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ABSTRACT

We address the problem of using an array of sensors
for detecting a narrow band source and separating its
signal from unwanted disturbance signals, that is jam-
mers and noise. The power of the desired signal is
assumed to move from one level to another. This sec-
ond order non-stationarity occurs, for instance, in fre-
quency jumping systems, and more generally, at the
beginning or at the end of any communication. We de-
rive a method based on the generalized eigenstructure
of two covariance matrices which requires no a priori
knowledge of the array manifold, but only second order
stationarity of the disturbance signals. The loss in sig-
nal to interference plus noise ratio (SINR) due to finite
sample effect is calculated in closed form at the first
order and validated by simulations. This last result
shows that the method gives interesting performance
in a wide range of situations.

1. INTRODUCTION

Let us denote M the number of sensors, s(¢) the narrow
band signal emitted by the source of interest, and a the
M-dimensional steering vector of this source. The con-
tribution of any other sources in the frequency band
of s(t) is an M-dimensional signal denoted n(t). In
the following, s and n are assumed to be complex,
zero mean, independent stochastic processes. The ar-
ray output x(t) is modeled as:

z(t) = as(t) +n(t) (1)

This model raises a classical issue of narrow band array
processing: the separation of s(t) from disturbance sig-
nal n(t). We only consider here linear spatial filtering,
which means that 3(¢), the estimation of s(t), can be
written as:

3(t) = u¥ 2(2) (2)

where u is an M-dimensional complex vector. Numer-
ous estimators have been proposed, see for instance [1].
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They use different kinds of a priori knowledge, like for
example: a reference signal correlated with s(t) and
decorrelated with n(t), the source steering vector a, or
a parametrization of the antenna set of steering vectors,
i.e. the array manifold. !

This paper is based on the assumption of:

e second order non-stationarity of the signal of in-
terest s and

e second order stationarity of the disturbance sig-
nal n.

We assume that the power of s(t), i.e. E(|s(t)[?), is
equal to o7 in a first period of observation and equal to
02 in a second one. On the contrary, the second order
stationarity of n(t) implies that R,, E(n()n(t)®)
remains the same in both periods. Therefore, the co-
variance matrix of the array output can be written as:

RS E@t)a®)?)=olaa? +R,  (3)
during the first period, and:
R ¥ E(z(t)e(t)H) = 02aa® + R, (4)

during the second one.

This kind of second order non-stationarity happens
for instance at the beginning and at the end of a com-
munication. Besides, the modulation technique itself
may cause a change of the source of interest power in
a given frequency band, in frequency jumping systems
for instance. To the best of our knowledge, this array
processing problem has only been considered in [2]; a
more complete comparison is done in section 3.

2. THE PROPOSED METHOD

The proposed method is based on the generalized eigen-
structure of the couple (R, Ry). It is easy to check that

1In this last case, the source steering vector a is estimated via
a direction of arrival estimation step.
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(Ra2, R1) admits only two distinct generalized eigenval-
ues:

o 1 degenerated M —1 times and whose correspond-
ing eigensubspace is the hyperplane orthogonal to
a, and

o MY Lo/uy, where pp & 14 c2af R;'a and
w1 ¥ 1+402a" R:a, corresponding to the eigen-
vector v % R=la. Note that this vector is the
optimal linear spatial filter for estimating s(¢):
the Spatial Matched Filter [1]. Without loss of
generality, we can assume that ¢ < o2, which
implies that A > 1. -

Consequently, the proposed algorithm can be summa-
rized as follows:

o Estimate the two covariance matrices ﬁl and ﬁz,
¢ Compute their generalized eigenstructure,

e Detect if the power of a source has changed or not
between the two periods of observation by testing
the generalized eigenvalues,

o Estimate the signal of interest by filtering the
array output with the corresponding generalized
eigenvector 9, i.e. by computing:

HOEAEL0) (5)

