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ABSTRACT Herev[k] is additive Gaussian noise, which is not necessarily white.

The effect of sampling and guantization on frequency estimation We will return to the specific characteristics of the discrete time
for a single sinusoid is investigated. CrarRao bound for 1 bit ~ noise below.

quantization is derived, and compared with the limit of infinite After sampling, the signal is quantized, i.e., rounded to one
quantization. It is found that 1 bit quantization gives a slightly of a finite number of levels. If the quantization is very fine, e.g.,
worse performance, however, with a dramatic increase of vari- 12 bits precision, the quantization can be disregarded or treated as
ance at certain frequencies. This can be avoided by using 4 timesanother source of additive noise. However, some applications deal
oversampling. The effect of sampling when using non-ideal anti- with very high frequency signals (Giga Hertz range) and fine quan-
aliasing lowpass filters is therefore investigated. GrafRé&o lower tization is impossibly or economically infeasible. We therefore
bounds are derived, and the optimal filters and sampling frequen-consider coarse gquantization, in particular single-bit quantization,
cies are found. Finally, fast estimators for 1 bit sampling, in par- with a signal given by,

ticular correlation based estimators, are derived. The paper is con- . .

cluded with simulation results for 4 times oversampled 1 bit quan- @ +[k] = sign(R(«[k])) + isign(3(z[k])), k = 0,..., N — 1.

tization. o _ _ )
Apart from being simple to implement, 1 bit quantization also has

the advantage that no gain control is needed and, as we will see
below, that very efficient algorithms for processing of one bit sam-
ples can be made.

The classical case is the case with infinitely fine quantization,
ideal low-pass antialising filters, aril, = 1. In this case, the
Fisher information matrix for the unknown parametees [w ¢]”

1. INTRODUCTION

We consider the classical problem of estimating the frequency,
phase and amplitude okinglecomplex sinusoid in additive, white
Gaussian noise. Thus, the continuous time observed signal is

z(t) = s(t;0) +v(t), t € (—o0,0) 1) is given by [4]
s(t;0) = Ae'@itd) G N—1r
) . . : . : : Ay® Kk
wherew(t) is continuous time white Gaussian noise (WGN) with I(6) =2 (;) Z 1| 4)
powero?, A, # = [w ¢]T are the unknown parameters, ands k=0

(—m, ). hich b . . . .
Usually, the signal is processed digitally. In order to do the VF\Qlag:bc?l?:d (%Exé))hcmy summed and inverted to give the Gram

digital processing, the signal must be sampled and quantized. In

most cases, analyses of accuracy do not consider this process, al- R 602

th_ough it_can cons_iderably influence _the accuracy. I_n this paper we CRB(@) = A2N(N? —1)° ®)

will consider the influence of sampling and quantization, and in ) o ) _
particular optimization of sampling and quantization with respect Furthermore, the maximum likelihood estimator (MLE) can be im-

to accuracy and in a trade off with complexity. plemented by finding the maximum peak of the DFTu¢#] [4].
Prior to sampling, the signal is transmitted through an ana-

log anti-aliasing filter. We here assume that the signal has been 2. CRAMER-RAO BOUND FOR ONE-BIT

stationary for so long time prior to the start of the sampling pro- QUANTIZATION

cess (or that it has a smooth envelope), that we can disregard the
transient response. Thus, if the antialising filter has frequency re- At first we will consider the case of ideal low-pass anti-aliasing

sponsef (w) and the sampling time i8; the sampled signalis filters and one bit quantization. Lefk] = R(z[k]) ands[k] =
zlk] = s[k; 6] + v[k], E=0,....N—1 (2) S(z[k]). The pdf ofr[k] is then given by
slk;0] = AH(w)e'@T=h+9),

1 °° 1 .
friey(q;0) = — / exp (——2(90 — qA cos(wn + ¢))z) dz
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tively. L .
1\We denote all quantities associated with the continuous time signal by Whereg = £1. We get a similar expression for the pdf k],
(+) and all quantities associated with the discrete time signéi]by just with sin instead ofcos. Notice that this pdf is (continuously)



the phase, but as it is a reasonable assumption that the phase is
a uniform random variable, the CRB has been averaged over the
phase.

