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ABSTRACT

This paper presents a new method for designing two channel
biorthogonal IIR filter banks, which satisty both the perfect
reconstruction and causal stable conditions. The proposed
method is based on the formulation of a generalized eigen-
value problem by using Remez multiple exchange algorithm.
Therefore, the filter coefficients can be computed by solving
the eigenvalue problem, and the optimal solution is easily
obtained through a few iterations. One example is designed
to demonstrate the effectiveness of the proposed method.

1. INTRODUCTION

Two channel perfect reconstruction (PR) filter banks have
been used in different applications of signal processing [1].
The theory and design of FIR PR filter banks have been well
established in recent years. In this paper, we will consider
design of two channel IIR PR filter banks that satisfy the
causal stable condition. A class of two channel causal IIR
PR filter banks have been proposed in [2] and [3]. In [3],
the proposed filter banks are based on general IIR filters,
but the obtained magnitude responses are poor. In [2], an
efficient structurally perfect reconstruction implementation
is presented, where for IIR case, allpass filters are used.
There exists, however, a bump of approximately 4dB at
w=mx/2.

In this paper, we propose a new design method for two
channel biorthogonal IIR PR filter banks that satisfy the
causal stable condition. We adopt the structurally perfect
reconstruction implementation proposed in [3], but use gen-
eral IIR filters rather than allpass filters of [3]. By using
general IIR filters, the bump around w = 7/2 caused when
allpass filters are uesd can be suppressed. To obtain the
optimal solution in the Chebyshev sense, we apply Remez

multiple exchange algorithm and formulate the design prob-
lem in the form of a generalized eigenvalue problem [4],[5].
Then, the filter coefficients can be computed by solving
the eigenvalue problem to get the positive minimum eigen-
value, and the optimal solution is easily obtained through
a few iterations. Finally, one design example is presented
to demonstrate the effectiveness of the proposed method.

2. BIORTHOGONAL IIR FILTER BANKS

In two channel filter banks, assume that Ho(z), Hi(z) are
analysis filters, and Go(z), G1(z) are synthesis filters. It is
well-known that the perfect reconstruction condition is

G()(Z) - H1 (—Z)
Gi(z) = —Ho(—=2)
Ho(2)Hi(—2) — Hi(2)Ho(—z) = 2 *E 71

(D)
where I is integer. In [3], the analysis filters Ho(z) and
H,(z) are composed by

Ho(z) = {z7""7"+ A=)}

| =

Hi(z) =2z""M _ B(:)Ho(z)

— 2—2]W _ w{z—2l\r—l + /4(22)}

where N and M are integers. Then the perfect reconstruc-
tion condition of Eq.(1) can be satisfied. The structurally
perfect reconstruction implementation proposed in [3] is
shown in Fig.1. In [3], for IIR case, A(z) and B(z) em-
ploy the same allpass filter, however, there exists a bump
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Fig.1 Structurally perfect reconstruction filter bank.



of approximately 4dB at w = w/2. In this paper, we use
general IIR filters rather than allpass filters, i.e.,

Ly Ly
A(z) = Zai:_i/z biz™"
oL
B(z) = Z(:mf"'/z diz™"
i=0 i=0

where Ly, La, L3, Ly are integers, the filter coeflicients a;, b;,
¢ ,d; are real, and by = dp = 1.

3. DESIGN OF IIR PR FILTER BANKS

In this section, we describe design of IIR PR filter banks
based on eigenvalue problem by using Remez multiple ex-
change algorithm.

3.1. Desired Frequency Responses

From Eq.(2), we have

Z—zN—] A(Zz) L—2N-—-1

s+ St = T (LA, (@)

where A(z2) = z*N*t1A(z?). Then, the desired frequency

( :
A(e??) =1
A(eﬂ“’ =-1

where w,,w; are the passband and stopband edge frequen-

Ho(z)

(0<w <wy)

(s <w< )

cies respectively, and w, + ws; = w. Since A(eﬂ(”_“’)) =
—A*(e’?%), thus the desired frequency response of A(z) is

Ag(e) = eI NF D 0<w<2w,), (6)

where z* denotes the complex conjugate of x. It can be
seen from Eq.(2) that in [w.,#], Hi(¢’¥) = ¢ 9*M* since
Hy(e’) = 0, ie., the magnitude of H,(z) is 1 and the
phase is linear. In [0,w,], ideally, Ho(z) = 272V~ then,

BG0E ()
where B(z%) = 22(M=N=1B(22). To force Hy(e’*) to be 0

in [0, w,], the desired frequency response of B(2?) is

Hl(z) = Z*Z/W _ B(:2)272N71 — 272]\/’{1 _

B(e) =1 (0 < w < wp), (8)

thus the desired frequency response of B(z) is

By(e’*) = e IM=N=g)w (0<w<2wy).  (9)
Therefore, the design problem will become the complex
Chebyshev approximation of A(z) and B(z).

