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ABSTRACT

Self-organizing model has been successfully applied to solve
some combinatorial optimization problems, including travel-
ling salesman problem, routing problem and cell-placement
problem, but there has not much work reported on its appli-
cation to solve graph partitioning problem. In this paper, we
propose a novel mapping which has not been proposed before,
with some changes to the original Kohonen’s algorithm so as
to enable it to solve a partitioning problem — the bipartite
subgraph problem. This new approach is compared with the
maximum neural network for solving the same problem, and
shows that the performance of our new approach is superior
over the maximum neural network.

1. INTRODUCTION

Optimization capabilities of the Kohonen’s algorithm
for forming self-organizing maps [1, 2] have not been
completely explored, as compared to that of Hopfield’s
model 3, 4]. In ref. [5], Ritter and Schulten showed that
the self-organizing map can be used to solve prohlems
in three domains, namely, sensory mappings, combina-
torial optimization and motor control. Combinatorial
optimization problems ranging from travelling salesman
problems [6, 7], routing problems [8] and cell-placement
problems [9] have also been solved by using variants of
Kohonen’s algorithm. Yet, there has not been any algo-
rithm based on the Kohonen’s one to solve the graph
partitioning problem. In this paper, we demonstrate
that a variant of the Kohonen’s algorithm in forming self-
organizing map can be used to solve a graph partitioning
problem — the bipartite subgraph problem. This prob-
lem is introduced in Section 2 and previous approaches
by other authors are briefly reviewed. Then, the prob-
abilistic self-organizing algorithm will be introduced in
Section 3. Our new algorithm will be compared with the
maximum neural network approach proposed by Lee et
al. [10] in solving the same problem, and finally, conclu-
sions will be drawn.
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2. THE BIPARITE SUBGRAPH PROBLEM

Let G = (V, E) be a graph. The graph is bipartite if its
vertex set V' can be partitioned into two disjoint subsets
X and Y, so that each edge is incident with one element
in X and one element in Y. Equivalently, there is no
edge between any two elements in subset X or subset
Y. Then the bipartite subgraph problem is defined as
follows [11, p196]:

Given a graph G = (V, E) and a positive integer
K < |E|, is there a subset E' C E with |E/| > K
such that G’ = (V, E’) is bipartite?

The objective is to delete the minimum number of
edges from G, so that the remaining graph is bipartite.
A particular graph can be checked to be bipartite or not
in polynomial time, but the bipartite subgraph problem
is solved only for some particular cases [12, 13], while it
remains NP-complete in general.

In addition to its being theoretically interesting, this
particular problem has found practical applications in
minimizing vias in topological routing, as demonstrated
by Hsu [14]. Recently, Lee et al. [10] proposed the maxi-
mum neural network, based on the Hopfield’s model [4],
for solving the bipartite subgraph problem, and demon-
strated that its performance was better than Hsu’s
greedy algorithm in solving the bipartite subgraph prob-
lem.

3. THE ORIGINAL KOHONEN’S
ALGORITHM AND OUR MODIFICATIONS

Considering the original Kohonen’s model [2], let the
number of neurons in the self-organizing map (SOM)
be N, indexed from 0 to N — 1. Let X be the set of

vectors to be learnt by the SOM, and w; be the weight
vector of the i-th neuron. Let J (;,u_fk) be a distance
measure between the input vector z € X, and the k-th

neuron’s weight vector. Then the Kohonen’s algorithm
is described as follows, according to Tolat [15].
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Algorithm KSOM

1. Initialize the weight vector of each neuron to a ran-
domly chosen vector. Set ¢t — 0.

2. Whilet < tierm do

(a) Randomly select an input vector T from the set
(b) Find a unique neuron whose index is &, such that
J (;,Jk) = min J (a_n.,z;,')

12

Then, let m(i, k) be the output of the neuron ¢ in

(1-a)

response to the input vector z, the weights are
adapted according to

Aw, = —am(i, k) v J° (;,U_J;:) ) (1-b)

where « is the learning rate and 7 J is the gra-
dient of J. If J is the Euclidean distance, the
corresponding equation is

A w; = am(i, k) (T — w;).

(1-c)
(c) Set t —t+1.
end While

The function m(z, k) is called the spatial mask, and
is Gaussian shaped with a maximum value of one when
1 = k, and a minimum value of zero. This spatial mask
defines the neighborhoodness between any neuron and
the winner. The idea of Kohonen’s learning is to in-
crease the chance of the winning neuron & to win again
when the same input vector T is presented. In addition,
the weights of the neurons which are neighbors of the
winners are given moderate amount of learning towards
the input vector z. After sufficient learning, the weights
in the map will self-organize into an orderly manner, pre-
serving the topology of the input space in the map.

