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ABSTRACT transmission compared to synchronous transmission, which sig-
nificantly increases the computational complexity of matrix inver-
sion. This is due to the fact that the above detectors are derived
in the time domain. In [1] and [4}; and D-transform approaches
were used, respectively, to derive the IIR detectors. In these ap-
proaches the dimension of the correlation matrix is not incréased

In [5], a similar Fourier-transform approach was used to show
that linear multi-stage interference cancellation schemes are
asymptotically equivalent to decorrelating detector, which means
that they approach the IIR decorrelator as the number of stages
tends to infinity. In this paper, we will generalize this approach to
also include the linear MMSE detector. Moreover, we investigate
the convergence speed, that is the number of stages necessary to
approach the IIR detector.

The decorrelating and the linear, minimum mean-squared error
(MMSE) detector for asynchronous code-division multiple-access
communications ideally are infinite memory-length detectors. Fi-

nite memory approximations of these detectors require the inver-
sion of a correlation matrix whose dimension is given by the prod-

uct of the number of active users and the length of the process-
ing window. With increasing number of active users or increasing

length of the processing window, the calculation of the inverse may
soon become numerically very expensive. In this paper, we prove
that the decorrelating and the linear MMSE detector can both be
realized by linear multi-stage interference cancellation algorithms
with ideally an infinite number of stages. It will be shown that . . .
for serial multi-stage interference cancellation, depending on the . In Section 2, we review the main results of [1] and [4]. Ir.] Sec-

signal-to-noise ratio and the number of active users, only a few t_|on 3,_we show that linear m“'t'user detectors can be rgahzed by
stages are necessary to obtain the same BER performance as tH ear interference cancellation schemes. The computational com-

ideal detectors. Thus, the complexity can be reduced considerably.p exity is considered in _Sectlon 4.1n S_ectlon S we |r!vest|ge_1te the
convergence speed while the conclusions are given in Section 6.

1. INTRODUCTION 2. LINEAR MULTIUSER DETECTORS

For asynchronous code-division multiple-access (CDMA) systems We consider a DS-CDMA system witR users for the limiting
a number of linear multiuser detectors have been proposed, e.gcaseM — oo. Let the receiver input signal be:

the decorrelator [1] and the linear, minimum mean-squared error

(MMSE) detector [2]. These detectors require the inversion of a

correlation matrix whose dimensiahequals the number of active r(t) =
usersK in case of bit-synchronous transmission. The easiest way k
of obtaining the corresponding detectors for asynchronous tra”s'wheren(t) is white Gaussian noise with power spectral density
mission is to assume that the data can be partitioned into blocksa2‘ ax(m) € +1 is the binary data signal/wy, is the amplitude,

of a certain finite length\/ and to view the resulting problem as sk (t) is the spreading signal and is the time delay of thé-th

the detection of an equivalent number/dfi synchronous users. | ser The data symbols are assumed to be equally probable and
Thus, the dimension of this correlation matrix is proportional to mutually independent. The spreading signalét) are given by

the block length. To achieve the partition into finite blocks, reg-

_ Lyl _ is defi
ular symbol intervals have to be left without transmission, which si(t) = 75 2o,—o sk(n) rec(t—nT:), where rectt) is defined

degrades the the spectral efficiency and requires some form of syn@S rectt) = 1 for 0 <t < T. and rectt) = 0 otherwise. T.
chronism between the users. is the duration of a chip and = NT. is the code period. We

This can be avoided in case of continuous transmission which SUPPOS€ that the spreading signals have unit energy, e.9., spreading
can be viewed as the limit/ — co. Then the above detectors ~S€dUENces Witlhg’“(n” = 1. The received signa_l is first fed into
require infinite memory length. Thus, they can be referred to as a bank ofK f_||ters_ matched to the users’ spreading sequences and
IR detectors [3]. The truncation of IIR detectors was proposed Sampled attime instances + mT:
in [3, 1] as a way of designing finite memory length (FIR) detec- mT+T+ry,
tors. Whereas the so-called truncated detectors ignore the edge  yi(mT+71) = / r(t)si(t—mT —71)dt. 2
effect caused by symbols outside the observation window/of mT+y
?haeta;iﬁi}:?sglszrt/gfigr?t/i?rfggvcg? also be optimized with respect to The Fourier-transform of @ x d matrix sequence yields & x d

A ' ) . frequency-dependent matrix. Of course the space of frequency-dependent

However, in all of the above approaches the dimension of the matrices ‘isso-dimensional. This corresponds to the fact that the IIR de-

correlation matrix is increased by a factordf for asynchronous tectors can be described by such matrices.

