Asymptotically Perfect Reconstruction in Hybrid Filter Banks
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ABSTRACT

A procedure to derive a hybrid filter bank from a
digital filter bank is presented. Perfect reconstruction is
shown to be possible only asymptotically. The
stability of the analog filters is ensured if FIR or IIR
stable filters are used in the digital prototype.

[. INTRODUCTION

The generalized sampling theorem of Papoulis
[1], states that a deterministic continuous-time band-
limited signal x(t) is uniquely determined from the

outputs of M linear systems, sampled at I’M the

Nyquist rate. The concept of multi-channel sampling of
Brown, formulates the same property in terms of M
analysisand M synthesis analog filters constituting an
anaog filter bank [2]. In this formulation, the signal
band is divided into M equa subbands. Then, the
transfer function of the synthesisfiltersin each subband
is obtained as a function of the analysis filters by
solving a linear system of equations. The generdized
sampling theorem has been also extended to two-
dimensional signals [3] and linear T-periodic time-
varying systems[4]. The generalized sampling theorem
has been believed ill-posed because if one of the
synthesis filters has infinite energy and the input signal
iscorrupted by additive noise, the output noise energy
will not be bounded [5]. Nevertheless, it has been
shown that if all of the synthesis filters have finite
energy, the generalized theorem is well-posed, e.g.; the
output noise energy is bounded [6]. This property has
been further used to optimize the analysis filters for the
reconstruction of oversampled noisy signals [7]. The
generdized sampling theorem has been aso
demonstrated using adigital approach [8] and a relation
between digital and analog filter banks has been
established [9]. Digital filter banks have been studied
extensively [10] and severa design techniques with
different objectives have been proposed.

Here, we study the signal reconstruction
problem in hybrid filter banks composed of analog and
digital filters. Because of flexibility and simplicity of
design of digital filter banks, we will study hybrid filter
banks by referring them to the digital filter of Fig.1. In
all of the following sections, the quantization noise is
neglected.

Il. ANALOG TOWARDS DIGITAL
HYBRID FILTER BANK

In the hybrid filter bank of Fig.2, the analog
analysis filters are continuous-time linear systems
represented by their transfer functions H.(s), s=jQ.
The digita synthesis filters ae defined by:
F.(2), z=exp(jw). For the ske of simplicity,
suppose that the analog input signal is bandlimited to
|Q|<m. So, the Nyquist angular frequency is
Qy = 271. Now, consider the discrete-time signal x[n]
obtained by sampling the analog signal x(t) with
t=nT, T=1, Fig.l The andog and discrete
frequencies are related to each other by: w=0T =Q.
The output signal of the analysis filters in the digital
filter bank may be written using the discrete-time
inverse Fourier transform as:

x [n] = %Tj: X(e"") Hm(e‘“)e‘“dw @

Noting the bandlimited supposition for the
analog signal, the output of the analysis filters in the
hybrid filter bank is obtained using continuous-time
Fourier transform:
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Fig.1, Digita filter bank for A/D conversion.
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Fig.2, Hybrid filter bank for A/D conversion.
If we put
_ #) =L x(je) S H.(jw)F (e
Ho(iQ)=H,(e”)  :l@sn ) ") Mﬂwﬁ;igiAEF
1 M-1 A 2 -1 A 2 i
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sampling in the hybrid system or down-sampling in the
digital system, respectively: Xx,(MnT)=x.[Mn] or
Xn(NT) = Xu[n] . Therefore with the condition (3), ech
analysisfilter of Fig.2 can be replaced by its equivaent
in Fig.1 without modifying the input samples of the
expanders. It should be noted that the condition (3)
must be valid only in the band |Q|<m and the

behavior of the function H,(jQ) for |Q|> T has no

importance. This is due to the bandlimited signal
supposition. The resulting hybrid system will conserve
the properties of the digital prototype. If the digital
filter bank is a perfect reconstruction system, the hybrid
filter bank will be also a perfect reconstruction system
and so on. It is clear that the relation (3) can be
satisfied only approximately. Higher approximation
orders offer better signal reconstruction. Hence, the
system tends asymptotically towards perfect
reconstruction. In summary, the hybrid filter bank can
be designed by choosing a suitable digital system and
then replacing the digital analysis filters by continuous-
time analog filters using the relation (3). Now, we
calculate the spectrum of the output signal. The output
of eaxh analysis filter is given by
Xn(jQ) = Ha(jQ2)X(jQ). The output of the analysis
filtersisthen sampled at the rate 1/TM, so the sampled
signals at the input of the expanders are given by:
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The output signal is deduced by summing the
signals X.(e®) = X.(eMe)F.(e). Note that due to
the supposition of bandlimited signal, it is possible to
cary out the summation in (2) only for

-(M-1),L, (M-1) [7,9]. Hence, we obtain:
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Il. DIGITAL TOWARDS ANALOG
HYBRID FILTER BANK

