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ABSTRACT c&%lr%e root node
Few fast statistical signal processing algorithms exist for large prob- sy
lems involving non-stationary processes and irregular measure-
ments. A recently introduced class of multiscale autoregressive S leaf nodes
models indexed by trees admits signal processing algorithms which
can efficiently deal with problems of this type. In this paper we fine ./ \. ./ \, ./ \, ,/ \, }/
provide a novel and efficient algorithm for translating any second- scale Sa; SO

order prior model to a multiscale autoregressive prior model so
that these efficient signal processing algorithms may be applied. Figure 1: Nodes7 is the parent of node while sa1, sa» are its
children. Leaf nodes (in the box) represent the finest scale; the root
1. INTRODUCTION node represents the coarsest scale.

Large statistical signal processing problems require fast algorithms. ) ) ) o
Yet the most widely used fast algorithms—for instance, those based ~ This multiscale stochastic realization problem has been ex-
on the fast Fourier transform or the wavelet transform—are ap- Plored before [4,7]. The work in [7] is based on a novel appli-
plicable to a very restricted range of problems. For large prob- cation of c_anonical correlations analysis which is_ a standard .tool
lems involving non-stationary processes with correlations at many €mployed in the AR context [1,2]. One drawback is that canonical
time-scales and for which sparse, non-local data corrupted by non-correlations analysis requires the singular value decomposition of
stationary measurement noise are available, few fast algorithmslarge covariance matrices. Consequently, the realization algorithm
exist. Further complicating the signal processing challenge, theredeveloped in [7] is quartic in problem size.
is a need in many applications to fuse data which represent mea- ~ The approach in [4] is based on that in [7] but applied to the
surements at different scales. special case of self-similar processes with independent increments
This paper builds on a recently introduced framework for mul- (€-9., fractional Brownian motions). What is shown in [4] is that
tiscale signal processing which addresses all of the aforementionedhe self-similarity and independent increments properties can be
challenges. Thisultiscale autoregressiiéMAR) framework has exploited to circumvent much of the computational effort required
already seen successful application in a variety of signal processY the method of [7]. The resulting algorithm is cubic in problem
ing contexts [4-6] and is a generalization of the standard discrete-Size and is only applicable to this restricted class of processes. In
time autoregressive (AR) framework. The MAR framework ad- contrast to the methods of [4, 7] our approach is only quadratic in
mits fast sample path generation, fast likelihood calculation [8], Problem size and, unlike the approach of [4], is completely gen-
and fast linear least squares estimation [3]. The estimator has comeral.
putational complexity linear in problem size and is a generalization ~ In Section 2 we review the MAR framework and state the
of the Kalman filter and Rauch-Tung-Striebel smoother. As such, stochastic realization problem. In Section 3 we define the concept
it provides estimation error statistics with no additional computa- Of an internal process which, in turn, provides a convenient param-
tion beyond what is needed to Compute the estimates themse|vesleterizaﬁ0n for the realization problem. In Section 4 we describe
As inthe AR setting, the challenge in applying the MAR frame- the computational engine of our realization procedure and contrast
work is bu”dmg an appropriate model. This is te®chastic re- it with canonical correlations analysis. Our realization algorithm
alization problemone variant of which will be explored in this s described in Section 5. Examples are provided in Section 6 and
paper. More specifically, the contribution of this paper is a compu- conclusions and extensions are discussed in Section 7.
tationally efficient and completely general algorithm for mapping
any second-order prior model to a MAR prior model. Once such 2. THE MAR FRAMEWORK AND STOCHASTIC
a MAR m'ode_‘l is in hand, e_ff|C|ent estlmatlon,_sample path gener- REALIZATION PROBLEM
ation, or likelihood calculation may be immediately performed.

