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ABSTRACT

In order to realize DSP applications on multi-processor
systems with the optimal throughput, properties and effi-
cient techniques need to be derived. Rate-optimal schedul-
ing with minimum unfolding has been studied in the past
for static schedules only. The scheduling models called
cyclo-static and periodic schedules allow more flexibility
on processor assignment. This paper derives the mini-
mum unfolding factors to achieve rate-optimal schedules
for cyclo-static and periodic schedules. The necessary and
sufficient conditions for the exzistence of these schedules are
also derived. From these results, it is shown that unfold-
ing is necessary under these two models for certain data-
flow graphs to achieve rate-optimality. Furthermore, all
the theorems are proved in a constructive way, in which an
efficient shortest-path algorithm i3 used for scheduling.

1 INTRODUCTION

Many modern signal processing applications require
high throughput. In order to satisfy such a high through-
put, the techniques to achieve optimal throughput based
on multiple processor systems have great importance. The
scheduling of iterative algorithms or loops in a program is
usually critical to the system performance. Unfolding is
one of the most important techniques to obtain a rate-

“optimal schedule. In order to improve execution rate, we
can schedule f iterations in an instance of a static sched-
ule. This is called unfolding (or unrolling) by an unfolding
factor f. Each schedule instance contains f iteratioms.
Therefore, the iteration period, which is the average com-
putation time per iteration can be reduced.

The iteration bound B(G), a lower bound of iteration
period, is defined as the maximum time-to-delay ratio of
every loop in the DFG [1]. A schedule is rate-optimalif the
iteration period of this schedule equals the iteration bound.
An unfolding factor is rate-optimal if the corresponding
schedule is rate-optimal.

Much work has been done on finding rate-optimal un-
folding factors for static schedules{2, 3, 4]. In [4], the min-
imum rate-optimal unfolding factors are derived for both
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pipelined and non-pipelined processor models. The model
of processor assignment in these papers is static, i.e. the
processor assignment is the same for every iteration.

The cyclo-static schedules and periodic schedules, pro-
posed in [5, 6, 7], allow more flexibility on processor as-
signments. A general permutation function for a periodic
schedule and a restrictive permutation function (a cyclo-
shift function) for a cyclo-static schedule are used to indi-
cate the sequence of processor assignments. Although it is
suspected that cyclo-static and periodic schedules tend to
use smaller unfolding factors, even no unfolding, the prop-
erties of their rate-optimal unfolding factors have been un-
known.

This paper derives the minimum unfolding factors to
achieve rate-optimal schedules for cyclo-static and periodic
schedules. The necessary and sufficient condition for the
existence of cyclo-static (or periodic) schedules is derived
for these two processor models. From these results, we
show that unfolding is necessary for these two models for
certain data-flow graphs to achieve rate-optimality, and
we can characterize such graphs and their minimum rate-
optimal unfolding factors. Furthermore, all the theorems
are proved in a constructive way, in which the O(|V||E|)-
time scheduling algorithms are presented, where [V] is the
number of operations and |E| is the number of precedence
relations in a given specification of the application.

2 MODELS AND TERMINOLOGIES

We first introduce the graph model and scheduling
model for iterative or recursive algorithms. Then, the three
processor sequencing models are characterized using a per-
muting function. Finally, two processor implementation
models we consider are introduced.

A data-flow graph (DFG) is represented by a directed
weighted graph G = (V, E, d, t) where V is the set of
computation nodes, F is the edge set which defines the
directed edges (or precedence relation) from nodes in V to
nodes in V, and d(e) is the delay count for edge e € E.
Each node v in V is associated with a positive integer t(v)
which may represent the computation time for the node v.
The graph in Figure 1 is an example of DFG, where the
number attaches to a node is its computation time.

The delay count, say i, on an edge (u, v) represents the
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Figure 1: A data-flow graph from [§]

sequenced relation between computation nodes u and v.
For a meaningful data-flow graph, the total delay count
of any loop is nonzero. The execution of all computation
nodes once in V is called one iteration. An edge e from u
to v with delay count d(e) means that the computation of
node v at iteration j depends on the computation of node
u at iteration j — d(e).

The scheduling problem and assignment problems are
considered separately. The scheduling problem allocates
nodes onto the time dimension, while the assignment prob-
lem allocates nodes onto the processor space. We optimize
the problem instance in the time space to achieve rate-
optimality, and then realize the scheduled instance under
different processor models and different processor sequenc-
ing models.

