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ABSTRACT

We present a Bayesian evidence technique for the param-
eter estimation/model selection problem within the condi-
tional maximum likelihood (CML) framework. The CML
is chosen because of its flexibility: it allows for a wide
range of source amplitude models (e.g., no unreasonable
or restrictive assumptions, such as Gaussian signals are
necessary). In contrast to other CML studies, we elimi-
nate the large number of unknown amplitude parameters
by marginalization with a proper (normalizable), yet very
broad prior. The resulting marginal is used to derive a new
model selection/parameter estimation procedure, based on
the Bayesian evidence of each considered model, given the
observed data. Monte Carlo simulations for a scenario con-
sisting of two narrowband, far-field sources demonstrate the
effectiveness of the proposed method in Jow SNR, small tem-
poral/spatial sample situations.

1. INTRODUCTION

Detecting the number of sources impinging on an arbitrary
array of sensors is widely accepted as a critical and difficult
problem in signal processing. This problem is confounded
when the number of temporal/spatial samples is relatively
small, and few simplifying assumptions (e.g., Gaussian nor-
mal models) can be made on the signal amplitude parame-
ters.

In view of the fact that an assumed number of sources
determines the dimensionality of a parametric probabilis-
tic model, the detection problem can be treated as a spe-
cial case of model selection. Until recently, many of the
most popular model selection schemes for source detection
have been based on asymptotic information theoretic cri-
teria [1],{2],[3],[4]. Within the vast literature on model se-
lection, however, Bayesian techniques have proven to be
valuable in small sample situations, and have provided ob-
jective measures for evaluating competing models given a
data observation [5],[6],[7].

In this paper, a marginalization approach is used to
derive a new combined model selection/source parameter
estimation technique, where amplitude parameters are in-
tegrated out of the full likelithood by assuming a diffuse,
normalizable multivariate prior. The primary focus of this
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paper is the detection performance of the proposed Bayesian
method; however, the corresponding Bayesian source pa-
rameter cost function is also investigated via simulations.

2. BACKGROUND

2.1. Conditional Maximum Likelihood Model and
Notation

Assuming the standard narrowband observation model for
D far-field sources (represented by the D dimensional vector
#) impinging on an array of M sensors, the array output z(t)
is )

z(t) = A(0)s(t) +n(t), t=1,..,N, (1)

where 3(t) denotes the D x 1 vector of signal amplitudes, A
is the M x D matrix with (assumed linearly independent)
array response vectors a(6;), for 1 =1,2,...,D. The M x 1
noise vector, n(t) is modeled as a zero-mean, temporally
and spatially white Gaussian process of variance o?.

Under the conditional maximum likelihood (CML) model
[81,[9], the complex amplitudes are treated as a fixed set of
ND deterministic parameters. If source localization is of
prime interest {estimation of 8), this set represents a large
number of nuisance parameters.

The full likelihood function is readily expressed as
f(X16,3Q1),...,s(N),0%) =

N

MMM o (S 1 a(0) — A@)s() ). (2)

t

Replacing s(1),...,$(N), and ¢® with their maximum like-
lihood estimates and taking the negative logarithm results
in the familiar condensed cost function (within a constant)

vm(8) = log(tr{Pxe)X X "}), (3)

where tr { . } represents the matrix trace operator, P;,L(g) =
Ine — A(8)A'(8) is the projection matrix that projects onto
the subspace orthogonal to the column space of A(f), and
t denotes the pseudoinverse.

3. BAYESIAN MODEL SELECTION

Let I4 represent a model hypothesis indexed by the number,
d, of assumed narrowband sources. The posterior density
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function for model I is given by
fla] X) o< f(X | 1a)f(1a), (4)

where f(X | I4) is the Bayesian “evidence” for I, [5],(6].
Assuming no prior preference of one proposed model over
another, the “optimal” model is chosen as the one that max-
imizes

FX | L) = / FX 10,1050 L) do. (s

Evaluating the integral in (5) requires the marginal:den-
sity furction f(X | 8,14), and this means that the ampli-
tude and noise variance parameters must first be integrated

out of f(X |8,s(1),...,5(N),q, l4).

3.1. Marginal for Parameter Estimation

For notational convenience, let S denote the collection of
signal amplitudes, s(1), ..»8(N). The removal of nuisance
parameters from the likelihood function by integration yields
the following marginal density (X0, 1) =

f(X186,5,0,1)f(S,0 | 15)dS do, (6)

S,

where it is assumed that F(S, 0] 1) = f(S| 1) f(o).

The standard noninformative prior for amplitude pa-
rameters in the context of Bayesian estimation is silnply a
constant (7],(10],(11],{12]. However, as noted in {6],[7], us-
ing an improper prior for f(s(1),...,s(N) | 14) (that is, a
prior that doesn’t integrate to a finite va lue) invariably
leads to erroneous model selection within the Bayestan ev-
idence framework. One remedy is offered by the Bayesian
predictive density method analyzed in [7]. However, this
technique requires the parsing of data into validation and
estimation sets, and we are interested in using CML for ap-
plications where the number of available snapshots can be

- N < 10 [13]. Another approach, proposed by Wax, et. al.,
(2] is to project the data onto signal and noise subspaces,
and determine the minimum description length (MDL) for
each projection. This method is also inappropriate for a
small number of snapshots because the MDL criterion is
based on asymptotic arguments (it is worth noting that
MDL can be derived as a large sample approximation of
Rissanen’s stochastic complexity [14], which is essentially
the negative logarithm of the Bayesian evidence).