This work was supported by the Office of Naval Research (grant MAR processes are indexed by trees. While they may be defined
N00014-91-J-1004) and the Boston University Multidisciplinary Univer- ©O7 @nY {ree, for our purposes dyadic trees will suffice (Figure 1).
sity Research Initiative (grant GC123919NGD). A.B. Frakt is supported by L€t S be the set of nodes of a dyadic tree where S is the root

a National Defense Science and Engineering Graduate Fellowship awardediode. We denote byy the parent node of and bysai, sa- the
by the Defense Advanced Research Projects Agency. left and right child ofs, respectively. There is a natural notion of



scale associated with. The root node corresponds to the coarsest
scale (scale zero) while the leaf nodes comprise the finest scale B 4
(scaleM). More generally, scale consists of the nodes in the set A(s) = P (oye(s3) Pr(sy) » ®)
~Nn __ —_
{ses|sy" =0} _ o Q(s) = Put) = Pooratsn Pagon)Pityotsy - (7)
A zero-mean MAR processc(-) is autoregressive in scale: o ) i ) )
Therefore, the remaining step is to find the internal matrices.

z(s) = A(s)z(s7) + w(s) (1) This is a challenging problem for two reasons. First, there is often
a desire for areduced order realization, i.e., a realization for which

wherew(-) is a zero-mean white processes with auto-covariance the state dimensions are no larger than some intégéhe reason
Q(s) and is uncorrelated witl(0). The objectz(s) is referred for imposing such a constraint is that the MAR estimator and like-
to as thestateat nodes because, in analogy to the concept of lihood calculator have computational complexiyy N d*)—linear
state for AR time-series, conditioned ais) the sub-processes in IV, the length ofzs and cubic in the maximum state dimen-
which are indexed by nodes which are separatesldng mutually sion,d. And sample path generation has complexityVd*). Of
conditionally uncorrelated. For instance, in the case depicted in course, if the state dimensions are constrained, one cannot expect

Figure 1, conditioned om(s), the three sub-processes$sa), Py = Py. There will be some degree of approximation. There-
z(sa), and{x(t) | t # sau, saz, s} are mutually conditionally fore, one would like to find internal matrices which prioritize the
uncorrelated. Hereafter we call this property Markov property information of the state so that it is clear what information is least
The second-order statistics of the root node statea(@) ~ important and can be thrown out with minimal corruptionAgy
(0, P,(0)). The measurement equation associated with the MAR (i-€., keeping the degree to whi¢h, approximatesP; small).
framework is The second challenge in finding internal matrices is that they
y(s) = C(s)z(s) + v(s) ) are coupled. While this assertion can be made precise it is not hard
) ) ] ) ] to see intuitively why it is so. A state defined a&) = Wiz
wherew(s) is zero-mean white noise with auto-covarianges) carries some information abaut, given by the row-space ¥.
and is uncorrelated with(-) andw(-). This information is passed down 10, as described by (1). If the
The preceding parameterization implicitly provides a complete information retained at nodes which descend feotio not include
joint second-order characterizationaef) andy(-). In particular,  that retained at node thenz(s) # We.za. When this happens
the second-order statisticsof-) restricted to the finest scalé) we say that there is a loss ioternal consistency
are implicitly determined byi(-), Q(-) and P, o). We will denote A necessary and sufficient condition to maintain internal con-
the sub-process af(-) restricted to the finest scale byi;. The  sistency is that each stat€s) is a linear function of its children
covariance ofrar will be denoted ag,. statesr(sa1 ), z(sa). This fact follows from properties of linear
The stochastic realization problem addressed in this paper isleast squares estimation and the Markov property of MAR pro-
the following. Consider a fine-scale signfak- (0, Py). How can cesses. In our realization algorithm specified in Section 5 we will

we choose MAR parameters(-), Q(-) andP; o) so thatthe finest  maintain internal consistency by enforcing this condition as we
scale of the MAR process,, has covarianc®y, which matches  puild internal matrices. We note that the realization approach de-

or approximates (in some sense to be made pre£ise) veloped in [7] is also based on the concept of an internal process
but doesot maintain internal consistency. This is one of two sig-
3. INTERNAL MAR PROCESSES nificant ways in which our approach differs from that of [7]. The

second significant way in which our approach differs from that

There is a convenient parameterization for the realization problem of [7] will be made clear in the next section.