As can be seen the CRB has a catastrophic increase around

Xz . P . . . L
SS. multiples of Z of w, where in fact the variandacreaseswith in-
NN ' z . ” o
-35 \\\\\\\\\\\@\\\\\\\i\\\\t\g\\\\%&. creasing SNR. The only way tp av0|q these critical frequencies is
) \\\\\\\\\\\\\\t\\%\\wﬁ\\’ l;\\\\i\\\\§ to make sure that the frequencies of interest are between these crit-

ical frequencies, i.e., by oversampling the continuous time signal
by at least a factor of 4.
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3. SAMPLING OF CONTINUOUS TIME POLE-ZERO
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1o 0 Frequency As was shown in the previous section, when using coarse quan-
SNR (dB) tization it is necessary to oversample the signal in order to avoid

the variance increase at certain frequencies. It is therefore also
necessary to consider the actual anti-aliasing filters used prior to
Figure 1: CRB as a function of frequency() and SNR sampling. Here we will only consider Butterworth filters [2] of

(1010g(20%2)) for N = 32 samples. The lower surface is for no ordern with

quantization, while the upper surface is for 1 bit quantization. - 1
S(s) = H(s)H(=s57)" = ————.
1+ (QTrfc )

The continuous time WGN proces§) is transmitted through
the filter H (s), with outputy’ (¢). The process’(t) then is a Gaus-
sian random process with spectrufifis) and correlation function

N 1 af of R(t). Denote the poles of(s) by pi,...,p2.. The process
, Tk Tk IR - ; 2 Fen o
IHOE Z Z . 4. 0) L 0T (7) v'(t) is sampled equidistantly with sampling inter& = 2r,

(11)

differentiable with respect t6, and the CRB does therefore indeed
exist. Since the variableqk] are i.i.d. the Fisher matrix due to
r[k] can be found as

k=1 g=%1 (¢:6) 06 ’ 90 7 giving the discrete time noise[k]. It is clear that the correla-

_ o _ _ tion function ofv[k] is the sampled correlation function of(t),
with a similar expression fdi® () due tos[k]. Sincer|[k] ands[k] R[k] = R(KT:). We can therefore find the spectrumugk] by
are uncorrelated, the total Fisher matrix is residue calculus (or partial fraction expansion),

I(6) =1"(9) + I°(9). (8) 2n
S[z] =) Res S(pi)———— (12)
Calculating this with the help of Maple, we get the following ex- : 1 —exp(piTs)z—t )~
pression when the unknown parameterséase [w @]~ =t
1 We can also model[k] as a discrete time regular process, by

2 [ A\? Kk finding the minimum phase factéf[z] of S[z] = H[z]H[1/z"]",
1(0) = 2; (;) Z [ E o1 } Kwk+¢;4,0)  (9) i.e., isolating the zeros inside the unit-circle. We hereby find that
v[n] is an ARMA(n,n — 1) process. Except for order 1, it is im-
where possible to find closed form formulas, but the ARMA coefficients
can be found numerically in, e.g., MATLAB.

exp (—2 (é)2 cos® <p) )
Klgpdo) = ———5 (Eeosg) % 4. EFFECT OF SAMPLING
exp (_2 (é)z sin2 <p) The Fisher information matrix for a signal in non-white Gaussian
-7 cos® p. (10) noise is given by [3]
1 — erf? (?sin ) .
Os(6 _10s(0
In contrast to the ideal case, the Fisher matrix and CRB cannot Jij =28 82-) R aé_) (13)
i J

be summed explicitly to give a closed form formula. However,

when comparing with (4) we can still reach some conclusions. The \yhere in this cas® is the correlation matrix of the noisel[k],

formulas differ by the facto# and the functions(p; A, 7). It can s = [s[0;6],...,s[N — 1;6]]7, and the derivatives are

be proven thak(p; A,0) < 1 so that we can conclude that the B R ‘

CRB for 1 bit quantization is at leagt ~ 1.6 larger than for no O0s . o 1N i(wTsk+d) | : i (WTsk+0)

guantization. Furthermore(y; A, ) is strongly varying withy a_w[k’ 6] = AH (w)e +iT:kAH (w)e (14)

with a periodicity of 7, so that we can also expect the CRBto be g5 ) (WTsktd)

