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ABSTRACT

Blind Fractionally Spaced (FS) equalizers only require out-
put samples taken at rates higher than the symbol rate to
estimate the channel or the equalizer. Methods for find-
ing FIR zero forcing equalizers directly from the observa-
tions are described and adaptive versions are developed.
In contrast, most current methods require channel estima-
tion as a first step to estimating the equalizer. For the
noisy channel, the FIR equalizer is shown to be minimum
mean-square error. FS equalizers are not unique, thereby
allowing optimum zero-forcing parametric FIR or nonpara-
metric [IR equalizers to be derived such that in addition to
being zero-forcing, they also minimize the noise power at
the output. These optimum equalizers do not depend on
the input distribution and are also valid for deterministic
inputs. Finally, if the additive noise is white, they do not
depend on the SNR.

1. INTRODUCTION

Blind Equalizers remove the distortion caused by inter-
symbol interference (ISI) without the need for training se-
quences. In order to capture the complete phase charac-
teristics of the ISI, Higher- (than second-) Order Statis-
tics (HOS) must be used to find the equalizer taps [7].
However, [12] showed that most channels can be identi-
fied from the second-order cyclostationary statistics gen-
erated by fractionally-spaced (FS) equalizers. In addition,
[11] pointed out that for FIR channels, unlike symbol rate
equalizers, exact zero-forcing FIR equalizers can be found in
the FS case. Hence, cyclostationarity offers the advantages
of reliable estimates from smaller data records (relative to
HOS methods) as well as the possibility of exact zero-forcing
of non-minimum phase FIR channels with FIR equalizers.

These properties have motivated considerable research
interest in fractionally-spaced channel identification and
equalization. The discrete-time equivalent model for the
“overall” fractionally-spaced system is seen in Figure 1,
where the oversampling rate P implies there are P samples
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Figure 1. Discrete-Time FS System

at the output per symbol interval, k(n) is the discrete-time
equivalent FIR channel of order QP, and the noisy observa-
tions are y(n). The symbols w(n) are estimated from y(n)
by subsampling the output of g(n). Mathematically, the
input-output relations are:
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y(n) = Zw(m)h(n—mP) +v(n) = z(n) + v(n), (1)

m

and the FS equalized symbols

B(r) = Y _g(m)y(nP —m). (2)

The observations y(n) are cyclostationary — that is, the cor-
relation czy(n; m) := E{y(n)y*(n+m)} is periodically time-
varying with period P. Assuming, as usual, the symbol
stream w(n) is i.i.d. {with zero mean and variance c3,(0))
and independent of v(n), it follows from (1):

cay(n;m) = caw(0) Z h(n —¢P)h*(n+ m —£P)
2
+ c2u(n;m). (3)

Impulse response h(n) will be identifiable from the czy(n; m)
provided its transfer function H(z) satisfies the foﬁowing
identifiability condition [12] (see also [3]}1r

ID condition: There are no zeros of H(z) equispaced on

a circle with angle 2?" separating one zero from the next.

Most current methods treat the scalar cyclostationary FS
system of Figure 1 as a stationary multichannel system.
This leads to vectorization of the output and ESPRIT [12
MUSIC [10], multivariate linear prediction methods [11],
and other eigen-based solutions [9] have been developed to
identify h(n). As an alternative to vectorizing y(n), the pe-
riodic (in n) sequence cay(n; m) can be expanded in Fourier
Series. The k** Fourier Series coefficient, known as the
cyclic correlation at cycle k, is given by (c.f. (3)):

’
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where the Kronecker delta §(k) is present because the noise
v(n) is assumed stationary. Eq. (4) leads to simple linear
and eigen-based channel identification algorithms [4]. In ad-
dition, performance analysis is possible with the scalar cy-
clostationary approach and optimal linear [4] and nonlinear
[5] channel identification algorithms have been developed.
Once h(n) is estimated, equalization can be performed by
adopting an appropriate performance measure. For exam-
ple, the maximum likelihood approach would use A(n) in a
Viterbi algorithm to estimate w(n). If on the other hand, a
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linear equalizer g(n) is desired, a least-squares symbol rate
solution is possible. An alternative performance criterion is
to require the equalizer to be zero-forcing (ZF) or, in other
words, to require the transfer function from w(nr) to w(n)
to be the identity system. If the ZF criterion is met, the
ISI is completely removed. For the system in Figure 1, the
ZF condition is:

