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ABSTRACT

Maximum Likelihood (ML) estimation method for si-
multaneous amplitude, time delay, and data demodu-
lation in direct sequence spread spectrum communica-
tion is proposed. The likelihood function is analytically
intractable, so we consider a recursive estimation algo-
rithm. The Expectation-Maximization (EM) algorithm
has found increasing use in similar problems, however,
for this case it is analytically intractable. Recently, a
variant of the EM algorithm, called Space Alternating
Generalized EM (SAGE), has been derived. - In this
work we apply the SAGE algorithm to the sequence
estimation problem in a way which allows for simple
sequential updates of the parameters. The resulting
algorithm maximizes the penalized likelihood function,
where the penalty is chosen to ensure good synchro-
nization performance. Simulation results show that the
algorithm has fast convergence, and essentially achieves
optimal performance.

1. INTRODUCTION

There has been increasing activity recently in applying
advanced signal processing methods to digital commu-
nication. Several authors {1, 2] pointed to the poten-
tial benefits of optimal detection schemes in multi-user
wireless communication systems such as mobile radio
and personal communication networks. These types of
communication channels are generally classified as be-
ing non coherent and asynchronous. In addition, they
are time varying and suffer from adverse effects such
as multipath and fading. In order to make use of opti-
mal multi-user detection schemes it is necessary to have
good estimates of signal phase, magnitude, and time
delay. This problem becomes critical in direct sequence
spread spectrum (DS-SS) communication, where data
bits modulate a wide-band pseudo noise (PN) sequence,
therefore an accurate estimate of the signal parameters
is a pre-trequisite for acceptable detection performance.
Traditionally, the approach was to estimate each pa-
rameter by a specialized circuit or algorithm, such as
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a phase locked loop for phase estimation, and delay
locked loop for time delay estimation [7]. However,
this approach is costly in terms of transmission capac-
ity, because it requires transmission of a fraining se-
quence in order to give the receiver sufficient time to
synchronize. In this work we pose the simplified prob-
lem of simultaneous amplitude, time delay, and data
demodulation in a single user DS-SS communication
system. To solve this problem, we propose an ML es-
timation technique based on the EM algorithm, which
iterates on the parameter updates in a manner which
guarantees an increase of the likelihood function. The
classical EM algorithm [4] requires simultaneous pa-
rameter updates and does not yield a computationally
efficient procedure. However, by formulating the prob-
lem in terms of a penalized version of the parameters it
is possible to decouple the parameters and update them
sequentially using the recently developed SAGE algo-
rithm [6]. Application of the EM algorithm to a similar
problem has also been considered in [3], however this
method cannot be easily extended to the DS-SS prob-
lem, because it requires initial coarse synchronization
so that the received signal can be match filtered by a lo-
cally generated replica of the spreading sequence. The
SAGE algorithm is shown to produce a rapidly conver-
gent penalized ML estimation of the amplitude, time
delay, and data bits.

This paper is organized as follows. In Section 2 a
mathematical model of the sequence estimation prob-
lem is presented. In Section 3 the SAGE algorithm is
briefly reviewed, and the modified system model is de-
fined. The resulting parameter update equations are
then derived. In Section 4 simulation results are re-
ported. Finally, in Section 5, some conclusions of this
work are presented.

2. SYSTEM MODEL

We now introduce a single user model of the DS-SS
communication system. This problem cannot be ef-
ficiently solved by an EM algorithm such as the one
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proposed in [5], due to the inherent coupling between
the parameters of the model. Later, this model will be
modified so that the EM methodology can be applied
using the SAGE algorithm. The system model defined
below is very common in spread spectrum radio com-
munication systems. These systems typically use direct
sequence modulation. In multi-user systems, each user
is assigned a separate sequence (code). These codes are
designed to be mutually orthogonal, however this con-
dition is hard to achieve in an asynchronous system.
The following system parameters are defined.

e a - unknown complex baseband amplitude

e 7 - unknown time delay in [0,T) with respect to
the receiver’s clock

b,, - unknown data bit in {+1, —1} corresponding
to the n-th bit interval

e T - bit interval period

p(t) - direct sequence (PN) assigned to the user
with support on [0,7") and normalized to unit
energy

e N - number of data bits

We assume that the received signal has been quadra-
ture down-converted to baseband. The unknown RF
carrier. phase can be absorbed into a complex ampli-
tude parameter a, so the following complex baseband
model results:

yt)=a Ef:o p(t — 7= (n—1)T)b, + n(t) ;
0<t<NT

The noise n(t) is assumed to be a complex, zero mean
AWGN process with power spectral density No/2. The
ML estimator is the parameter value which maximizes
the log-likelihood function