strongly dependent on frequency and phase with a periodicity of 8_¢[k5 0] = iAH(w)e : (15)
Figure 1 shows a plot of the CRB fd¥ = 32 samples as a  Notice that since[k] is a stationary random proceds,is a sym-

function of frequency and SNR. The CRB is also dependent on metric, Toeplitz matrix and the Levinson-Durbin algorithm can be



used for calculatindR ~!. With oversamplingR . is close to sin- ) . . ) .
gular, and we found that a direct calculationRf ! in MATLAB Table 1: Optimal sampling and filter frequencies for a Butterworth

was unstable, whereas Levinson-Durbin was stable filter_of order 4. In the first part, th_e sampling frequ_erﬁ_;yand
- . . the filter cut-off frequencyf. were simultaneously optimized. In
The Levinson-Durbin algorithm can also be used for calcu- the second partfs was fixed at 1.5. In the last part the signal was
lating approximate and asymptotic CRB, see [7], where also the parfs " P 9

MLE is derived oversampled 4 times, i.e. the actual number of samples taken was
’ 4N; f. was fixed a0.42. The CRB is relative to the CRB for the
ideal case.

5. OPTIMIZATION OF SAMPLING

. . Optimal samplin s =15 s =44
There are a number of parameters related to sampling that influ- N pf f; P gRB ff CRB fCRB

ence the variance: the orderof the Butterworth filter, the cutoff 8 1 060 17 047 28 08
frequencyw. of the Butterworth filter, and the sampling frequency 16 1 O. 60 1'9 0'47 3'1 1'0
ws. Ordinarily, if w,, is the maximal signal frequency, these fre- 32 112 0' 48 1' 9 0'47 3'2 1'2
quencies are chosen heuristically so that < w. < ws/2. We 64 1'10 0'43 1.8 0'47 3'3 1'2
have instead optimized these frequencies to minimize the variance ' ’ ' ’ ' '

. . 128 1.10 039 1.7|050 33 1.3
of the frequency estimate. In general, the variance may be fre-
guency dependent because of aliasing, and we will therefore min-
imize

CRB[we, ws] = max CRB(@)[w, we, ws]- Table 2: Correlation based frequency estimatarand3,, -values

) . . o for differential implementation according to (19).
There are two different scenarios to be considered, with different

solutions. a Bm

First, if the signal is given in a certain time interv&) the op- gigf‘af]“g”jg‘;‘vzf&m“ M, %M—&-l—m)
timal solution is of course to let the sampling frequengytend i MO

C o . L .. . o, LinearV,, = (R M(M+1)— —1
towards infinity, since aliasing will then totally be eliminated. The " M(M+1)(2M+1) (M31)—m(m—1)

number of samples taken during the time interval and the compu-
tational complexity will therefore also tend towards infinity, and ]
thus the optimum sampling frequency is a trade off between vari- (@nd7—» = 77,). A general frequency estimator based on the
ance and complexity. Then, for a given sampling frequency, we Seduence?y, ..., 7} can be written as weighted average of the
can optimize the variance with respectda phase angles df,,, that is
On the other hand, suppose that the number of samples is M R
fixed, typically a power of two considering FFT processing. If &= Zm:l le[rm].
the sampling frequency is increased the total tifhepanned by Z%zl Vimm
the samples is decreased, and as the variance is approximate pro-
portional to7 2, this increases the variance considerably. Thus, whereV,, is a weighting function, and[-] denotes the phase an-
in this case there will be an optimal defs, w.), where we expect  gle. The variablel/ (1 < M < N — 1) roughly determines the
w, 10 be close tRw, trade-off between numerical complexity and statistical accuracy.
In both cases the optimization cannot be performed analyti- For M = 1 the estimator (18) reduces tb = /[#1], an esti-
cally, and we therefore calculat€tR B (w.,ws) for different val- mator known as the linear predictor frequency estimator, but also
ues ofw. andw, and optimized by grid search. The results can be known as Pisarenko’s harmonic decompositor. In literature, some
seen in Table 1. specific weighting functions have been considered, for example
the delta functiorV,, = d.m,ar [1], uniform V,,, = 1 and linear
Vm = m [5]. For M > 1 a direct implementation of (18) has
6. CORRELATION BASED ESTIMATORS to be combined with some phase unwrapping procedure. Alterna-
) ) o tively, the estimator (18) can be rewritten in differential form. Let
The autocorrelation sequence (ACS)k] in (2) is given by (for &(m) = L[Fmf:,_ 4], m = 1,..., M. Then, (18) can be written
T, =1andH(w) =1)