In using Kohonen’s algorithm for solving the bipar-
tite subgraph problem, we use a neuron to represent a
node in the graph to be partitioned. We use X = {0, 1}
as the set of input values, to symbolize the two classes.
The weights in the neurons are scalars, which represent
the closeness of the neuron to a particular class, and the
distance measure between an input value z and a weight
w; 1s given by

J(z,w;) =1— F(z,w;), (2-a)

where
1
1+ exp (—*‘*‘)—M—C éw'_c )

F(z,w;) = (2-b)

The function F(.,.) in (2-b) denotes the degree of
association of a particular neuron to each class. The

value C is the centroid of the set of input values, and is
taken as 0.5. When F(z,w;) = 1, the i-th neuron is fully
associated with class z, while F(z,w;) = 0 means that
it is fully associated with class 1 — z. Given the graph
G = (V, E), the neighborhood mask m(%, §) is defined as

1 fi=jor(i,j)€EFE
0 otherwise

(i) = o = { (3)

With |V| = N, our algorithm 1s as follows.

Algorithm PSOM1

1. Initialize the weight of each neuron to a randomly cho-
sen value in the range (C — 6, C + é) with a uniform
distribution. Set 8 — Binic.

2. While true do

(a) Set m — 0.
(b) While n < M do
i. Randomly select an input value z € X =
{0,1}.
ii. Find a unique neuron whose index is k, such

that

J(z, wk) =miin J{z,w;). (4-a)

iii. The weight of the i-th neuron is adapted ac-

cording to
Aw = amix T J(z,w:)
o
= ——(z-0C)-
ﬂ( )

F(z,wi)[1 — F(z, wi)]mi x. (4-b)

iv. Set n —n+1.
(c) Check for convergence, i.e. ,
vie {0,...,N —1},
min{l —~ F(0,w;), F(0,w:)} < T, (4-c)

where T is the tolerance. If the network con-
verges, terminate the algorithm. )

(d) Set 8 —v-8
end While

Note that the sign of Aw; in (4-b) is the reverse of that
in the original Kohonen’s model in (1-b) in the algorithm
KSOM. Since partitioning the same graph with the max-
imum number of edges being cut is equivalent to solving
the bipartite subgraph problem, the algorithm must try
its best to allocate neurons with edges in between them
in different classes, which is exactly what this sign re-
versal performs. Since the term F(z,w)[l — F(z,w)]
becomes the maximum when w = C, the winner will
have less learning rate than any neuron near the middle
that is connected to it. This means that although with
the sign reversal, in effect, the winner is not being dis-
couraged to win when the same input value is presented
again, especially when # is not large.
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By starting from a large value of 3, it is similar to
using a large value of temperature in simulated anneal-
ing [16], so that the final state of the network is less
dependent on the initial settings. Similarly, by slowly
decreasing the value of 3, the network can have longer
time to self-organize, so that better results can be ob-
tained. In (4-b), the learning rate 5 must not be an
Increasing value to ensure convergence. Hence, we take
a = X - f, so that a constant learning rate )\ is used.
The algorithm is terminated when the degree of associ-
ation of all neurons to a particular class is lower than a
threshold 7.

Simulations of algorithm PSOM1 indicate two prob-
lems. First, by using (4-a) in chosing the winner, a mi-
nority of neurons will persistently be chosen as winners,
while the rest can never win, especially when the value
of 8 is small. Second, the values of |w;| will be getting
larger and larger, especially for those neurons that per-
sistently win, that increase the chance of these neurons
to win even more. In order to solve these two problems,
we introduce the probabilistic winner and saturation on
values of w;, and the revised algorithm is as follows.

Algorithm PSOM2

1. Initialize the weight of each neuron to a randomly cho-
sen value in the range (0.5 —6,0.5 + §) with a uniform
distribution. Set 8 «— Bin::.

2. While true do
(a) Set m — 0.
(b) While n < M do
i. Randomly select an input value £ € X =
{0,1}.
ii. The probability that neuron %k wins is
F(z,w)
N1
Pico Flz,wi)
iii. The weight of the i-th neuron is adapted ac-
cording to

Plwr) = {5-a)

Awi = M1-2F(z,w))(z - C)-
F(z,w;)[1 ~ F(z,w:)mix. (5-b)
iv. For each neuron, i, do
A. If wi <0, set w; =0.

B. Ifwi > 1, set w; =1.
v. Set n — n+ 1.

{c) Check for convergence, i.e. ,
vie{o,...,.N -1},
min{l — F(0,w;), F(0,w;)} < T,

where T is the tolerance. If the network con-
verges, terminate the algorithm.