3.2. Design of Hy(z)

Here, we consider design of Hy(z), i.e., A(z). We define
an error function between the frequency response and the
desired frequency response of A(z) as

A7) — Ag(e7%)

_ AWy _
i, =A@ -1 o)

E,(w) =

3.2.1. Formulation

To apply Remez multiple exchange algorithm, we first select
J+1(J = |22t |y extremal frequencies w; (2w, = wo >
wy > - >wy > 0), where wy > 0 when Ly + L, is even,
and wj = 0 when L1 + L2 is odd. |z| denotes the integer
part of x. Then, we can formulate E,(w) as follows;

Eo(wi) = A1) =1 = 6770, (11)

where 6 (> 0) is magnitude error to be minimized, and 6(w;)
is phase response at w; and can be computed in the previous
iteration. Substituting F,(w) of Eq.(10) into Eq.(11), we
divide Eq.(11) into the real and imaginary parts as

Ly 1 Ly
Z am cos(N —m + 5);«)4 — Z bin cos(mw; )
m=0 m=0
2 (12)
=6 Z b, cos(B(w;) — mw;)
m=0
(l:Ol,J),
Iy 1 Ly
Z am sin(N — m + 5)% + Z b sin(mw;)
m=0 m=0
2 (13)
=6 Z b sin(f(w; ) — mw;)
m=0
(l:01~<]1)~
where J1 = J when Ly + Ls is even, and J1 = J — 1 when

Ly + Ly is odd, since Eq.(11) has not imaginary part at
wy = 0. Eqgs.(12) and (13) can be rewritten in the matrix
form as

PA =6QA, (14)
where A = [ag,a1,---,ar,,bo, b1, -, bs,]7,
i cos(N + %)w(. R— —cos Lawy W
cos(N + Dw, - =1 —cos Lywy
P = -
sin(N + %)wg o0 sin Lowg
i sin( N + %)wh e 0 sin Low j, J
(15)
r0 --- cosf(wo) cos(8(wo) — Lawo) 17
0 0 -+ cosf(wy) cos(8(wy) — Lowy)
1o sin §(wo) sin(f(wo) — Lawy)
L0 - sinf(wy) sin(6(wy, ) — Lawy, ) |

(16)
It should be noted that Eq.(14) corresponds to a general-
ized eigenvalue problem, i.e., ¢ is an eigenvalue and A is
a corresponding eigenvector. Therefore, to minimize the



magnitude error §, we must compute the positive minimum
eigenvalue by solving the above eigenvalue problem [4],[5].
Then, the corresponding eigenvector gives a set of filter co-
efficients. By appropriately selecting the initial extremal
frequencies w; and its phase 6(w; ), we can apply an iteration
procedure to attain the optimal solution in the Chebyshev
sense. The selection of the initial extremal frequencies w;
and its phase 6(w;) will directly influence convergence of the
iteration procedure. In the following, we will discuss how
to select the initial extremal frequencies w; and its phase

3.2.2. Selection of Initial Value

In the proposed iteration procedure, arbitrarily selecting an
initial extremal frequencies w; and its phase 6(w;) cannot
guarantee to converge to the optimal solution. Hence, it is
very important how to select the initial value. We assume
that there exist J; +1 frequency points @; (2w, > @o > &1 >
-+-> @y, > 0) so that the error function F,(w) satisfies
Eo(@i) = A(e’™) =1 =0, (17)
where @j, = 0 when L1+ L is even, and wy, > 0 when L;+
Ly is odd. A possible choice of @; is to pick these frequency
points equally spaced in [0,2w,]. Other distributions may

also be prefered to decrease number of iterations. Since
by = 1, Eq.(17) can be rewritten into
I 1 Ly
A cos(N —m + =); — b cos(ma;)) =1
Z ( 2) Z ( ) (18)
m=0 m=1
(l :0717"'7']1)7
Lo 1 Ly
A sin(N —m+ =)o + b, sin(m;) = 0
2 an i 5) Z; (&) =0 o)

(22011‘]_1)1

which is a set of linear equations. Hence, we can obtain
an initial solution of filter coefficients by solving the linear
equations of Eqs.(18) and (19). Then, we compute the error
function E,(w) by using the obtained filter coefficients, and
search for the peak points of |E,(w)| in the band [0, 2w,] to
get J +1 initial extremal frequencies w; and its phase 8(w; ).
The design algorithm is shown as follows.