Omr = argming
NT
{Nio o ) —aXaep(t—T—(n— 1)T)bn|2dt}

where 8 = [a, 7, b, ..., bn]%. Direct solution of the ML
equation above is analytically intractable except in very
special cases. This has sparked interest in finding re-
cursive approximations to the ML estimator. Recently
an EM algorithm for the recursive solution of a simi-
lar base-band signaling problem has been proposed [3].
This algorithm is based on sampling the outputs of a
matched filter at the receiver clock timing. Generally
these samples are not a sufficient statistic, therefore
this method is sub-optimal. Additionally in 3], the sig-
nal amplitude is assumed known, which may not be a

1865

realistic assumption, e.g., in a fast-fading environment.
In principle, the algorithm of [3] can be adapted to the
present problem, however its use requires that the re-
ceiver establish initial coarse synchronization, 1.e., tim-
ing error smaller than one chip time.

3. THE SAGE ALGORITHM

The Space Alternating Generalized EM (SAGE) algo-
rithm developed in [6], is a variant of the EM algo-
rithm which aims to avoid the trade-off between rate
of convergence and complexity of optimization. A brief
review of the SAGE algorithm follows.

Let 8 be a parameter taking values in a parameter
space ©, which is a subset of the p dimensional Eu-
clidean space RP (C?). Our goal is to find the penalized
maximum likelihood estimate of 8 given the observation
Y = y. At stage i we define an index set S* to be a
non-empty subset of the set of integers I, = {1,---,p},
and we denote its complement by S*. Corresponding
to these index sets we define fg: and 035 as the ele-
ments of 8 indexed by S* and S° respectively. In the
SAGE algorithm the maximization of the penalized log
likelihood function is replaced by a maximization of a
sequence of other functionals {¢5 (85:;6°~}i=1,2,....
For this purpose a data space X5, called hidden data
space, is defined such that it satisfies the admissibility
condition: the conditional pdf of Y given X" does not
depend on fg:. This condition includes the EM com-
plete data space requirement as a special case. The
penalized SAGE objective is given by

5" (8s;0""1) = Q5'(85;6'~") — P(85,65:%) (1)

Q%' (65;6"") = E{logp(X®'; 05,6551V = y;6°)}
where P(6) is a suitably defined penalty function. The
SAGE algorithm generates a sequence of estimates {6" :
t = 0,1,...} starting from an initial parameter guess
6°, by alternating between different hidden data spaces
X5", computing ¢° (0s;6°~!) using (1), and maximiz-
ing it over 5.

Before applying the SAGE algorithm, it is beneficial
to slightly modify the system model. We observe that
the time delay and data bit parameters are coupled,
so it is helpful to assign a separate time delay parame-
ter to each bit interval, and to include a penalty func-
tion which forces these parameters to be close together.
Therefore, we define the time delay parameter r as
T = [r0,7, -, 7n]7 where 7, is the delay of the n-th
bit with respect to the receiver’s clock forn =0,...,N.
In addition we penalize the time delay estimate with a
quadratic penalty function P(z) = 7T Rr, where R is
a non-negative definite symmetric matrix. It is now



clear that the signal model needs to be modified be-
cause each bit has variable duration. We consider the
following modified definition

y(t)=a ZnN=0 Pa(t; Tny Tat1)bn + n(t) ; )

0<t<NT
and
pn(t;rn;'rn+1) =
pt—1—(n—=1T) Tnt1 < Tn ;
pit =1~ (n-1)T) +
¢t = 7 — n7T) Tn+l > Tn ;

Tt —-1)T <t<mmpu+nT

where ¢(t) is an arbitrary normalized PN signal on
[0,T] and 7n 41 is defined to be identically zero. Ac-
cording to this definition the direct sequence is either
truncated or extended. The calculation of the condi-
tional expectation in (1) is straightforward, and leads
directly to the following SAGE algorithm for simulta-
neous amplitude, time delay, and data sequence esti-
mation:
Fori=1,2,...

