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Abstract

This paper presents a detector for cyclostationary
signals that uses an estimate of spectral autocoherence
as a detection statistic. The detector’s probability of
false alarm is analytically derived and verified with
computer simulations. Receiver operating character-
istic curves are determined from the simulation data
and the analytical expression for the probability of false
alarm. A detector for polycyclic signals based on gen-
eralized coherence estimation is also described, but is
not analyzed.

1 Introduction

A simple single-cycle detector for cyclostationary
signals based on estimation of spectral correlation has
been proposed by Gardner [1]. This paper introduces
a modified version of Gardner’s single-cycle detector
in which magnitude-squared coherence (MSC) estima-
tion is used as a measure of the spectral correlation in
a signal. The key advantage of using MSC estima-
tion is that the distribution function of the MSC esti-
mate used in the detector can be determined analyti-
cally when no spectral correlation (and hence no cyclo-
stationary component) is present at a particular fre-
quency and cyclic rate. The behavior of this detector
in a noise-only (Hg) environment can thus be deter-
mined and detection threshold values corresponding
to desired false alarm probabilities can be computed.
Computer simulations with signal present can then be
used determine the receiver operating characteristics
of the detector.
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For the sake of brevity, this paper will adopt the no-
tation and terminology of [1, 2] for describing a wide-
sense cyclostationary stochastic process x(-). The
reader is referred to these sources for the definitions
of the cyclic autocorrelation function R%, the spec-
tral correlation density (SCD) function SZ, and the
spectral autocoherence function p$.

2 Description of the Detector

One of the fundamentals of cyclostationary signal
analysis is the observation that a process is cyclosta-
tionary if and only if certain of its spectral components
are correlated. Specifically, x(-) exhibits cyclostation-
arity at spectral frequency f and cyclic frequency a
if and only if p(f) # 0. The cyclostationary fea-
ture detector described in this section determines the
presence or absence of a signal having spectral coher-
ence at a spectral frequency f and cyclic frequency o
based on a detection statistic which is an estimate of
the magnitude squared of the spectral autocoherence
function |p%(f)|2.

The single-cycle detector is shown in figure 1. The
spectral shifters and one-sided bandpass filters pro-
duce two spectral components of x(-). The first com-
ponent is centered at frequency f = f. 4+ a/2 and has
bandwidth B, the bandwidth of the one-sided band-
pass filter. The second spectral component is centered
at frequency f = f. — a/2. These two signals are
downsampled and shifted to baseband. The middle
leg of the detector correlates them over a time inter-
val T' seconds (N independent samples) long to pro-
duce an estimate [SZ(f.)[? of the magnitude squared
of the spectral correlation density function at f, and
a. This section is identical to the detector described
in [1]. The upper and lower legs were added to ob-
tain estimates of the time-averaged spectra of x(-) at
f=fc+a/2and f = f. — a/2, which are denoted as

<s‘x> (fo+a/2) and <sx> (fo~a/2). The addition of
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Figure 1: Discrete-time version of cyclostationary feature detector.

the upper and lower legs results in a detection statis-
tic which is an estimate of the magnitude squared of
the autocoherence function. The detection statistic is
a function of the length of the correlation interval T’
and the bandwidth B of the bandpass filters, as en-
compassed in the number of independent samples N
used in the correlation sums. The relation of the de-
tection statistic to NV is the subject of the next section.

3 Probability of False Alarm

The detection statistic |p%|? is an estimate of the
magnitude-squared coherence of the two signal se-
quences (v and w in figure 1) that are the outputs
of the downsamplers. The cumulative distribution of
|p%|? can thus be drawn from results previously ob-
tained in the study of MSC estimators.

Magnitude-squared coherence estimators have been
studied extensively in connection with sonar and radar
applications. If the true MSC |v|? of two complex pro-
cesses is zero and one of them is a white complex gaus-
sian process, then the cumulative distribution function
of the MSC estimate & = |§|? is [3, 4]

Fe@)=1-(1-9" ' o0<e<1t (1)

where N is the number of samples used in calculating
£.

The detection statistic [p%(f)|? used in the single-
cycle detector is an estimate of the MSC of v and w,
the signals at the outputs of the downsamplers. The
mathematical calculation made by this MSC estima-
tor from N complex samples {z, + iy, } of v and N

complex samples {up + iv,} of w is,
| N1 (@n + iyn ) (un — iva) 2 oy
ZnN=1 Izn + z.:‘/7112 Z,I:Izl Iu,, + ivnP

(2)
If only WSS noise is present at the input to the de-
tector then the true value of the autocoherence func-

tion will be zero. This corresponds to the situation

i =

for the MSC estimator where the true value of the
MSC is |y|2 = 0. If the noise at the input is white
gaussian, then the noise after the bandpass filters will
be gaussian as well. It should be noted here that the
output of the bandpass filters will be approximately
gaussian for a broad class of stochastic input signals
[6]. Although the noise at the outputs of the band-
pass filters will be correlated, if the downsampling is
done correctly the noise will be whitened once again.
As shown above, the remaining section of the single-
cycle detector is exactly an MSC estimator. The input
to the MSC section of the detector is white gaussian,
therefore the results in [4] can be applied. Thus, for
the case where only white gaussian noise is present
at the input of the detector, the detection statistic
¥ = |p%|? will have cumulative distribution function

Fy($|Ho) = 1— (1 — )N

The probability of false alarm can be determined
easily from the cumulative distribution function of the
detection statistic for the Hy case. With detection
threshold d,

0<¢4<1 (3

Pra = Pr(¢ > dl Hp)
= (1-aN! 4)

The threshold values that will give specific Pgpy’s
for various values of N are given in Table 1.