An interesting application of this algorithm con-
sists of continuously watching a given narrow frequency
band, detecting any source affected by a non-station-
arity and filtering it in real time. This could be eas-
ily implemented by computing recursively the matrices
R, and R, with two non-overlapping sliding windows.
The delay between the two windows and their lengths
are free parameters that can be adjusted to fit with
the kind of non-stationarity to be detected and the re-
quired quality of separation (SINR). Note also that the
computation of the eigenvector of maximal eigenvalue
of the couple (R;, Ry) does not necessitate an actual
generalized eigendecomposition. It is equivalent to the
optimization: R

H
max — Ijgu (6)
u UHRl u

Observe that the maximization of this Rayleigh quo-

tient is easy to implement recursively.

The detection step can provide additional informa-
tion. In particular, it allows to detect whether our
modeling (1), (3) and (4) is valid or not. If the propa-
gation of s(t) is affected by multipaths, then the contri-
bution to the source of interest is not necessarily mono-
dimensional (like a s(t)) and (1) is not valid. If more

than one source is affected by a non-stationarity be-
tween the first and the second period of observation,
then (3) and (4) are not valid either. But, in both
cases, the anomaly can be detected by considering the
generalized eigenvalues of (Ra, R;): in general, two or
more eigenvalues are distinctly superior to 1. In the fol-
lowing, we no longer consider either this detection step,
or the statistical test problem it contains. The next sec-

tions are devoted to the comparison of this technique

with existing similar methods and to an asymptotical
performance analysis of the estimation step.

3. COMPARISON WITH EXISTING
METHODS

Considering two covariance matrices estimated before
and after a second order non-stationarity of the signal
of interest is not a new idea: it has already been pro-
posed in [2]. But this method and our contribution do
not necessitate the same assumptions and do not lead
to the same algorithm.

In [2], the disturbance signal n(t) is split up into
the contribution of jammers and noise. The noise is
assumed to be white and Gaussian and the number of
jammers is assumed to be smaller than M. In addition,
the signal s(¢) is assumed to be absent during the first
period of information, i.e. o2 = 0. By comparison, our
method needs less assumptions and is therefore more
general.

The algorithm proposed in [2] can be summarized
as follows:

e estimation of R, and ﬁz,

o estimation of the subspace spanned by the jam-
mers steering vectors by means of the eigende-
composition of R,

e calculation of the spatial filter 4 by maximization
of u¥ Rgu/u u with u orthogonal to the jam-
mers’ subspace.

This algorithm necessitates two eigendecompositions
instead of one generalized eigendecomposition in ours.
In the second step, it solves the sometimes difficult
problem of estimating the number of jammers; a prob-
lem which is avoided in our method. Furthermore, [2]
converges to a spatial filter that cancels all the jam-
mers, and it is well known that cancelling all the jam-
mers leads to sub-optimal SINR, see for instance [1].
Finally, the asymptotical SINR reached by our estima-
tor is particularly easy to evaluate theoretically when
the numbers of samples used to estimate R; and Ra
are large but finite. This is the object of the following
section.
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4. ASYMPTOTIC PERFORMANCE
ANALYSIS

4.1. Definitions and assumptions

A spatial filter ¢ is estimated with the method de-
scribed in section 2, then it is used to filter the array
output z(¢):

8(t) = 0% z(t) = 0¥ as(t) + 47 n(t) (7)
The vector random variable 9 is assumed to be inde-
pendent of z(t), which means in particular that the
spatial filter 9 is applied on data that have not been
used to estimate it. In other words, ¥ is used outside
the two periods of observation. We define the mean
SINR p provided by a given spatial filter 4, by:

det o2B(|ofal?) a E(49%)a

E(FRw) T (RaEoR)) O

where Tr means trace. Note that the SINR calculation
reduces to the evaluation of the term E(94¥). Finally,
we Write prmgar the maximal SINR obtained by linear
filtering with any spatial filter proportional to v, i.e.:

def -
Pmaz = UzaHRnla (9)

where o2 & E(]s(t)[?)
We assume that:

¢ nand s are Gaussian circular stochastic processes,

e Ry and ﬁg are estimated with, respectively, N;
and N; independent samples of z,

¢ the two periods of observation do not overlap,
which makes R1 and R2 independent.