Time and processor schedules of a DFG in a parallel
system are formally modeled as follows. A time scheduleis
represented by a function S : V x N — N. The starting
time of node v in the i-th iteration is S(v,i). A time

schedule is legal if for every edge #—v and iteration 1,
we have S(u,:) + t(u) < S(v,i+d(e)). A time schedule
is said to have an unfolding factor f and a cycle period ¢
if S{v,i+ f) = S(v,%) + c for every v in V and iteration
i. Thus, such a time schedule can be represented by the
partial schedule of the first f iterations. A new instance
of this partial schedule of f iterations can be initiated for
every interval of length c to form a legal complete schedule.

A processor assignment, also called processor schedule,
is represented by a function P : V x N — L, where L is
the set of processors, numbered 1, 2, ..., to |L|. Node v in
the i-th iteration is assigned to Processor P(v,z). There
are three processor sequencing models: static, cyclo-static,
periodic. A processor schedule with unfolding factor f is
staticif P(v, i+ f) = P(v,1) for every iteration i. A proces-
sor schedule is periodicif there exists a permuting function
Q : L — L such that P(v,i+ f) = Q(P(v,1)) for every
v in V and iteration z. Nodes scheduled on processor j in
the i-th iteration will be scheduled to processor Q(j) in
the (i + f)-th iteration.! A simpler form of periodic sched-
ules, called cyclo-static schedules [5], can be specified with
a single processor displacement § Q(p) = (p + §)%|L] for
every processor p.

The iteration period of a time schedule is the average
computation time per iteration. A time schedule with cycle
period ¢ and unfolding factor f has iteration period ¢/ f.
We are interested in finding static schedules with minimum

1The cycling vector used in [7} equals
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iteration period. The ileration bound B(G). a lower bound
of itcration period. is defined as the maximnm time-to-
delay ratio of every loop in the DFG [1]. If the value of
¢/ f equals the iteration bound B((). we call such an f to
be a rale-optimal unfolding factor.

In the work by [5, 6, 7], so-called timec-optimal (and
processor optimal) cyclo-static or periodic schedules are
studied. However, the iteration period bound of time-
optimality is defined using the ceding of B(G), i.e. the
least integer greater than or equal to B(G). Such time-
optimal schedules are "optimal” only when unfolding is
not considered. Therefore, a time-optimal schedule might
have larger iteration period than a rate-optimal schedule.

The two processor models we consider are pipelined
and non-pipelined implementations. In the non-pipelined
model, the next copy of a node cannot start execution
before the previous copy has finished execution. For the
pipelined model, there is no restriction on the scheduling
of copies of the same node besides precedence relations.
Although the integral timing model is assumed through-
out this paper, all the results can be generalized to the
fractional timing model as defined in [4].

3 PRELIMINARIES

This section summarizes some results from [4] for rate-
optimal static scheduling. These theorems, rephrased in
the context of this paper, will form the basis of the tech-
nical proofs in the next section.

The necessary and sufficient condition is derived in [4]
for a static schedule to be implemented under the non-
pipelined processor model: As long as the cycle period of a
schedule is is no less than max, t(v), it can be implemented
by a static schedule with large enough unfolding factor
under the non-pipelined design.

Theorem 1 [4] Let G be a DFG, and S be a time schedule
with cycle period ¢ and unfolding factor f. The time sched-
ule S can be realized by a static processor assignment P un-
der the non-pipelined design if and only if ¢ > max, t(v).

An algorithm is presented in [4] to find a schedule for
given cycle period ¢ and unfolding factor f under the frac-
tional and integral models. We briefly snmmaries the re-
sults here.

Fora DFG G = (V, E, d, t) and given ¢ and f, we define
a modified graph with different weights on edges: schedul-
ing graph G* = (V, E, w) where w(e) = d(e) —t(u)- f/c for
every edge u—v in E. Assume that there is no negative-
weight cycle in the scheduling graph G°. We add a node v
and directed edges from vy to every other node with zero
weight in G°. Let sh(v) be the length of the shortest path
from vy to v in the scheduling graph G°. The values of
sh(v) can be computed by any single-source shortest path
algorithm. It is easy to observe that for every node v we
have sh{v) < 0, and there exists a node « in V such that
sh(u) =0.

