquares estimﬁgm from (b).
(d) Compute

n—1 B
sk 1 n 7%
Fn,m(ﬁ) = E Z <¢t - Z bk,mtk>
t=0 k=0

(e) Repeat steps (a)—(d) a large number of tin
(e.g. 100), to obtain a total aB bootstrap
statistics

rx0(3), ..., TiB)(p)

and
_ 1 E. .
Com(8) = 5 2_TRn(8)
b=1

Step 5. Choose3 for which T',, ,,,(3) is minimum with

nes

respect to3.

sequence is unknown and the sample size is small. An ex-
tension of our approach to the case where approximation (4)
is inaccurate, or to signals whose amplitude and phase can
be modeled by polynomials is discussed next.



Table 2:Estimates of the probability (in percent) of se-
lection of order for a cubic phase signal (¢ = 3) in
Gaussian noise, when n = 64.

SNR[dB]/6 0 1 2 3 4 5 6
15 0O 0 O 100 0 0 O
10 0O 0 O 100 0 0 O
5 0O 3 0 97 0 0 O
0 0O 76 18 6 0 0 O

Table 3:Estimates of the probability (in percent) of se-
lection of order for a cubic phase signal (¢ = 3) in dou-
ble exponential noise, when n = 64.

SNR[dB]/6 0 1 2 3 4 5 6
15 0O 0 O 100 0 O O
10 0O 0 O 100 0 O O
5 0 8 0 92 0 0 O
0 0 61 11 28 0O O O

4. EXTENSIONS OF THE BOOTSTRAP MODEL
SELECTION

In the case where the SNR is not sufficiently high and thus,
approximation (4) is not valid, we will alter the procedure
given in Table 1 in the following manner. Using an appro-

priate estimation technique for the phase and amplitude pa- [3]
rameters, which leads to consistent estimators, we first esti-

mateayg, bo, - . . , by, Using the largest possible order= g,

to yield ay, bo, . - . ,by,. With these estimates, we compute
Zt.q = Goexp{j >1_, bxt*}, and the residuals;, = z; —
Z...t=0,...,n—1. These are centered, to obtain For

all 0 < g < ¢, we then draw resampleé$, with replace-
ment, fromé;, computer; = 2: g +£&f,t=0,...,m — 1,
and estimat@g ,.,, b . - - - »bj ,,» Which lead toz} ;. The

optimal order is then the minimizer ovar=0,...,qof

f‘n,m(ﬂ) = E., S M .

n
t=0

We will proceed similarly if the amplitude can be mod-
eled by a polynomial of finite order. Then, the search for a
minimum will be with respect to, say, and3, which rep-
resent the variations of the amplitude and the phase order
respectively. However, for the method to be successful, one
would require consistent estimators for the amplitude and
phase parametets, . .. , a, andby, . .. , bg.

5. CONCLUSIONS

A method based on the bootstrap has been proposed for es-

timating the optimal order of the phase of a constant ampli-
tude, polynomial phase signal. Unlike existing techniques,

Table 4:Estimates of the probability (in percent) of se-
lection of order for a cubic phase signal (¢ = 3) in dou-
ble exponential noise, when n = 32.

SNR[dB]/s 0 1 2 3 4 5 6
15 0O 0 O 100 0 0 O
10 0 3 0 99 0 0 O
5 0O 44 10 46 0 0 O
0 1 80 14 5 0 0 O

the proposed method does not require the distribution of the
interfering noise to be known. The results show that the
bootstrap is able to estimate the true order with high prob-
ability for small sample sizes at moderate signal-to-noise
power ratio. The introduced method was developed based
on a least squares estimator of the phase which requires the
phase to be unwrapped. This is no limitation and can be eas-
ily extended to other estimators. We also suggested an ex-
tension of the methodology to non-stationary signals which
have polynomial amplitude and polynomial phase.
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