AN ALGORITHM FOR TRACKING A RANDOM WALK WITH UNKNOWN DRIFT
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ABSTRACT

In this paper we study the problem of tracking a random
walk observed with noise when the variance of the walk in-
crement is unknown. We describe a sequence of estimator
of the random walk and we design an algorithm to choose
the best estimator among all the sequence. We give also

bound for the mean square error of this estimator. Finally _.

some simulations are presented and we compare our algof-IIt
rithm with the Kalman filter when the variance of the walk 9

increment is estimated.

1. INTRODUCTION

and then we consider thgt;) are the noisy observations in

(2]

the model (1)-(2).
Under Gaussian assumptions on noises, the solution is
btained from the Kalman filter (See, e.g., [4]). But we
must note that the Kalman filter requires the knowledge of
Jhe covariance matriceg' I ando? 1.

As the parametey is unknown, we can’t apply the Kalman
er. A natural idea is then to estimatewith an online al-
orithm which minimizesE(y; — @t)2 (see section 4.4 of

We design in this paper a tracking algorithm for the
model (1)-(2) when the parametgiis unknown and is not

estimated.

Tracking the possibly time-varying dynamic of a stochastic
system is a major objective in signal processing and system

identification. A lot of work about this subject has given nu-
merous articles. Nevertheless, we can cite [6] for a survey in
system identification, [1] about the design of adaptive algo-
rithms, [3] about asymptotical study and [5] about stability

of algorithms.

In this paper, we want to tracké&dimensional random

walk with noisy observations of this walk
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wherey is an scalarw,) and(e;) are stationary white noise
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2. BIAS VS NOISE

At each timet, we consider the sequence of estimators de-
fined on a window of lengtim; = 2imy, (mg > 1) by

t
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i=0,,[logy—]. (3)
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Then we want to find the estimator which minimizes the

1)
(2)

Mean Square Error
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where||z||,, is the Euclidean norm of. That is to say we

processes, mutually independent, with covariance matricesyant to find the length of the optimal window. Let us remark

respectively equal td ando2I. The parametey is as-

sumed to be unknown.

This model is also well suited when the observations are

a noisy linear regression

yr = @i O + ex.

where

In this case, we add a step of recursive estimation with a

large gainu
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that the estimators (3) can be written as
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As (w;) and(e;) are mutually independer(t!”) and(¢\”)
are also mutually independent for al= 0, - - -, [log, mLD].

Then

Bl ~ 6., = Ble N + Bl

As (e;) is assumed to be a white noise with covariance ma-
trix 021, we have for the first term,
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For the second term, we note from (1) that
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As the mapping — m; is increasing andn; > 1 for all
i =0,--,[log, mLO] , 02 is a decreasing function ofi;
andb? an increasing function. We call them respectively
the “noise” and the “bias” of the estimator.

Thus the optimal window is the window which balances
o; andb;. We obtain that the optimal length* verifies the
equivalence

(4)

In other words, if we had no noise on observations G.e—

0), the optimal estimator would be the current observation.
On the contrary, if the paramet@r is time invariant (i.e.

~v = 0 andd, = 6), the optimal window would be an infinite
window.

As the parametety is unknown, a direct and simple
computation ofn* from (4) is not available. We describe
in the next section an algorithm which computes this opti-
mal length without a priori knowledge on the value of the
parametery.

* Oe
m” ~ max(l, —).
il

3. THE ALGORITHM

Consider the confidence region éﬁ") with area equal to
2K o, and K a constant suitably chosen. We explain now
the heuristic of the algorithm. We remind that the variance

P= 1, imax = [logy 755]

105 = 67|12, < Ko

g, = 66D

Figure 1: Computation of the estimat)r The figure must

be read from top to bottom. Diamond boxes represent a
boolean test with one input and two outputs (True or False).
Circles represent affectation.

An estimatorét(’“), defined on a small window (that is to
sayr small), has a small “bias”. Hence its region is expected
to contain the parametéy.

On the other hand, 'ﬁt(’“) is defined on a large window,
its confidence region will be small but the bias will be large
and maybe too large. Then the confidence region may not
containf;.

