EXACT TIKHONOV REGULARISATION FOR THE LIMITED DATA
COMPUTED TOMOGRAPHY PROBLEM

Victor Solo

Macquarie University
Department of Statistics
Sydney NSW 2109
Australia
vsolo@zen.efs.mq.edu.au

ABSTRACT

We present a new variational approach to the problem
of computed tomography reconstruction from sparse
data. We use a Tikhonov regularisation ( quite dif-
ferent from that of Louis(1985)) which deals without
approximation with discrete or nonuniform grids.

1. INTRODUCTION

While convolution backprojection (CBP) is widely used
in regular computed tomography [4] there seems to
be no accepted algorithm for dealing with sparse data
problems. Many existing procedures try to force the
problem onto a uniform data CBP form [2] and so have
discretisation errors and are noise sensitive.

The illconditioned nature of the sparse data reconstruc-
tion problem is well studied [4], and requires a regular-
isation to deliver a stable solution. A recent Tikhonov
based approach is due to [5] however they do not ex-
plicitly recognise data discreteness and they regularise
the sinogram rather than the underlying object. The
approach of [3] deals directly with the underlying ob-
ject but does not deal with data discreteness.

In this work we develop a Tikhonov regularisation
solution which unlike those above explictly deals with
the data discreteness and we regularise the item of fun-
damental interest, the underlying object, and not the
intermediate sinogram quantity.

2. REGULARISATION
Suppose we have projection data of the following form

Yuj = Po,(tj)+nu; u=1l.mj=1.n (1)

2289

where there are one m angles and n observations per
angle. Py(t) is the Radon transform

Pyt) = / F(2)6(t — z.e5)dz @)

[es = (cosf,sind)] and is the projection of the den-
sity f(z) along lines z.e, = t at angle # to the z,y
co-ordinate system. Also n,; is a white noise.

The aim is to reconstruct f(z) from the data {y.;}.
The difficulty in such an ill-conditioned inversion is well
studied [4]. Here we pursue a Tikhonov regularisation
apoproach which is quite different from those of 3], [5].
In particular in [3] the discreteness of the data domain
is not recognised. On the one hand in reconstructing
the image f(z) one wants to retain some fidelity to the
data by keeping J; small where

Ja=E0 157 (yuj — Pault;))? (3)

But to avoid obtaining too noisy a reconstruction that
a very small J; would entail one also tries to enforce
some smoothness by keeping J. small

J.(f) = /n (2 +2f2, + £2,)dz (4)

where fy, = 0°f/0z? etc; 0 is the region of support
of f(z) (which we take to be a disc). This functional
measures the bending energy of a thin plate [1, section
IV.9] and can be interpreted as a smoothness measure
and is the basis of the Thin plate Smoothing spline in
function estimation [6].

To trade off these two conflicting criteria one is led to
a regularisation index of the form J = J; + aJ; where
o is a penalty parameter to be chosen. We minimise
J with respect to f(z) subject to the constraint (2).
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The resultant continuous-discrete variational problem
is nonstandard and leads to the following solution

f@) = ZTuTjdujgui(z) + i (2)ds
(61(z), d2(z), d3(2)) = (1,21,22)
0@ = [ G@wot; - yeo)dy

where G(z;y) is a certain Green’s function for the bi-
harmonic operator V* on the unit disc and {A;} is
obtained from the following matrix equations.

Q+al)A+Nd = y
NTy = 0

..y_ = ['“yulyuz---yun...]T

d = (dldzds)T

A= [Awdazedun]T

Q is a matrix made from the tensor

Quj,r.s =
Q6,1 ¢,7)

Q(eu;tj;er:ts)

N is a matrix assembled from the tensor

Nujv = Nu(gu;tj)

Moo = [ 8- e )o@z
o)
Further details of the computations involved, of the
choice of o using cross validation and some examples
will be given at the conference.
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