The following theorem obtains a legal time schedule
from the scheduling graph.
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Theorem 2 [} Let G be a general-time DFG. ¢ a cycle
period, f an unfolding faclor. Assuming that there is no
negative-weight cycle in the corresponding scheduling graph
G*, let sh(v) be the length of the shortest path from vy to
v. There exists a legal time schedule S* with cycle period ¢
and unfolding factor f: §'(v,i) = [—sh(v)-¢/f+i- ¢/

for every v and 1.

The following theorem provides the necessary and suf-
ficient condition for the existence of a time schedule with
cycle period ¢ and unfolding factor f. No assumption on
processor models is made. The schedules can be derived
with Theorem 2 for a given cycle period and an unfolding
factor.

Theorem 3 [4] Let G be a general-time DFG, ¢ a cycle
period, and f an unfolding factor. ¢/ f > B(G) if and only
if there ezists a legal time schedule with unfolding factor f
and cycle period c.

4 RATE-OPTIMAL SCHEDULES

This section shows the criteria of rate-optimal schedules
and the rate-optimal unfolding factors under cyclo-static
and periodic scheduling models. We first summarize the
main results in Theorems 4 and 5 and then provide the
formal proofs.

4.1 Main Results

The necessary and sufficient condition for the existence
of cyclo-static (resp. periodic) schedules and the mini-
mum rate-optimal unfolding factor are derived in Theorem
4 (resp. Theorem 5).

Theorem 4 Let G be a DFG and p the denominator of
B(G) in its irreducible form.

(a) There exists a cyclo-static schedule with unfolding
factor f and cycle period ¢ if and only if ¢/ f > B(G).

(b) The minimum rate-optimal unfolding factor for
cyclo-static scheduling under the non-pipelined implemen-
tation is p.

Proof: ~ Part (a) can be derived from Theorem 3 and
Lemma 8, to be proved in the next subsection.

Let o be the numerator of B(G) in its irreducible form.
From Part (a), we know p is a rate-optimal unfolding factor
for a schedule with cycle period o. Since o/p equals to
B(G) and is irreducible, p is the minimum rate-optimal
unfolding factor. Thus, Part (b) is proved. O

This theorem shows that unfolding is necessary to
achieve rate-optimality on the non-pipelined processor
model even for cyclo-static schedules. This situation hap-
pens when the iteration bound B(G) is not integral. Sim-
ilar results are proved for periodic schedules.

Theorem 5 Let G be a DFG and p the denominator of
B(QG) in its irreducible form.

(a) There exists a periodic schedule with unfolding fac-
tor f and cycle period c if and only if ¢/ > B(G).

(b) The minimum rate-optimal unfolding factor for pe-
riodic scheduling under the non-pipelined implementation
is p.

Proof:  This theorem is derived from Theorem 3 and
Lermma 8. O

These theorems are proved by constructing cyclo-stalic
schedules {or periodic schedules) on the non-pipelined
model from static schedules on the pipelined models.

4.2 Proofs

We show that cyclo-static or periodic schedules in the
non-pipelined processor model have equivalent time sched-
ules as static schedules in the pipelined processor model.
Their processor assignments are different because different
processor implementation and sequencing models are used.
Thus, the results for rate-optimality of static schedules un-
der the pipelined model (Theorem 3) can be extended to
cyclo-static and periodic schedules. Without loss of gener-
ality, we prove lemmas in this section with unfolding factor
1.

First, we characterize the pipelined processors to derive
the number of pipeline stages from the given time schedule.

Definition 1 Let G be ¢ DFG and S a time schedule of
G with cycle period c. Let P be a processor assignment
realized on processors My, ..., M\.|. Define ET(l) (resp.
LT (1)) be the earliest starting time (resp. the latest finish-
ing time) of nodes in the first iteration allocated to proces-
sor M.

We can characterize ET(l) and LT(l) as ET(l) =
min{S$(v,1}| for every v in V such that P(v,1) = M}
and LT(!) = max{S(v,1) + t(v) — 1| for every v in V'
such that P(v,1) = M;}. If the time schedule has cydle
period ¢, the earliest starting time of the i-th iteration is
ET()+ (i—1)e.

The following lemma derives the number of stages
needed for the pipelined processors to realize a time sched-
ule.