K

> ar(m)ywgsk(t —mT—m) +n(t), (1)




For simplicity and without loss of generality, let us assume an or- Therefore, the probability of error for usktis given by

dering on the time delays, suchthal <7 <7»...<7x <T.

Let y(m) be the output sequence of the bank of matched filters, P=Q < /ﬂ) (12)
a(m) the data sequence. Define thex K signal crosscorrela- k= N, )’

tion matricesR(m) whose entries are given by

2
% with the error functionQ(z) = —= [~ ez dy.
Ryj(m) = / si(t — 71)s;(t —mT — 7;)dt. 3) The linear IR MMSE detector minimizes the mean square er-
e rors

R(1) is an upper triangular matrix with zero diagon&(m)
0 V|m| > 1 and R(m) = R(—m)”. Moreover, letW
diag([\/wr, ..., ywk]). With this notation anda(—M —1) =

a(—M +1) = 0, the matched filter output sequence can be ex-

MSE;. = E[(ax(m) — zx(m))?], k=1,... K. (13)

The orthogonality principle states that for the MMSE estimate

pressed as El(a(m + n) — xz(m + n))y"” (m)] =0 (14)

y(m) = R(-1)Wa(m+1)+ R(0)Wa(m) holds for alln [4]. From (14), follows®.., (f) = ®.,(f). Using
+R(1)Wa(m—1) + n(m), 4) (5) and (7), the transfer function of the MMSE detector is given by

wheren(m) is the matched filter output noise process with auto- Grs(f) =W H(S(f)+o*W )" (15)

correlation matrixE[n(m)n” (m + j)] = > R(j).

Using the Fourier-transform, the input-output relationship
given by equation (4) can be rewritten in terms of the power spectra
of the involved random processes. Since noise and data symbol
are assumed to be independent, the spectug(f) of y(m) is
given by

@,y (f) = WS(f)®aa(f)S(HIW + 2nn(f), (®)

where the hermitian matris( f) is given by

In case of a binary data signal the detector is followed by a sign-
decision device. Thus, the multiplication with the diagonal matrix

~!in (15) has no effect on the detected data symbols and can
be omitted. From (14), it follows that the MMSE estimate is or-
thogonal to the error signal. This can be used to find the following
expression for the MMSE of usér

MMSE; = 1— E[ax(m)zr(m)]. (16)
Since the cross-spectru#,, = W G ,.s(f)S(f), the MMSE of

S(f) = RH(l) el 4 R(0) + R(1) e—t?wf, (6) userk can be written as
1

®..(f) = I and®,.(f) = o>S(f) are respectively the power MMSE,, = 02/ [(W2S(f) + o2I)  erdf. (17)
spectra of the data sequence and the noisd énthe K x K iden- 0

tity matrix. The cross-spectrum between the input and the output

signal is The signal-to-interference ratio (SIR) is defined as the ratio of the

desired signal power to the sum of the powers due to noise and
a4y (f) = WS(f). @) MAI at the output of the filter [6]. It can be shown that the MMSE
solution also maximizes the SIR and that this maximum value is
Linear IR multiuser detectors ark-input K-output linear given by
time-invariant filters which can be described by their transfer func-

tion G(f). Thus, the spectrum of(m), the signal before the . E[zr(m)?] . 1
sign-decision, is given by MSIR;, = Ef(ar(m) — 2o (m))?] MMSE; " —-1.  (18)
.. (f) = G()®,,(f)G(F)". (8) Because the MAI is not completely removed by the MMSE detec-

tor, there generally is no simple relationship between the SIR and

The IIR zero-forcing detector, which is referred to as decor- BER like (12) in case of the decorrelating detector. However, in [7]
relating detector in [1], completely removes the multiple-access it was found that the BER can be well-approximated by assuming
interference (MAI) by “inverting” the channel matrix. Therefore, that the output MAI-plus-noise is Gaussian. Using the Gaussian

the IIR decorrelator is given by a filter with transfer function approximation the BER is given by
Gi(f)=8""(f)=[R"(1) e +R(0)+R(1) e7*™]7! (9) P = Q (VMSIRy,) . (19)

The assumption that the inverse exists, is well justified. It should
be noted thatS(f) is positive definite in this case. The signal
before the sign-decision is given by