4 Simulations and Results

Computer simulations were performed to verify
the analytical expressions for the Hy distribution of
the detection statistic and Pr4 given above and also
to determine receiver operating characteristic (ROC)
curves for the detector. For the Hy case, white gaus-
sian noise was input to the detector. Curves were gen-
erated for various values of N, the number of indepen-
dent samples used in the summations. A graph of the
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Pra N

8 16 32 64 128
10=* 11 0.280 [ 0.142 [ 0.0716 | 0.0359 | 0.0180
10=% || 0.482 ] 0.264 | 0.138 | 0.0705 | 0.0356

107 1 0.627 [ 0.369 | 0.200 | 0.104 | 0.0529
10~ 11 0.732 [ 0.459 | 0.257 | 0.136 | 0.0700
10~> || 0.807 | 0.536 | 0.310 | 0.167 | 0.0867

10~° 11 0.861 [ 0.602 | 0.360 | 0.197 | 0.103

Table 1: Detection threshold values for various values
of N.
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Figure 2: Measured and theoretical cumulative distri-
butions of the detection statistic for various values of
N for the Hy case.

measured cumulative distributions is given in figure
2. The theoretical distributions are also shown for the
sake of comparison. It can be seen that the theoret-
ical and empirical results match very closely. From
these results it can be concluded that the theoretical
analysis was accurate and that equation (3) provides
a valid representations of the cumulative distribution
of the detection statistic and that (4) provides a valid
representation of the probability of false alarm for the
single-cycle detector.

Following the verification of the theoretical analy-
sis of the probability of false alarm, simulations were
performed to measure the ROC curves for the single-
cycle detector with a cyclostationary signal present.
A binary-phase-shift-keyed (BPSK) signal was used as
the cyclostationary signal. The spectral components
centered about the carrier frequency fy and separated
by and amount @ = R, where R is the data rate, have
complete correlation. The single-cycle detector was
set to these values. At these values the autocoherence
function for the BPSK signal has unity magnitude.
For these simulations N was kept at 32 and the band-
width of the bandpass filters was set to 0.075R. The
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Figure 3: Measured receiver operating characteristics
(-10dB to 5dB.)

resulting ROC curves are shown figure 3. From these
figure it can be seen that the detector, with the set-
tings just described, performs well for SNR’s in excess
of 5dB, adequately for SNR’s in the range of 0dB to
3dB, and poorly for SNR’s below 0dB. The perfor-
mance can be improved by decreasing the bandwidth
of the detector’s single-sided bandpass filters. It was
shown that decreasing the bandwidth 15 times (from
0.075R to 0.005R) led to an improvement in perfor-
mance of approximately 11dB, as was expected since
10log(15) ~ 11dB. Also, using larger values for N
will improve the performance. The price paid for the
improvement in performance in both of these cases is
that a longer collection time is required.

In other simulations, a strong signal that had spec-
tral coherence at a (f, @) pair other than at the one to
which the detector was set was input to the detector.
The measured cumulative distribution curves showed
that the detector’s performance for this situation was
similar to its performance for the noise-only case. This
indicates that the single-cycle detector could be used
to determine the absence or presence of a certain cy-
clostationary signal in an environment that is filled
with interfering signals, so long as none of the inter-
ferers was spectrally coherent at the same (f, @) pair
as the signal of interest.

Additional simulations were run with a direct se-
quence spread spectrum (DS SS) signal and with a
scale division multiple access (SDMA) signal. The
results of these simulations showed the single-cycle
detector is viable for detecting signals with either of
these modulation types.
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5 Polycyclic Detection

The generalized coherence (GC) estimate is intro-
duced in [7] as a statistic for measuring the coherence
of several signals simultaneously. Given M complex
data sequences represented by vectors z, .y ZTp, the
M-channel GC estimate 71%{(1:1, .., Zp) is defined by

2 fay 9(271,...,.’BM)
Ta(zy, zpy) =1 — =207 H7
M Hzall? - - - llea||?

where g(z1,...,zp) is the determinant of an M x M

Gram matrix whose (i, j)th element is the inner prod-
uct (z;,2;). In the case of two signals, the GC esti-
mate reduces to the MSC estimate which is the ba-
sis for the single-cycle detector described above. As
with the MSC estimate, the statistical behavior of the
GC estimate has been determined under Hy hypothe-
ses that the M channels contain uncorrelated complex
gaussian signals. It is thus well suited to testing for
correlation among the outputs of several narrow band-
pass filters on a single signal.

Research currently in progress is investigating the
use of the GC estimate for simultaneous detection of
non-harmonically related cyclostationary components
In a signal ~ as may occur in passive sonar signals
where acoustic signatures are produced by mechani-
cally coupled machinery components. The possibility
of improving detector performance by exploiting cyclic
harmonics with a GC-based detector is also being in-
vestigated.

6 Conclusions

The detection statistic (¢ = |p%|?) of the proposed
cyclostationary feature detector is an estimate of the
magnitude squared of the spectral autocoherence func-
tion. Theoretical analysis has shown that the cumula-
tive distribution of 4 in the Hy case is given by equa-
tion (3). Computer simulations verified the validity of
this equation. The probability of false alarm (Pra)
for a given threshold d was determined to be

Ppy = (1 - d)N_l

Receiver operating characteristic curves were de-
termined from the analytical expression for Pp 4 and
data from the computer simulations. The simulations
shown in this paper indicate that the detector is vi-
able for detecting BPSK signals and that its perfor-
mance can be improved by increasing the collection
time. Promising results have also been obtained with

other modulation types. The simulations also indicate
that the detector is able to distinguish between cyclo-
stationary signals that have different cyclostationary
components (e.g., different cyclic frequencies «).

The possibility of using the generalized coherence
estimate as the basis of a detector for signals with mul-
tiple cyclostationary components has also been briefly
discussed.
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