(18)

as
rm = Ez[k]z* [k —m] = A%e™™ 4+ 678, 0. (16) M R
O =a Z B ®(m). (19)
From (16) it is evident that information about the frequency is m=1
gathered in the phase gf, for m # 0. From data{z[0] . . . z[N — . _ . . .
1]} the unbiased estimate of the ACS is Somea and3,, for dlff_erent weighting functions are listed in Ta-
ble 2. See [7] for details.
N_1 The asymptotic error variance of (18) (or (19)) is a function of

. 1 % N and SNR, but also depends on the winddy and the number

m = klz" [k —m], =1,...,N—1 (17 o .

" N —m Z olkle’lk —m], - m (@7 of correlations) . The following result holds true.

k=

2Notice that the standard LEVINSON algorithm in MATLAB does not varw] = 1 : S1(M, Vi, N) S2(M, Vi, N) ,
use the Levinson-Durbin algorithm but LU factorization, and is therefore S3(M, Vin)? SNR 2SNR?
no more stable than direct calculation®f!. (20)
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where vafw] denotes the asymptotic error variance, and 10 ‘
M M VoV . ( N N ) - gi}r?nBulation
m Ve min(m, n —m —-n
S1(M,Vy,N) = — .
1( ) Y my ) ZZ (N_m)(N_n) )
m=1n=1 '
M V2
_ m !
S2(M, Vin, N) = Z N—_m’ (21) i 1 bit, ideal filters, FFT
m _ali) s "~
m=1 10 e
M v
S 00Vi) = 3 m. LI UEISATOING, O
m=1 No quanEiz\at\io«n, 4Ax pversamplipg, Corr. s
The proof of (20)-(21) follows the step of the proof in [5] where ~— = — -
var[@] for the special cas®,, = m was derived. The details are No quantization, ideal filters, MLE
omitted in the interest of brevity. .

For one-bit quantized data it no longer holds that ~ r,. 1075 01 02 03 0.4

For largeN and small SNR it holds, [1]

0.5

m =0

. o Figure 2: Variance versus frequency fdf = 32 and SNR=12
m=1,...,

dB. The results for 4 times oversampling were obtained with a
Butterworth filter of order 4 with a cutoff at 1. The number of
ensembles for each frequency was 10000 with random phase.

R 2
Tm = { %SN%zwm (22)
Thus the correlation based estimator provide approximately unbi-
ased estimates for SNR slightly above their SNR-threshold. In the
medium SNR region, the error variance is approximately given by
(20)-(21) and the transformation SNR %SNR.

For large SNR the estimate no longer will be unbiased. An
expression for the asymptotic bias (as SNRoo) is derived next,

biago]

based estimator used the parabolic windByy = m(N — m)
andM = N — 1, thatisa = 2/(N? — 1)N? and 3, =

(N? —1)N — (m — 1)m(3N — 2m + 1), [6]. It can be seen that
there is a good agreement between the CRB and the FFT for 1 bit

lim [&—w] sampling (which is not the exact MLE for 1 bit sampling). To avoid

SNR— 0o
ZM Vo lim Lmr] the variance peaks, the input was then 4 times oversampled. The

= m=1 '™ — SNRooo flimim (23) sampling frequency was 4.4 and the signal was frequency shifted

Zmzl Vinm 0.55 prior to sampling in order to make all frequencies between

two variance peaks, and a 4th order Butterworth filter was used,

One can show that, [7] with cutoff 1.0. It can be seen that the variance peaks are then

N_1 completely avoided, and furthermore the general variance level is
Hm  L[fmrh] = £ Z 2[k]2* [k — m] (24) much re_duced and almost reaches the case of no quantization (the

SNR— 00 = fraction is less tharg).
wherez[k] = [e!(“Wk+9)], e mi(wh+e) 9. REFERENCES
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