3. LINEAR INTERFERENCE CANCELLATION

In this section, we will show that linear interference cancellation
z(m) = Wa(m) + n.(m), (10) schemes are asymptotically equivalent to the linear multiuser de-

tectors described in the previous section. A linear interference
wheren.(m) is a filtered Gaussian noise vector sequence. The cancellation scheme is one where no hard-decisions, e.g., sign-
noise power of thé-th user’s noise component is decisions, are made in any of the stages, but there is only one de-

cision device after the interference canceller. In [8], it was shown

" of 1 9 that multi-stage serial interference cancellation is asymptoticall

Ni = E[ne(m)ne (m)]r = U/OS (Fir df 207 (11) equivalent to%he decorrelator for synchronous CDMX. IF;I [5], ity

1



was found that both multi-stage, parallel and serial interference The convergence of the iteration scheme can be sped up by
cancellation are asymptotically equivalent to the IIR decorrelator a scheme that is serial in-between the users because the parallel
for asynchronous CDMA. For linear parallel interference cancel- treatment of the users in the Jacobi iteration does not use the most
lation only, this was also found independently in [9]. Here, we recently available information. In theth stage of the interference
generalize the approach of [5] to also include the MMSE detector. cancellation for usek, the estimates of the signals of the users

The decorrelator and the MMSE detector both require the in- 1, ..., k—1 of that stage can be used instead of the estimates of the
version of the Fourier-transforn®(f) of a correlation matrix previous stage. This is the idea of the Gau3-Seidel (GS) iteration.
which is respectively given by Thus, instead of (23) we now have

— — 2 -2 i — 7, A
Calf)=8(), Cra() =S FomW 2 @0 xYg) = DY (/)= Cu(HX() - CL(HX (1)) (25)
Note that the decorrelator and the MMSE detector differ only in = ) ) ]
the diagonal elements @F(f). with time-domain step equation for usegiven by

The basic idea behind our derivation of the different linear in-
terference cancellation schemes is to apply an iterative algorithm ) 1 K , ,
for matrix inversion to solve the following system of linear equa- = (M) = Dor Y% (m) — Z Ry O)x;(m) + Ry (i m—1)
tions in the frequency domain: ok I=k+1

k—1
C(HX(f) =Y (). (21) _Z sz(—1)$§+l(m+1) + Rkl(o)x;'-&-l(m) . (26)
=1

However, an algorithm in the frequency domain would not solve

the implementation problem because it ideally would require the ) . . - ) .
Fourier-transform of a sequence of infinite length. Therefore, a SinceS(f) is positive definite and hermitian, the GS iteration con-
time-domain version of the algorithm is obtained by applying the Verges taX*(f)=S(f)~"Y(f) [10]. The GS iteration defines
inverse Fourier-transform to each of the step equations of the fre-& linear multi-stage serial mterference_cancellatlon scheme. Serial
quency-domain algorithm. The resulting time-domain step equa- ¢ancellers have been proposed, e.g., in [12].

tions generally require the knowledge of some future signal ele-  In the time-domain step equation (26) for ugerthe knowl-
ments. Thus, to actually implement this algorithm an appropriate edge of future estimates*' (m +1) of the userd, ...,k — 1 of
amount of delay has to be introduced between the stages. the actual stage is required. Therefore, a delay of one bit duration
The simplest iterative scheme is the Jacobi iteration. Let us has to be introduced between the calculation of the estimates for
consider the following splitting of the correlation matGx(f): the different users. Thus, the delay between the single stages is
equal toK times the bit duration. It is possible to reduce the de-
C(f)=CL(f)+ D+ Cu(f), (22) lay between the single stages to be equal to one bit duration if one

imposes an ordering of the users on the time delaysuch that
T>1>...>71r > 0. SinceR(—1) is upper triangular in this
case, no future estimates of the actual stage are needed. However,
the fastest convergence can usually be achieved by an ordering of
the users according to their signal strength. To avoid the large de-
lay between the stages we modify (26) by replacifig' (m + 1)
with ¢ (m+1), that is we use future estimates of the previous stage
instead of the actual stage. The resulting time-domain step equa-
i+l g =1 i tion can be implemented with a delay equal to one bit duration
XTH=DT ()= (CulH+CuMX(N]. @3 between the stages. We have found this modified version of the
If[|C 2 (f)+Cu(f)|| <1 for any induced matrix norm, the Jacobi GS iteration to perform equally well as the original one.
iteration converges t&X~(f) = C(f)"*Y (f) for any X°(¥)
[10]. Thus, it is asymptotically equivalent to the decorrelator or
the MMSE detector. The time domain step equation is given by
the inverse Fourier-transform of (23) as