> g(m)h(nP —m) = §(n), (5)

m

or in the frequency domain:

IP_1 — 2kw w —2kw
59 G(—FH(=F) = 1. (8)

If the ID condition is satisfied for h(n), then the matrix of
linear equations resulting from (5) for different n’s can be
shown to be full rank and hence solutions for g(n) exist.
Equivalent conditions for the multichannel case and a pro-
cedure for estimating g(n) from the observations are given
in [11] (see also [8]).

ne drawback of estimating the channel and using (5),
or, the direct procedure of [11] is the inability to track time-
variations in the channel. For this common practical situa-
tion, feasible adaptive implementations have not been stud-
ied thoroughly. In addition, in both the time-varying and
the time-invariant case, the same overdeterminancy which
allows the phase to be determined from second-order statis-
tics, will allow a multitude of solutions for (5).

In this paper, we present a recursive procedure for finding
the ZF equalizer directly from the observed samples. This
will lead to the adaptive algorithms described in Section
2. More importantly, we will show that it is possible to
find equalizers that are both exactly ZF and at the same
time minimize the variance of the noise at the output. The
derivation of these optimum equalizers is given in Section 3.
They can be parametric FIR or nonparametric IIR. In ad-
dition, these optimum equalizers do not require knowledge
of the input. They are solved independent of the input dis-
tribution if the input is random and are also valid when the
input is considered as deterministic.

2. BLIND ZF EQUALIZERS

For a recursive method to directly find the {g(n)}i’io,
we need to express (5) in terms of the data correlations.
Consider the following noiseless (i.e., v(r) = 0 V n and
z(n) = y(n)) time-varying correlation from (3):

C2z(~£; £ + m) = c20(0) Z h(—€—iP)k*(m —iP). (7)

Multiplying both sides by g(£) and summing over £ yields:
> 9(Ocea(~L:8+m)
¢
= c20(0) Y h"(m —iP) ) g(£)h(—£ - iP). (8)
i ¢

The last sum in (8) equals §(—i) due to (5); hence,

S o(0cr(~£+m) = 2 (0 (m).  (9)
¢

Eq. (9) can also be expressed in the frequency domain as:

Y 6= Bhsane) = 28w, a0
k=0

where G(w) and H(w) are the Fourier transforms of g(n)
and h(n) respectively, and S»;(k;w) is the cyclic spectrum
(i.e., the Fourier transform of Cz.(k;m) w.r.t. m).

Let us assume (w.lo.g.) that k(n) is causal and h(0)
is known. Concatenating equations from &9) with m < 0
we obtain a matrix equation Cg = en. If h(n) satisfies
the ID condition, C is full rank and thus solving for g the

aforementioned matrix equation implies {g(n)}iio can be

found uniquely using a blind algorithm without estimating
{h(n)}2E,. In practice, we estimate {g(n) ,I:io in a batch
method by replacing the ensemble correlations with their
sample estimates, ¢2z(n;m), computed from the observa-

tions as we show next.

2.1. Recursive and adaptive methods

To compute the time-varying correlations recursively, we
adopt the following {normalized) sample estimator:

T-1
ér(nym) = Z g(n+kP)z"(n+m+ kP)
k=0
+z(rn+TP)z* (n+m +TP)
= ér-i(n;m)

+z(n+TP)z*(n+m+TP) (11)

where ¢r(n;m) and ér—1(n;m) are the sample estimates
obtained at time TP and (7 — 1)P respectively. In order
to track time-variations, a standard “forgetting” factor A
{0 < A €1) is also included:

ér(n;m) = Mr—i(n;m)+z(n+TP)z*(n+m+TP). (12)