based on the concept of amernal process An internal process
is one for which the state at each nodis a linear function of the 4. DECORRELATING RANDOM VECTORS

finest scale processi: L P
The heart of the realization problem is finding for eaca S the

z(s) = Wswnr ,Vs € S. (3) internal matrixi¥, so that (1) the state(s) = W,z s contains the
appropriate decorrelating information as dictated by the Markov
The matricesi¥, are calledinternal matrices If all the in- property, (2) the number of rows 6% is minimal, and (3) the

ternal matrices are specified, the realization problem is solved ex-information is prioritized so that it is clear which rows df, are
actly (i.e., withPy, = Py) as follows. First, explicitly enforcing least important and can be discarded if a reduced order realization
Py = P; and using (3) we get that is required. We will address these three challenges by considering
a pair-wise decorrelation problem which is then easily generalized
for the problem of decorrelating three (or more) random vectors.

R Letz = [2{ 2217 have zero-mean wherg has lengt; and

Po(oya(sy) = Elz(s)z(s9)"] = W PuW5 = W.PsWS5. (5) 1 < na. Also,

Pys) 2 E[z(s)x(s)"] = W PuW! = W,P,wr,  (4)

A T A T
Next, recognizing that the first term of (1) is the linear least squares P; = Elziz; | and Pi; = Elz123 ]. (8)
estimate ofr(s) based onc(s7) and the second term is the esti-

. . Let M, be the set of x n; matrices. Canonical correlations anal-
mation error it follows that

ysis provides the matri¥’ € M, such that conditioned oW z;
1To handle a non-zero mean we simply consider the deviation of the the vectorsz; and z, are maximally conditionally decorrelated.
process from its mean. SinceV is restricted to have rows, we cannot expect that and

2The notation: ~ (m., P.) means that the random vectohas mean z2 are exactly conditionally decorrelated bjz;. What canoni-
vectorm and covariance matri®, . cal correlations analysis provides is the best possible decorrelating
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Figure 2: Figure (a) i$’;, the covariance matrix for 64 samples of fBm(0.3)(6n1]. The other figures illustratg’s — Pas| whereP, is
obtained from: (b) the method of [7]; (c) our approach. In both cases the maximum state dimension is four.

information subject to this row constraint. The drawback to this
approach, which forms the engine of the method of [7], is that it is
computationally intensive, requiring(n3) operations.

Our approachinstead considers the mean square estimation
error (MSEE) in estimating» based on a linear functions of
z1. The element ofM, which minimizes the MSEE is given
by the firstr rows of the matrixU” P,”'/? whereUAU is the

eigen-decomposition P, 1/2P12P12P T/2 with the eigenval-
ues forming the dlagonal ok in decreasing order from upper-
left to lower-right. The computational complexity of computing
UT P /% is O(ns). We will show in Section 5 that, in the context
of the MAR realization problem, our MSEE approach provides
decorrelating information comparable in quality to that provided
by canonical correlations and with substantial savings in computa-
tional complexity.

Regardless of which method is used—canonical correlations

or our MSEE-based approach—it can be generalized to the case of

three random vectors (a case we will encounter in the realization
problem on dyadic trees). To mutually conditionally decorrelate
the three sub-vectors aof = [zl 2T z?] we simply consider the
two pair-wise problems of flndlng the bédt, 2, to conditionally
decorrelatez; and [zz z3] and the best;z: to conditionally

decorrelatez, and[z] 27" The stacked vector

|

will exactly conditionally decorrelate:, z2, andzs if no restric-
tions on the number of rows df; and V> are applied. Approxi-
mate conditional decorrelation is obtained under a row constraint.

Vizi

Voo 9)

5. AN EFFICIENT REALIZATION ALGORITHM

It turns out that for internally consistent processes the Markov
property is equivalent to the following:(s) at scalen # M con-
ditionally decorrelates(sa. ), z(saz), and{z(t) | ¢ is at scalev+
1,t # sai,saz}. l.e., thisscale-recursive Markov propertsg
equivalent to the Markov property defined in Section 2 for inter-
nally consistent processes.

In our realization approach we ensure internal consistency by
explicitly forcing z(s) to be a linear function of its children states.