Having taken this remarks into consideration, if the es-

timatorsét(”), from O to¢ — 1, have been accepted thé{t‘i)
will be accepted if it belongs to all the confidence regions

of the the estimator is decreasing, and the bias increasingfrom 0 toi — 1. Otherwise@t(i) will be rejected. This algo-

with the length of the window.

rithm is represented in the figure 1.



4. ABOUND FOR THE MEAN SQUARE ERROR

If w = (u1,---,uq) is ad-dimensional vector, we note the
infinite norm ofuw,

llulloo = max, |ug-

We make the following assumptions
e 09 > by,

P(llecllss > A) < P(IN(0,

P(lwlleo > A) < P(IN(0,1)] > N,

o?)| > A),

|let]| o @and|jw; || have symmetric density probabil-
ity function.

We define the integer by

i =max{0 < i <imax : b; <05}
Remark: As theo;’s are decreasing and thgs are increas-
ing, the first assumption is necessary for the definitioii pf
but it is not too restrictive in practice. A simple calculus
gives that the parametermust verify the condition
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If this condition is not verified, it means that the variance
of (e;) is smaller than the variance ¢f). In this case,

the noise can be omitted from the model what simplifies the

tracking problem.

Under these assumptions we can prove the
Theorem

There exists a constant such that

- 0t||2)1/2 + Kdoy.
)1/2

(N6, —6:2)'* < (116"
+ Coy (Kde

Sketch of the proof:

We noteC; the cube of lengtlRK o, centered irﬂAt(J),
and we notd; = N;_, C; the intersection of the cubes from
Otos. o

Henced, = et(’) where

i =max{i : 0 EI}

Then we divide the mean square error into two parts

E|6; — 0413 = Elisie |0 — 6] + Eliciv |6 — 60,2

We remark that for ang-dimensional vectoun
lullZ < llull3 < dflull3,.

To bound the first term we apply the

Lemmal

If ¢ >i* then ||f; — 6] < Kdog + |18\ — 6,2

To prove this lemma, we just have to remark thatC ;-
and therf; € C;-. Hence we obtain that

A oN1/2
(B8 —6,)12)">.
(5)

For the second term, we use the following lemmas

(Elisi[0; — 6:2)"* < Kdoy- +

Lemma?2 If i< (l)_'_Ctl)“OO =

i* then sup; ;- o,

The core of the prove is that there exists a intgigarch that
6" does not belong t6;.

Lemma 3
If (e;) and (w;) are two sequences, mutually indepen-
dent, of independent random vectors, such that

¢ |let||o and||w:||o have symmetric density probabil-
ity function and for allx > 0

o P(llerlls > 0ed) < P(IN] > ),
o P(llwill 2 N) < P(IN] 2 ))
then foralli > 0

Vd

P(IE? + ¢ > A) < P(N] > o

A)

with V' ~ N(0, 1).
With the independence @é;) and(w;), we prove that

_Vd

To conclude, we just remind that for @l i*, b? < o2.
With these lemmas we can find a constant C such that

P(IE? + ¢l > A) < P(IN| >

A).
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(6)

By combining (5) and (6), we finish the prove of the theo-
rem.

)1/2

(Eligi* ét — 0t||3)1/2 < CO’O (Kde

5. SIMULATIONS

In the simulations(w;) and (e;) are 1-dimensional cen-
tered Gaussian white noise. The random walk is tracked
on a sample of length 5000. In both figures, the dashed line
is the tracking parameter. The last simulation, figure 5, is
a comparison between our algorithm and the Kalman filter
when-~ is estimated withy # ~.
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Figure 2:y = 0, 0. = 16, K = y/log(4imax2im=). The
first plot is the random walk in the observations. The second
plot is the random walk and the tracking parameter.
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Figure 3:v = 0.7, 0. = 16, K = \/log(4imax2ime=).
The first plot is the random walk in noise. The second plot
is the random walk. The third is the result of the Kalman
filter with + is estimated byy = 2. The fourth plot is the
random walk and our tracking parameter.

6. CONCLUSION

In this paper we have designed an algorithm for tracking a
d-dimensional random walk with unknown drift. The esti-
mator is the mean of the noisy observations on a window of
some length. Our algorithm approximate the optimal win-
dow which minimizes the mean square error. We have given
also a bound for the mean square error which is close to the
optimal bound. We have shown that our algorithm can be
an alternative to the Kalman filter whenis unknown.
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