whereC'1.(f) is lower triangular with zero diagonal) is a di-
agonal matrix, an@'y (f) is upper triangular with zero diagonal.
Note thatD = I for the decorrelator because the code sequences
are normalized to have unit energy, ald = I + oW ™2 for

the MMSE detector. MoreoveG' L. (f) = Cu (f)¥ sinceC(f)

is hermitian. In the frequency domain the transition fraf(f)

to X *1(f) is given by

4. COMPUTATIONAL COMPLEXITY

The FIR detectors require the inversion of #hK x M K cor-
'™ (m) = D' [y(m) — R(-1)z' (m+1) (24) relation matrix. It is reasonable to assume that, in a time-varying
i i environment, this matrix has to be updated evifgymbols . Not
—(R(0) = Dz'(m) — R()z (m_l)] : taking into account the block structure and using the Cholesky fac-
torization the complexity would beM K)?/6 + 3MK/2 +1/3

It can easily be seen that far = 1 Eqn. (24) describes the lin- multiplications/symbol. However, using the block LU factoriza-

ear version of the interference cancellation scheme proposed, e'g'tion [10, Sect. 4.5.1] results inf (K /3 + 5K %) multiplications

in [11]. Since the signals of all users are treated in parallel in each ;

stage, Egn. (24) describes a linear multi-stage parallel interferenceto calcul_ate_ thezlnverse and d.Et. ; data symbols_. T_hu_s the

canceller. In (24), the knowledge of future estimatégm + 1) complexity iISK /3.+ oK multlpllcatlons/s_yml;ol Wh.'ch |s'|nde-

of the previous stage is required. Thus, it necessary to introducependent oM. The iterative methads _requmaf{ multlpllcatlons_, .
for the calculation of the step equation. Thus, the complexity is

a delay of one bit duration between the single stages. It should be N . )
noted that the Jacobi iteration does not converge for all possibIe?eifcrgrl#gfel;cﬁnonysymbm' Therefore, the iterative methods are

C(f). Moreover, the convergence very slow. Therefore, it will
not be considered in the sequel. S<K/6+5/2. 27
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Figure 1: Average BER of the GauR3-Seidel Iteratifne= 10.
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5. NUMERICAL RESULTS

In this section, based on numerical examples, we investigate how
many stages' are required for the GS method to achieve IIR de-
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Figure 2: Average BER of the GauR3-Seidel Iteratiin= 15.
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The spreading sequences are randomly selected from a Gold code

of length NV = 31. All bit-error-rates are averaged over the users

and over 1000 randomly chosen delay constellations.
In Figs. 1 and 2 the bit-error-rates are depictedlfoand15

users, respectively. The BER of the matched filter detector an

the IIR detector are also included. It can be seen $hdepends

on the SNR or the desired BER. If the SNR is less than 10 dB,
two stages are sufficient two achieve IIR detector performance,

whereas 3 stages are needed if L0KIBNR< 12 dB. ForK = 10
andK = 15, Eqn. (27) respectively giveS < 4.17 andS < 5.

Thus, in both cases, the GS method is more efficient than the block

LU decomposition.
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tion,” IEEE Trans. Commun., vol. 45, no. 5, pp. 611-622,
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We have shown that the linear decorrelating detector and the linear

MMSE detector can be realized by linear multi-stage interference
cancellation algorithms with ideally an infinite number of stages.

It was found that a parallel linear interference cancellation scheme
is equivalent to a Jacobi iteration, whereas a GauRR-Seidel iteration [8]

corresponds to a serial linear canceller.

Sequences for Zero-Forcing DS-CDMA Multiuser Detec-
tors,” in Proc. IEEE PIMRC, Helsinki, Finland, 1997, pp.
53-57.

U. Madhow and M. Honig, “MMSE Interference Suppres-
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7] H. Poor and S. Vend, “Probability of Error in MMSE Mul-

Numerical examples demonstrate that the number of stages re-

quired to achieve IR detector performance depends on the number [9
of users, the signal-to-noise ratio, and the choice iterative algo-
rithm. For a small number of users and moderate signal-to-noise
ratios (SNR< 12 dB), only a few, typically 3, stages of the Gaul3-

Seidel iteration are needed.

Thus, linear interference cancellation schemes offer a way of
implementing linear multiuser detectors very efficiently, with small

detection delay and low memory consumption.
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