Lemma 6 Let G be a DFG and S a time schedule of G
with cycle period c. The schedule S is realized on processors
My,..., M|y in the pipelined model by a static processor

assignment P such that M, has stage(l) pipeline stages.
LT — ET() + 1" or
C

It can be derived that stage(l) = [
LT(1) < stage(l) - ¢+ ET(1).
Proof: From the time schedule S, the pipeline structure
of each processor can be decided. The number of pipeline
stages, stage(l), needed in each processor M equals the
maximum number of overlapping schedule instances. Since
the time schedule has cycle period ¢, the earliest starting
time of the i-th iteration is ET(l) + (i — 1)c. We can
derive stage(l) as the largest 1 such that ET(!) + (i —
1)e < LT(1), i.e. stage(l) = [LT(I) — fT(l) +1
LTy - ET())+1 < stage(l)-c, we have LT(l) < stage(l)-
c+ ET(1) - 1; therefore, LT(I) < stage(l) -c+ ET(I). ©

From this lemma, a processor M, is not pipelined if
LT(l) < c+ET(), 1.e. LT(H—-ET(l}+1 < c. A static pro-
cessor assignment can be realized in non-pipelined model
if LT() < ¢+ ET() for every processor Mi.

] . Since
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This lemmna shows that, for any static schedule uncer
the pipelined model, a cyclo-static schedule with the sane
time schedule can be constructed for the non-pipelined
model.

Lemma 7 Let G be a DFG and S a time schedule of G
with cycle period c. Let P be a static processor assignment
on processors, denoted by M1, M2, ..., M1y, to realize S in
the pipelined model. There exists a cyclo-static processor
assignment P' with: processor displacement § to realize S
in the non-pipelined model.
Proof: Let maxstage be the maximum number of
pipeline stages in any pipelined processor, i.e. marstage =
max; stage(l). We construct the cyclo-static processor
assignment P’ as P'(v,1) = P(v,1) and P’(¢,?)
Q' (P(v,1)) for every node v in V" and iteration i, where
Q(p) = {(p + 8)%|L'], where § = |L| and L' is a set of
|L| - maxstage processors. It is easy to prove that this
cyclo-static processor schedule can be realized in the non-
pipelined model.

Since cyclo-static schedule is a special case for periodic
schdule, the following lemma can be easily proved. How-
ever, we will give another proof which gives less number of

Processors.

Lemma 8 Let G be a DFG and S a time schedule of G
with cycle period c. Let P be a static processor assignment
on processors, denoted by My, Mz, ..., M), to realize S
in the pipelined model. There exists a periodic processor
assignment P' to realize S in the non-pipelined model.
Proof: From Lemma 6, each pipelined processor M;
can be implemented by stage(l) non-pipelined proces-
sors, denoted by M1, Miz,..., My tage(ry- We will con-
struct a periodic processor assignment P’ with a permut-
ing function Q on the set of non-pipelined processors L' =
{Mia,..., My tagery| for every ! from 1 to |L]}. In the
function @, non-pipelined processors corresponding to the
same pipelined processor M; form a cycle of size stage(!):
Q(Mi;)=Mi 41 forj=1,...,t—1 and Q(Mi,) = M.
Since each non-pipelined processor corresponds to only
one pipelined processor, the function Q is a permutation.
The processor assignment is defined as P'(v,1) = M1 if
P(v,1) = M; and P'(v,i) = Q" (P'(»,1)) for every i > 2.
Using Lemma 6, we prove that the schedule P’ can be
realized on non-pipelined processors, i.e. an iteration can
not be scheduled on a processor before the previous itera-
tion finishes. Therefore, the constructed periodic processor
assignment P’ can be realized in the non-pipelined model

with Zi:“ stage(l) processors. O

Note that the cyclo-static and periodic schedules con-
structed in the proofs may not be processor-efficient. Since
our goal is to prove the criteria of rate-optimal time sched-
ules under different processor allocation models, the issue

of processor-optimality is not considered.

5 EXAMPLES

The example in Figure 1 from [8] has iteration bound
B(G) = 55/3. From Theorems 4 and 5, we know that an
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untolding of factor 3 is necessary to achieve rate-optimality
for cyclo-static or periodic schedules in the non-pipelined
process implementation. For the 4-stage lattice filter used
in [9], B(G) is 3/2; thus, an unfolding of factor 2 is neces-
sary. For the least-mean-square filters. normalized lattice
ard orthogonal lattice filters used in [7], B(G) are all in-
tegral. Therefore, rate-optimal schedules can be derived
without unfolding.
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