{d) Set g — ~-8.
end While

{5-c}

Since the winner is chosen according to (5-a), there
may be chances that neurons associate with another
class be taken as winner. Hence, the term (1-2F(z, wg))
is added to reverse the direction of Aw;. Step 2(b)iv lim-
its the range of the weights to the close interval [0, 1].

4. RESULTS

We compare the performance of our algorithm (PSOM2)
with that of the maximum neural network (MaxNet)
in {10]. Graphs used in the simulations are randomly
generated with undirected edges, and with number of
nodes up to 400. Graphs are classified according to the
edge density, as in [10], where edge density is the ratio
between the total number of edges divided by LV_(I\;_—IZY
where N is the number of nodes in the graph. The re-
sults tabulated in Table 1 are the minimum numbers of
edges to be removed from the corresponding graph to
make it bipartite using each of the algorithms. The av-
erage number of iterations used by PSOM2 is tabulated
in Table 2. For algorithm PSOM2, we use the following
parameters:

v
M = %,T = 0.01,7 = 0.95,Finit = 10,A = 0.2, = 0.01.

Note that the value of M depends on the number of
nodes in the graph.

Experimental results indicate that the algorithm
PSOM2 can obtain better results as compared to that of
MaxNet under a wide range of edge densities and node
numbers. Although the average number of iterations re-
quired by PSOM2 is approximately 70N for the current
parameters settings, its performance can be improved by
varying the parameters M and/or v at the expense of
longer processing time. As shown in Table 3, the value
of M = N is taken while the other parameters are kept
unchanged, and it is observed that better solutions are
obtained with the same set of problems. Note that the
number of iterations taken is just doubled, while the so-
lutions obtained are improved in all cases.

5. CONCLUSIONS

In this paper, we have demonstrated that self-organizing
learning can be applied to solve problems other than
routing problems. The solution quality of our new ap-
proach is superior over that of the maximum neural net-
work. In maximum neural network, the solution ob-
tained depends on the initial state of the network, which
is randomly generated. So, the probability of reaching a
particular solution depends merely on the chance of hit-
ting the attraction basin of the attractor corresponding
to this solution. Hence, although the maximum neural
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Table 1: Best solutions from MaxNet and PSOM?2

edge density
5% 5% T
MaxNet | PSOM2 MaxNet | PSOM2
100 56 52 251 247
150 142 135 641 634
200 295 285 1148 1143
250 512 497 1806 1781
300 766 741 2752 2722
400 1471 1450 5090 5650
edge density
25% 40%
MaxNet | PSOM2 MaxNet | PSOM?2
100 460 457 842 842
150 1127 1118 1949 1936
200 2119 2104 3472 3452
250 3279 3253 5518 5473
300 4804 4784 8074 8027
400 8988 8926 14752 14675
Table 2: Average number of iterations for PSOM2
edge density
5% 15% 25% 40%
100 7350 6600 6250 6150
150 10800 9675 9075 9000
200 14200 12600 12100 11600
250 17375 15750 15250 14625
300 20250 18750 17850 17550
400 27000 24200 23600 22800
Table 3: Best solutions from PSOM2 with M = N
edge density
5% 15% 25% 40%
100 50 245 452 837
150 128 629 1118 1922
200 283 1129 2091 3446
250 489 1780 3229 5449
300 739 2699 | 4756 8006
400 1428 5002 8887 14633

network 1s faster than our approach, the probability of
reaching a good solution depends only on the problem
instance. On the contrary, for our approach, the prob-
ability of obtaining good solutions can be increased by
changing the parameters M and/or v at the expense of
longer processing time, as demonstrated by the experi-
mental results.

Furthermore, the decreasing schedule for parameters
we are using in this paper is very simple, which accounts
for its slowness. Surely, determining a better decreasing
schedule can reduce the number of iterations to make it
faster with better solutions. We hope that we can report
the related findings in the near future.

Finally, the current approach introduces a new con-
cept of mapping a problem into self-organizing learn-
ing paradigm. In past approaches, the “distances” or
“costs” between the points of interests (e.g. cities in

TSP) are embedded in the geometrical structure of the
learning vectors, while the structural constraint is en-
forced by the topology of the self-organizing map (e.g.
using a ring topology in solving TSP). In this new ap-
proach, we consider the reverse — the “distances” infor-
mation is embedded in the topology, while the structural
constraint is in the learning vectors, with suitable mod-
ifications to the learning rule. With this thinking, the
current approach can be extended to solve the more gen-
eral k-partite problem.
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