The zero-forcing equalizer at time T'P is in vector form:
gr = Crles, (13)

where Cr is the appropriate Ly x Ly matrix of sample TV
correlations calculated from (12), gr is the Ly x 1 vector of
unknown taps, and en is a vector of constants. Similarly,
vectorizing (12) and substituting into (13) yields

gT = (/\CT—I + an:H.m)_leh, (14)

where the prime indicates transpose. As in standard recur-
sive least-squares (RLS), the well-known matrix inversion
lemma is used to simplify (14) into:

. - 1€ ’;l—lx"x;+mc P
r= [AC7L, — = . en. 15
g T-17 335 C;l_lxn 1 (15)

n4+m

where the term inside the brackets denotes C;l‘

Since (15) requires only a scalar division, it is computa-
tionally feasible to use (15) to equalize a TV channel. Or, if
A = 1is chosen, (15) provides a method to recursively com-
pute the equalizer taps. Using the ergodicity results of [2],
it can also be shown that the §r estimator is mean-square
sense consistent as T' — oo, at least when the true channel
is time-invariant. In addition to the RLS solution, simpler
LMS alternatives appear to be feasible and will be reported
in the future.

Both (9) and (14) (provided A = 1) yield an equalizer
which is FIR and is exactly ZF. However, this is only true
when there is no noise (i.e., when v(n) = 0). In the pres-
ence of noise, c2-(n;m) is replaced with cz,(n;m) and the
equalizer found from (9) will not satisfy the ZF condition of
(5). A natural question which then arises is, if the equalizer
is not ZF in the presence of noise, is it optimal in any sense?
And, are there other solutions which are exactly ZF in the
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presence of noise or have other optimality? As will be seen,
the FIR Wiener filter (i.e., the optimal linear predictor of
w(n) based on y(n)) will yield the same set of equations as
9).

2.2. FS Wiener equalizers
Our goal is to find the {_q(n)},l,'i0 such that E{|w@(n) -
w(n)|*} is minimized. As usual, we substitute #{(n) from

(2), take the complex derivative of E{|é(n) — w(n)|*} w.r.t.
the equalizer coefficients and set these equations to zero:

a 2
ag‘_(m)E{l ;g(l)y(nl’ —£) —w(n)’} =0. (16)

After manipulation and upon using the facts that w(n) is
ii.d. and independent of v(n), (16) yields:

> E{y(nP - £)y" (nP — i)}g(£)8(i — m)
£ 3
- Z E{y*(nP — i)w(n)}6(i — m) =0.

Since the cross-correlation of y(-) is periodic with period P,
and using (1), we infer:

> o®)cay(~4L+m) = cau(O)k(m), (1)
4

which is equal to (9) when y(-) is used in place of z(-).
Since in practice, y(-) must be used, this blind equalizer
will not be zero ZF, but rather minimum mean square error
(MMSE). Since MMSE may not be the best criterion for
equalization, we are motivated to examine the properties
of “other” solutions satisfying (5). As alluded to before,
the ZF equalizer which satisfies (5) is not unique. As an
example, for a given H(w), if G(w) satisfies (6), it follows
that

P-1
G =6 - F@) [] #w- 35, (9)
=1

also satisfies (6), provided that

— 27k
; Plw—-=2)=0. (19)

Using the substitution w — wP, we find that (19) is sat-

isfied by any FIR or IIR filter f(n) if we downsample its

impulse response by P; i.e., f(n) = f(nP) satisfies (19).

For example, an IIR filter which satisfies (6) is:

_ P H*(w)
Sico MH(w =22

Motivated by the multitude of ZF solutions, it is natural to

look for the one(s) which not only satisfy ZF (5), but also
optimally suppress the noise.

