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ABSTRACT

In this paper, a structure consisting of only all-pass
subsystems for the design of n-dimensional IIR
digital filters with arbitrary cutoff boundaries is
presented. It is shown that allpass filter is a
universal building block for multidimensional
digital filter structures. Utilization of the proposed
structure for n=2, and 3 is given in more details.

1. GENERAL STRUCTURE

In 1-D digital filter design, it is well known that I[IR
filters can be implemented using sum or difference
of two all-pass blocks. The very important property
of this structure is the "built-in" insensitivity in the
pass-band [1-3]. In this paper the structure is
extended to n-D filters. Suppose two stable all-pass
systems, Aki(21,22,...,2n) fori= 1,2, in  n-
dimensional space are given. A connection as
shown in Fig, 1(a) yields a universal building block.
Every cutoff boundary may be obtained by
connecting these blocks in sequential and/or parallel
structure.

Fig.2 (a), (b), and (c) show all crifical frequency
points (CFPs) in one, two, and three dimensions,
respectively. Each point is equivalent to
wi=0/z fori=123 A0 % =" therefore

each of them is equivalent to % = lor-1  gah
building block, in the form of Fig.1(a), eliminates
2""! CFps. Therefore, one, two, and four CFPs are
eliminated in 1-D, 2-D, and 3-D cases respectively
by each block element. The element of delay is the
decision part of each block, that filters a CFP out or
allows it to pass through. There exist 2"+ types of
delay elements, including no delay, in n-
dimensional  space. These elements are

-1
combinations of delays like " Govoor ts
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Z'—l =12 .
complement * -% " for 1=1L2,...,7  For instance
in 2-D, types of delay elements are as follows

—l,zl'l,z{l,zl_lz'z‘l,—zl_l,—zz_l,—zl_lzz_l,+1 )
As it was pointed out before, each of the above
elements eliminates 2271 =2 CFPs, except for no
delay cases "-1", and "+1", which the former one
filters all regions out and the latter one lets all
regions to pass through it. In 3-D case each

element of delay eliminates 231=4 CFPs. To
have other shape of cutoff boundaries, like one CFP
in 1-D, one may cascade building blocks with
different delay elements in series. Cascading two
blocks may create four different boundaries
consisting of none, all, 2" or 2% CEPs for
nz2

Some combinations of blocks with different delay
elements may give the same boundary shape. To
clarify this point, consider the following two
different combinations of blocks

(4 +2 A)(A3 +21 22 '44) ()
and
(A +2 A3 +23 40) (3

both (2), and (3) initially give the same cutoff
boundary. To investigate these similarities, first we
introduce the following notation

a.B= (A + ad2)( A3+ fAs) @
where &, and B are delay elements. Therefore, (3)

-1 _-1
simply is shown as "Z1 -Z2 " The following rules
are true for cascading the blocks in series

a.(—a)s—l’ aa=a, a fi=pa i
a.off= a.ﬂ’
(—a).af=(Ca)(-B) aPf.ay=aff pr=ay.py
©)
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From the above, one may conclude that not all
shapes of boundaries for 7 23 are possible to be
created by just cascading basic building blocks in
series. To overcome this problem and complete the
structure, we allow blocks to be combined in
parallel connections as well. The following
notation, similar to (4), is introduced for this kind
of connections

a+ =4+ ady)+(43+PAs) 6)
Some of the rules for this kind of connection is as
follows

a+(-—a)=+l’ atas=a, a+f=f+a

Q)
The general structure is depicted in Fig.3. Each
wB represents a universal building block. This
structure is represented mathematically in equation

®
K L
n+(-1" %> L T18,
k_12 * I=1
- ®

where "K ", and "Lk" are to be selected based on
the shape of the cutoff boundary. The parameter
" 7" is a binary parameter. It is sometimes simpler
to design the complement of the boundary of
interest instead of itself and then assign 7=1 1.

To conclude this discussion, we give two examples.
In the first example, we try to design a low-pass
filter in 2-D. Considering Fig. 2(b), this filter
consists of CFP number 1 only. Thus, the following
combination might be appropriate for the case

(A +20 A2)(A3 +27'44) ©

A circular symmetric filter based on the structure of
shown in (9) is designed by using non-linear
optimization technique. 3-D plot of this filter in the
first quaderant is shown in Fig, 4.

In the second example, we try to design a filter
which has a cutoff boundary consisting of CFPs 1,
3, 6, and 7 shown in Fig. 2(c). For this filter the
following structure is proposed

-1_-1_-1
A1+Zl 2923 A2 (10)

IFor instance every boundary consisting of 5 CFPs
is a complement of another boundary consisting of 3
CFPs in the case of n=3.
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Fig. 1 (a) connection of the "kth" building block (b) delay element of the "kth" block

(@ (b)

Fig, 2 (a) 1-D CFPs in the first hatf {z ™ =¢ ™™} = {).(-D}
(b) 2-D CFPs in the first quaderant {1,z =M, e ) = (11,1~ D(- L1),(-1,-1}
(c) 3-D CFPs in the first octant {Z1 22 23 )= (e ™™ &y = (1,1,1),@,1,-1), ... (-1, -1, -1}

—| B4 B, [~ —B|L1"‘§1‘7_

—| B B~ _Bz-g_z'-Q
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Fig. 3 General structure for IIR digital filters based on all-pass building blocks
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Fig. 4-Circular symmetric Low pass filter designed by using the structure shown in (9)
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