The hybrid filter bank concept can be applied
aswell to D/A conversion. A hybrid filter bank for
D/A conversion is represented in Fig.3. The output of
the analog synthesis filtersis given by the convolution
of the continuoustime signas X.(t) with the
continuous-time inverse Fourier transform of the
synthesis  filters  transfer  function  f,(t):
Xn(t) = fu(t) O Xn(t). The signals X.(t) are obtained
by converting the samples %.[n] into impulses with a
gan M: X.(t)= iim[l]d(t—lM). Combining these

|==c0

relations and noting that the output signal is obtained
by summing the signals X, (t), one obtain:

M-1 o

=3 S %, [1]f,(t-1M)

m=0 |=-c0
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From the theory of multirate systems [10], the
output of the digital system of Fig.1 is written as:

M-1 o«

y[n] = Z Z % [1]f.[n—1M]

m=0 |=-c0

™

The two above expressions are equivalent for
t=nT=n if f.[n]=f.(nT). This means that the
continuous signal y(t) is obtained from the discrete
signal y[n] by an ideal D/A conversion with T=1.
f_[n] isgiven by inverse discrete Fourier transform:

f[n] = %TJ. F.(e)dw ®
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Fig.3, Hybrid filter bank for digital-to-analog conversion.

In the frequency domain, the equivalency condition
iswritten as:

: _sz(ej‘“) Qs m
Falie) = %) Q> m ©

It is not surprising to obtain continuous-time
transfer functions needing to be zero beyond the signal
band. Because, in reality, D/A conversion is composed
of two operations. conversion of discrete samples into
impulses and then ideal low-pass filtering.

IV. STABILITY OF ANALOG FILTERS

In the both cases of analog and digital filter
banks, the synthesis filters alowing the perfect
reconstruction are uniquely determined from the
analysis filters. In analog filter banks, the synthesis
filters are obtained by dividing the signal band into M
subbands. Besides, the stability of the filters is not
ensured by the generalized sampling theorem. In hybrid
filter banks, due to relations (3) and (6) we don’t nexd
to divide the signal band into subbands in order to
obtain the analog filters. In addition, the stability of
analog filters is ensured if the prototype digital filter
bank is composed of FIR or stable IR filters. To prove
this, we use the properties of the Padé approximation
[11]. Let us represent the Padé approximants of an
exponential function € by R.,(s), where P and Q
are the degree of the numerator and denominator,
respectively. In the case of FIR filters, the rationa
functions in s must approximate transfer functions of
the form Zaﬂz-n = Zane-”s . It has been dready
shown that the approximant R.,(s) hasall its poles in
the left half planeif P<Q+4 [12]. In the case of IIR
filters, we mention the property that |7 =|R,o(s) <1
for Q=P, Q=P+1and Q=P+2if Re(s)<0 [13,
14]. This means that if the poles of a transfer function
in z are in the interior of the unit circle, they will be
mapped to the left half s-plane if the approximants
R.;(8), R.;.(s) or R,.,,(s) areused. In other words,
it is always possible to find stable transfer functions for

the analog filters with a sufficient fitting precision if
suitable values for P and Q are chosen.

V. DESIGN EXAMPLES

The prototype digital filter bank is chosen as:
H,(2)=1 H,(2)=1-Z",F,(2) =1+ Z", F,(2)=-1.
A bandlimited, |Q|< 7, test signal X(jQ)=1 is usd
for the evaluation of signal distortion in the A/D hybrid
filter bank. Clearly, we have H,(jQ)=1. The transfer

function H,(jQ2) has been obtained using the

numerica method implemented in the MATLAB
instruction INVFREQ(S) [15]. The amplitude and the
phase of the output signal for a numerica
approximation L,,(s) are represented in Fig.4. The

polesof H,(s) areat: s, =-2.3885+ j2.0579.
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Fig.4. Output amplitude and phase of the two-channel
A/D with anumerical approximation L,,(s).

In the case of D/A system, F,(jQ) has been
obtained by the numerical method and F.(jQ)=-1.

The test signal is X(e®) =1. The amplitude and the

phase of the output signal for a numerical
approximation L,.(s) are illustrated in Fig.5. The

poles of F,(s)arethesame: s, = -2.3885+ j2.0579.
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Fig.5. Output amplitude and phase of the two-channel
D/A with anumerical approximation L,,(s).

VI. CONCLUSION

In hybrid filter banks, the perfect reconstruction
is achieved only asymptotically. In the proposed design
procedure, the analog filters are derived from the digital
filters in a prototype digital filter bank. Numerical or
analytical methods may be used to obtain the analog
filters transfer function. Padé approximation is an
analytical technique which was used in this paper to
show the existence of stable analog filters. In fact it
was shown that if the digital prototype system is
designed using FIR or IIR stable filters, stable analog
filters can be resulted. However, Padé approximation is
not necessarily the best approximation technique in
terms of convergence speed. Numerical methods for
approximation by complex rational functions can be
used to obtain more suitable analog transfer functions.
The order of the analog transfer functions depends on
both the order of the digita filters and the desred
precision of signa reconstruction. The most important
application of hybrid filter banks is in A/D and D/A
conversion. Three problems must be consdered for
practical applications of hybrid filter banks: the order of
the analog filters, deviation of the analog filters from
their nominal characteristics and finally insufficient
attenuation of the input signal in the stop-band.
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