3. OPTIMAL ZERO FORCING EQUALIZERS

First, we consider FIR-FSE’s. Define 1 := [1 0...0]' and
let 7(h;) denote the Toeplitz matrix whose first column is

formed by the vector h;. If h, denotes the i** subchannel
of h(n), hi := [R(1)R(P +4)...h(QP — P+ 1)}, and g =

[ch) 81...8p-1], the ZF condition (5) can be written as:

T(ho;p_1) g= 1, (21)

G(w) (20)

where 7 (ho.p-1) denotes a block Toeplitz formed from
the @ x 1 vectors ho,h,... hp_y as T(hgp_1) :=
ET(ho)|T(h1)|..‘|’T(hp_1)]. Among the FSEs which satisfy

1), we will select the one which minimizes the noise con-
tribution at the output of the downsampler which follows
the equalizer (see Figure 1). The noise contribution. €(n),

' en) = 3 glmo(nP — m), (22)

m

and its variance is given by:
‘72 = g‘ Ruvg, (23)

where R, is the noise covariance matrix and *’ denotes
conjugate transpose. Hence, the optimal FIR ZF equalizer
is:

go = argmin{g” R,.g}

subject to T (ho.p-1)g = 1. This constrained minimization
problem can be solved using the Lagrange multipliers for
complex vector unknowns (see e.g., [6, Appendix C]) and
yields:

8o = Ry T (Boip1)[T (hop-1) Ry T (hop-1)] 1. (24)
In the white noise case, (24) simplifies to:
go = T'(hop-1)1, (25)

where } denotes pseudoinverse. Note that knowledge of o2
is not required in (25). In comparison with the Wiener filter

seen previously, the g, of (24) guarantees ZF yet minimizes

o2. This is the same as minimizing E{|@(n) — w(n)|*} if

w(n) is treated as deterministic. This is evident since g,
does not, unlike the Wiener filter, depend on c24(0).

Depending on the noise color, if we do not limit our search
to FIR g’s, we may obtain better noise suppression. Re-
stated, we want to search for the ZF equalizer without re-
gard to length, and find the one with the optimum noise
suppression. If we cast (5) and (23) into the frequency
domain, then again this search becomes a constrained min-
imization problem for every frequency w. The solution in
the frequency domain can be shown to be:

PH*(w)/Sue(w)

- - —,  (26)
e H(w — 2228y (w — 22E)

Go(w) =

where S, (w) is the power spectral density of the noise.

From IIR Go(w) we can see how fast g.(n) decays to
zero, and then use this to design the FIR g, of appropri-
ate length. It should also be emphasized that neither (24)
nor (26) require information about the input. In the case
of colored input, the optimum equalizers do not need to
know the coloring. Also, both (24) and (26) are valid for
deterministic input. This provides a nice complementary
result to the deterministic channel estimator of [9] and the
associated equalizer described in (8].

For multidimensional processes of continuous support a
result similar to our nonparametric IIR equalizer has been
reported independently in [1] for characterization of imag-
ing sensors. The link can be established after casting {1]
in discrete-time and taking into account the univariate-
cyclostationary to multivariate-stationary equivalence.

Another interesting link appears to exist between our op-
timal FIR equalizer and Capon’s minimum variance distor-
tionless response beamformer (e.g., [6, pp. 550-558]). This
research direction will be explored in the future.
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4. SIMULATIONS

In this section we present simulation results for the zero-
forcing condition (12) and its adaptive version (14). Figure
2A shows a nonminimum phase channel of order 4 (Q = 2,
P = 2) and the solid line in Figure 2B shows the magni-
tude of the channel’s frequency response. The dotted line in
Figure 2B shows the frequency response after equalization.
The equalizer taps were computed from 1\(112) using N = 200
data to compute the statistics. The SNR was 30 dB and
the symbols were chosen i.i.d. from a BPSK alphabet. Fig-
ure 3A shows the received symbols before equalization while
Figure 3B shows the same symbols after equalization. To
evaluate the adaptive procedure, the channel in Figure 2A
was modified by allowing h(4) to change linearly in time.
The resulting “ideal” ZF coefficients are calculated from (5

and are shown as a function of time by Figure 3. The dashe

lines represent the mean of the estimated ZF equalizer co-
efficients using (14) and the dashed-dotted lines represent
the standard deviation. The mean and standard deviation
was computed over 100 Monte Carlo runs and the SNR was
again 30 dB.
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Fig. 2 A: True Channel Impuise Response
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Figure 3 A: Output before Equalization
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Figure 4: Equalizer Coetf..TV Channel
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