4.2. Results and validation

After some calculations summarized in the appendix,
we obtain at the first order in N{! and N;1:

oz = 00 (70 7) (+25) 0

A slightly more complicated formula can be found if
n and s are not Gaussian. In this case, the formula
involves the fourth order cumulants of n, but does not
contain the fourth order cumulant of s. Consequently,
(10) holds even if s is not Gaussian. This point deserves
to be emphasized. It means that the mean performance
of our method does not depend, at the first order, on
the distribution of the signal of interest s(t).

1—-

In order to validate expression (10), we plot in fig-
ures 1, 2 and 3 the theoretical and experimental val-
ues of 1 — p/pmaz. Solid lines mean theoretical perfor-
mance, '+’,’0’ and ’x’ mean experimental performance
obtained by averaging over 50 independent trials. Fig-
ure 1 depicts 1 — p/pmaz as a function of Ny = N,
for different values of A. Figure 2 illustrates the be-
haviour of the method when N; # Nj: in this simula-
tion, 1 —p/pmas is plotted as a function of N; while N,
is constant (N2 = 1000). Figure 3 shows that the per-
formance of the method is not modified when the source
of interest is not Gaussian. In this figure, N; = N, and
5(t) is a constant modulus signal whose phase is uni-
formly distributed between 0 and 27. These three fig-
ures allow not only to check the correctness of (10), but
also to evaluate the area of validity of the asymptotical
development.

4.3. Comparison with the optimal beamformer

We call optimal beamformer the spatial filter defined

by & & (R1)~'a which is commonly implemented

when the source of interest steering vector a is known
a priori. The calculations developed in the appendix,
adapted to the case of @, lead to the formula:

M-1
1- -2 !
pmaz' Nl

+ o(Nfl) (11)

which has to be compared with (10).
Notice that A > 1 implies:

1 1 A\
—_— —_— ) > =
(N1 + /\N2> </\— 1) - M (12)

It means that ¥ always performs better than #. This
point is easy to understand intuitively: the a priori
knowledge of a provides more information than the
knowledge of an estimate of Rs. R

But if #3 goes to infinity, then the knowledge of R,
becomes “equivalent” to the knowledge of the vector a
(up to a scalar constant). As a matter of fact, we also

have:
1 L A\ 1
oo (N1 + AN2> <,\— 1) TS

If 72 and A increase to infinity, then our filter provides
asymptotically the same SINR than the optimal beam-
former.

5. CONCLUSION

A blind source separation technique is proposed which
improves existing methods by reducing the assump-
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tions and increasing the performance. The computa-
tional cost is equivalent: one generalized eigendecom-
position compared to two eigendecompositions. Ad-
ditionally, the finite sample effect is calculated theo-
retically in a closed form expression and validated by
simulations.

6. APPENDIX

We assume that the estimated filter % is equal to the
optimal linear spatial filter v plus an error §v, i.e.:

=%

T 2 (14)
By applying classical results of perturbation theory of
the generalized eigendecomposition [3], or directly, by
considering the equivalent definition (6) of ¥, we obtain,
at the first order:

A SRy 6R2)
bv = n{—-—\v 15
TN ( Hio 2 (1%)
with: R-laaH R-1
m et R,’,l _ftnad - (16)

aq R la
def

and, obviously: §R; def ﬁl — Ry and 6Ry = ﬁz — Rs.

Then, the expectation of §vév¥ is computed with
the known expression of the covariance of the entries
of the covariance matrices R1 and R2 This yields:

. Ho (1 1 2\
E(év&v ):ula Rn a ( +/\N2) (/\——T) I
(17)
Finally, by substituting this expression into (8) and
with (9), we obtain (10).
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Figure 3: Theoretical vs. experimental performance.