1. Choose index set S*
2. If5i =b,n=0,...,N then

bit! = argmax,
7';;+:+"T . o
Re / +Hn=1)T y(t)a“bnpn(t; Th T:,+1)dt
Tat+(n—

3. If0gi =1,,n=0,...,N then
, T,'; +nT
it = argmax, Re -2—/ *
NO ‘r";_l-}—(n—?)T
y(t)a™ (b _1Pa-1(t; Thoy, ) +
b;pn(t;rn,7;+l)]dt} -

Tnn(Tn — Zj¢n T;"J’n/"nn)2

4. If 05.' = a then
1 _NT o
a'+ = sz:‘/ y(t)Pn(t;T:;)Trlx+l)dt
0o

The parameter § above has been redefined as § =
l[a,70,...,7n,b0,...,bn]T. We make the following ob-
servations

¢ Maximization with respect to 7, in step 3 has to
be done by a line search, which may be costly in
computation time.

¢ A Rayleigh fading amplitude model can be imple-
mented by subtracting a quadratic penalty from
the objective in stage 4 of the form |a|?/02 where
o? is the fading variance.

o Single bit estimates are updated using a correla-
tor, with fixed previous estimates . and a'. In
[3) multiple bits are updated with the Viterbi al-
gorithm. Time delay 7, is updated locally using
fixed previous estimates of amplitude and adja-
cent time delay and bit estimates. Multiple bit
correlator gives amplitude estimate a*+?.

4. NUMERICAL RESULTS

A single user noncoherent asynchronous receiver based
on the model described above was simulated on a com-
puter. The direct sequences were maximal length se-
quences [7]. The amplitude, time delay, and data bits
were kept fixed in each simulation. We observed that
a good initial time delay estimate is crucial for find-
ing the global maximum. Therefore, ML time delay
estimates were found in each bit interval, and then av-
eraged over all intervals. The convergence of the al-
gorithm was very fast. The amplitude and data bits
estimates converged in 2-3 iterations, and the time de-
lay estimates converged in 5-6 iterations. Two types of
penalties were tried: the first one penalized only adja-
cent bit intervals by a quadratic cost, i.e. (Tm — 7)?
where m = n+ 1 or m = n — 1; the second type pe-
nalized every possible pair of bit intervals. We refer
to the first type as a loose penalty, and to the second
as a tight penalty. Both penalties were scaled by 1/T?2
where T. is the chip-time, in order to force the time es-
timates 7, to be within one chip-time. The time delay
estimate 7 was taken as the average of the time delay
vector estimator 7.

Figure 1 shows simulation results of a sequence of 30
data bits, at 7 values of SNR between 0 to 16 dB. Each
point consists of 20 independent simulation runs with
either one of the aforementioned penalties. The direct
sequence is 7 chips long. The figure shows the variance
of ¥ and @. The CR bound on the variance of an un-
biased estimator of a for the case of known time delay
and data bits is shown for reference. We observe that
the estimator @ achieves the CR bound at high SNR.
Figure 2 shows simulation results of a sequence of 10
bits, with 35 simulation runs at each point. A threshold
effect due to small time bandwidth product for both es-
timators is observed at an SNR of 6 dB. The variance
of both estimators increases rapidly below threshold.
Figure 3 shows simulation results of a sequence of 10
data bits, with a direct sequence of length 15. We no-
tice a threshold effect at an SNR of about 10 dB. There
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seems to be a slight difference in performance between
the cases of loose and tight penalty. The tight penalty
appears to perform better above threshold, and con-
versely the loose penalty appears to perform better be-
low threshold. However, more simulations are needed
to make a conclusive statement.

5. CONCLUSIONS

We have presented an application of the SAGE algo-
rithm for simultaneous estimation of amplitude, time
delay, and data bits in a DS-SS communication sys-
tem. The derivation of the algorithm is simple and it
can be extended to other cases of interest. Computer
simulations showed that the algorithm has fast con-
vergence, and essentially achieves optimal performance
at high SNR. More simulations are needed to evaluate
the BER performance of the algorithm. Choice of the
penalty function can be studied once its influence on
performance and convergence rate is understood. Con-
vergence analysis of the algorithm is very difficult, and
is a subject of an ongoing research.
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Figure 1: Simulation results, N = 30 data bits, 7 chips,
solid: loose penalty; dotted: tight penalty; stars: CR
bound. Fig. (a) shows Var{7}, Fig. (b) shows Var{a}.
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Figure 2: Simulation results, N = 10 data bits, 7 chips,
solid: loose penalty; dotted: tight penalty; stars: CR
bound. Fig. (a) shows Var{#}, Fig. (b) shows Var{a}.
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Figure 3: Simulation results, N = 10 data bits, 15
chips, solid: loose penalty; dotted: tight penalty; stars:
CR bound. Fig. (a) shows Var{#}, Fig. (b) shows
Var{a}.
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