3A similar approach applied to the classical stationary AR stochastic
realization problem is discussed in [2].

4“Best” is defined by the approach used. Canonical correlations mini-
mizes correlation coefficients while our approach minimizes MSEE.

Therefore, it is sufficient to appeal to the simpler scale-recursive
Markov property rather than to the Markov property. The algo-
rithm proceeds as follows. For each scale= M — 1, M —
2,...,0 and for each node at scalen do the following:

1. For each = 1,2, find the vectoV;, z(sa;) which min-
imizes the MSEE in estimating all the other states at scale
n + 1 from Vo, z(sa;). This is a pair-wise problem as
described in Section 4.
Vsar o (s0n)
Vsasm(saz) | -

2. Form the stacked vector
This stacked vector solves the three-way problem involving
z(sa1), z(sa2) and all the other states at scalet 1 as
described previously.

(10)

3. If the resulting state dimension is too large, delete the ap-
propriate number of rows of th¥;., matrices. Because
the rows ofVs,, are in priority order, it is a simple matter
to decide which information is least important.

Together the{V;,, } define the internal matrices. Notice that
in the above algorithm each node is visited once and the complex-
ity of the calculation at each node @3(V) where N is the size
of f. Therefore, the overall complexity 8(N?)—constant com-
putational complexity per element of the covariance matrix we are
trying to realize Py.

6. EXAMPLES

In our first example we compare our approach to that described
in [7] for the case wher¢ consists of samples of fractional Brow-
nian motion (as defined in [9]) with Hurst paramefér = 0.3
(denoted by fBm(0.3)). Figure 2(a) illustraté}, the covariance
matrix for 64 equally spaced samples of fBm(0.3) on the interval
(0, 1]. Figure 2(b) illustrategP; — Prs| where| - | is element-wise
absolute value anfy, is obtained by the method described in [7]
based on canonical correlations. Figure 2(c) illustréfys— Pay |
whereP,, is obtained by our MSEE-based method. For both cases
the maximum state dimension is four.
The main message of Figure 2 is that the two methods yield ap-

prOX|mat|ons taP; of comparable quality. However, our approach

is O(N?) while that of [7] isO(N*). Moreover, our approach
ynelds an internally consistent model. While space constraints pre-
vent us from providing additional examples, the one depicted in
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Figure 3: Figure (a) is a sample path of; generated by our

MSEE-based model of fBm(0.3). Figure (b) are noisy measure- [

ments taken over the first and last third of the process in (a). The
solid line of (c) are the MAR estimates which coincide with the

optimal estimates based on the true fBm(0.3) statistics. The dotted[3]

lines indicate one standard deviation errors.

Figure 2 is typical of all the examples we have tried. In all cases
our approach and that of [7] yield comparable results.

In our second example we illustrate the problem of estimat-
ing an fBm(0.3) process from irregular measurements corrupted by
non-stationary noise. We emphasize that this is a problem which
cannotbe handled with fast transform techniques due to the non-

stationarity of the process to be estimated and the process noise

and the irregularity of the measurements. Figure 3(a) is a sam-
ple path ofx s based on our MSEE-based realization of fBm(0.3)
from the previous example. Figure 3(b) illustrates noisy irregu-

lar measurements of figure (a). Measurements are taken over the

7. CONCLUSION

The contribution of this paper has been to provide a novel and
computationally efficient realization algorithm for a recently in-
troduced class of multiscale models. Our algorithm is quadratic in
problem size while the only other known general purpose realiza-
tion algorithm is quartic in problem size. In addition, our realized
models are internally consistent.

It is worth emphasizing that the approach discussed here gen-
eralizes easily to a MAR process defined on an arbitrary tree (ir-
regular or symmetric). In particular, we have also applied our ap-
proach to realization of quad-tree-based multiscale stochastic im-
age models with great success. It is in this context that our ap-
proach, while fast, is still far too slow to handle large problems of
interest (sayl024 x 1024 images). Our future work will focus on
approximate algorithms which are fastér((V)) or O(N log(N)),

say).
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