The approach outlined briefly here results from a Gaus-
sian prior for the amplitude parameters, and assumes that
the prior variance associated with each amplitude (that is,
level of uncertainty) is large with respect to the noise. In
this way, the resulting marginal does not bias the likeli-
hood. For each model, the amplitude prior uncertainties
are reduced to a single Bayesian hyper-parameter, ~, which
can be integrated out, along with o, by using the Jeffrey’s
prior for scale parameters [12): f(y) :,1- Although the
Jeffrey’s prior for a scale parameter does not integrate to
unity, the final result is not affected because each model has
the same number of hyper-parameters [6]. This allows us
to avoid integration of multivariate improper priors.

After performing the integration indicated in (6), and
eliminating irrelevant constants (but keeping those that de-
pend on d), we derive:

f(X18,14) x T(Nd) L(N(M - d)) (M)
< | ARA ™Y (ir{Pi X X H)y~NO=-a)
x(tr{(AhYF Al X xH})=Nd,

which results in the following Bayesian cost function for
estimating # :
vs(0) =log | A A| (8)
+(M - d) log(tr { P X X ¥}
+d log(tr{(Ahy" Al X X H}).
Equations (7), (8) can be derived from the analogous real-
val ued formulation given in (13],[15].
The Bayesian cost function given in (8) exhibits de-

sirable characteristics in “stressfull” circumstances, and is
worthy of further study in and of itself, apart from the

‘madel selection/detection point of view stressed in this pa-

per. In particular, as SNR or M decreases, this estimator
effectively keeps overall MSE lower than ML and related
methods by progressively allowing an increasing amount of
asymptotic bias for the sake of substantially lower variance.

3.2. Marginal for Model Selection

In principle, the evidence for each model, 14, can be eval-
uated by substituting the marginal f(X | 8,14) given by
(7) into the integral in equation (5). However, this integral
cannot be solved for our problem because the likelihood is
in general a nonlinear function of 9. Assuming a diffuse mul-
tivariate Gaussian normal prior for 4, and using the second
order Taylor series approximation for —log f(X|8,1.), the
following approximation can be derived (13):

fX )= f(X | 65,12) | £5 73 (9)
<) 15 )74,

where | £ | denotes the determinant of the Hessian matrix
of —log f(X |8, 14), evaluated at §p.

4. EXAMPLES

To illustrate the proposed detection/estimation method, a
two source case, § = [5° 8°), was simulated for a uniform lin-
€ar array of half-wavelength spacing, and M = 6. Minimiza-
tion of the CML and Bayesian cost functions was achieved
using Newton methods, and the £5 term in (9) was eval-
uated analytically. All results presented here are based on
200 Monte Carlo simulation trials for each data point.
Figure 1 shows the RMS error (in degrees) of the first
source estimate for the Bayesian and CML techniques as a
function of N. The SNR was held constant at 20db, and the
two sources were equi-powered and uncorrelated. Figure 2
displays the probability of correct detection as a function
of N for the Bayesian evidence, AIC, and MDL. Note that
both AIC and MDL were calculated directly from the condi-
tional maximum likelihood framework, with the parameter

2085



AMS error for source 1

25 T s
1)
\
2r 1
\
1
'
- [
$ [
315F \ -===ML
|
-2 1
] 1
E \
E 1"+ ‘. Bayes
0.5+

0 10 20 30 40 50 80 70 80 90 100
- N

Figure 1: RMS error for estimation of 8, for two uncorre-
lated sources.

vector given by ©¢ = [8y,...,84, s(1),...,8(N), o] (in con-
trast to the formulation of {1], where parameterization is in
terms of the eigenvalues/vectors of the observation covari-
ance matrix). Therefore, the following forms were used:

AIC(d)
MDL(d)

2MN vpp(far) +2%(d, V) (10)
R T(d
MN ’UML(GML) + ——(—(;—jv) o

gV,

where ¥(d, N) = d(2N + 1) + 1, and frz represents the
d—dimensional CML estimate of 8.

Finally, figures 3 and 4 show the empirical probabil-
ity of detection curves versus noise variance for the case of
nonzero correlation between the two sources. In figure 3
the correlation between sources was E{s;(t)s3(¢t)} = 0.5,
and in figure 4, E{s1(t)s3(2}} = 0.9. Figures 2, 3, and 4
clearly illustrate the superior performance of the Bayesian
evidence procedure, most notably for small N, and large
noise variance.

5. SUMMARY

We have presented a Bayesian evidence method for the com-
bined detection/estimation of sources impinging on a gen-
eral passive sensor array. Simulation results clearly demon-
strate the advantages of this approach over information-
theoretic techniques in small sample/low SNR situations.
Although evaluation of the evidence term in equation (9) is
not trivial, this technique can be used to obtain the perfor-
mance improvements offered by Bayesian methods, without
having to resort to Monte Carlo methods, such as impor-
tance sampling.
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