3.2.8. Design Algorithm
Procedure {Design Algorithm of IIR PR Filter Banks}
Begin

1. Read Ly, Ly, N and w,.

2. Select J1 + 1 frequency points @; equally spaced in
the band [0, 2w,].

3. Solve E¢s.(18) and (19) to obtain an initial solution
of filter coefficients a; and b;.

4. Compute error function E,(w) by using the initial fil-
ter coefficients, then search peak frequencies as initial
extremal frequencies {2; and compute its phase 8(£2;).

Repeat

Set w; =Q; fori=0,1,---,J.

6. Compute P and @ by using Eqgs.(15) and (16), then
find the positive minimum eigenvalue of Eq.(14) to
obtain a set of filter coefficients a; and b;.

Ut

Compute error function F,(w), then search peak fre-
quencies §2; and compute its phase (€;).

Until Satisfy the following condition for a prescribed
small constant € :

{|; —wi| <€ (fori=0,1,---,J)}
8. Check stability of A(z) by finding the locations of
poles.

End .

3.2.4. Stable Condition

In the above design algorithm, the obtained filter A(z) may
not be guaranteed to be stable. The stability of A(z) must
be checked in step.8 by computing the locations of the poles.
The stability of A(z) are generally dependent on the specifi-
cations, i.e., L1, Ly and N. When L; and Ly are given, the
group delay must be chosen enough large to guarantee the
obtained filter to be stable, i.e., N > Ny in, where Ny
is the minimum group delay for the stable filters. In our
experience, N,,;, is directly proportional to L; and Lo, in
general.

3.3. Design of Hi(z)

Here, we consider design of Hy(z), i.e., B(z). We can de-
sign B(z) by using the design method of A(z) proposed in
3.2. However, it can be seen from Eq.(2) that the frequency
response of Hi(z) maybe not optimal even though the fre-
quency response of B(z) is optimal in the Chebyshev sense.
From Eq.(2), we have

By (2) = == POy gy o)),
: (20)

where I .
Ho(z) = 7,2% = 5{1 — A"} (21)

To force Hi(z) to have an equiripple response in the band
[0,wp], we have to optimalize the frequency response of
B(2*)Ho(z) in the Chebyshev sense. We define an error
function for B(z) as

Ey(w) = Ho(’T)B(e'*) — 1. (22)
Then, we can formulate Fy(w) as shown in 3.2, i.e.,
Eu(wi) = Ho(¢? 7)B() — 1= 86799 (23)

where f{o((:j%) can be considered as a weighting function.
Therefore, the design algorithm is the same as that of A(z).
In [3], there exists a bump of approximately 4dB at w =
7 /2, since A(z) and B(z) use the same allpass filter. In this
paper, we can use general IIR filters A(z) and B(z), and
appropriately choose the group delay N and M to suppress
the bump around w = 7 /2. See design example in detail.



4. DESIGN EXAMPLE

We counsider design of an IIR PR filter bank with N =
7TM =16,Ly = Ly = 10,L; = Ly = 2, and w, = 0.4x.
The filter bank is designed by using the proposed method.
The obtained magnitude responses of A(z) and B(z) are
shown in Fig.2, and the magnitude responses of Ho(z) and
Hi(z) are shown in Fig.3. It can be seen in Fig.3 that both
Hy(z) and Hi(z) have equiripple magnitude responses in
the stopband, and Hi(z) has not a bump at w = 7 /2. To
obtain stable filters, N and M must be chosen as N > 6
and M > 15, 1.e., Nyin = 6 and M,,s, = 15. Therefore, the
obtained A(z) and B(z) are guaranteed to be stable. The
phase errors of Ho(z) and Hi(z) are shown in Fig.4, and it
is clear that the phase errors are very small.

5. CONCLUSION

In this paper, we have proposed a new method for designing
two channel biorthogonal IIR filter banks that satisfy both
the perfect reconstruction and causal stable conditions. We
have adopted the structurally perfect reconstruction imple-
mentation proposed in [3], and used general IIR filters to
suppress the bump around w = 7/2 caused when allpass
filters are used in [3]. By using Remez multiple exchange al-
gorithmn, we have formulated the design problem of [IR PR
filter banks in the form of a generalized eigenvalue problem.
Therefore, the filter coefficients can be computed by solving
the eigenvalue problem to get the positive minimum eigen-
value, and the optimal solution in the Chebyshev sense is
easily obtained through a few iterations. Finally, we have
designed one example to demonstrate the effectiveness of
the proposed method.
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Fig.2 Magnitude responses of A(z) and B(z).
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Fig.3 Magnitude responses of Ho(z) and H1(z).
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Fig.4 Phase errors of Hyo(z) and Hi(z).



