ZIV-ZAKAI LOWER BOUNDS IN BEARING ESTIMATION

Kristine L. Bell, Yariv Ephraim, and Harry L. Van Trees

ECE Dept., Center of Excellence in C3I, George Mason University, Fairfax, VA 22030-4444

ABSTRACT

Bounds on the MSE in estimating the bearing of a planewave
signal is of considerable interest in many fields. Of partic-
ular importance is the ability of a bound to closely charac-
terize performance in the small error or asymptotic region,
and the large error or ambiguity region, and to accurately
predict the location of the threshold between the regions.
In this paper, the vector Ziv-Zakai bound is applied to the
problem of estimating two-dimensional bearing with planar
arrays of arbitrary geometry. The bound is calculated for
square and circular arrays, and compared with the Weiss-
Weinstein bound. The Ziv-Zakai bound is shown to be
tighter than the Weiss-Weinstein bound in the threshold
and asymptotic regions.

1. INTRODUCTION

Bounds on the MSE in estimating the bearing of a planewave
signal are of considerable interest in many fields includ-
ing radar, sonar, seismic analysis, radio telemetry, medical
imaging, and anti-jam communications. Of particular im-
portance in the bearing estimation problem, as well as in
the related problem of time delay estimation, is the abil-
ity of a bound to closely characterize performance in the
small error or asymptotic region, and the large error or am-
biguity region, and to accurately predict the location of the
threshold between the regions.

Much of the work on performance bounds for bear-
ing estimation has focused on the Cramer Rao bound and
Barankin bound, which have been derived for many signal
models. However, it is well known that the Cramer-Rao
bound is useful only in the asymptotic region (i.e. high
SNR and/or long observation times) and is applicable only
to unbiased estimators. The Barankin bound can be diffi-
cult to use as it requires optimization over a large number
of free parameters, and is also applicable only to unbiased
estimators. In the bearing estimation problem, the param-
eter space is limited to a finite interval and no estimators
can be constructed which are unbiased over the entire inter-
val, therefore these bounds may not adequately characterize
performance of real estimators.

The Ziv-Zakai bound (ZZB) and Weiss-Weinstein bound
(WWB) are free from bias assumptions and have been suc-
cessfully applied to time delay and bearing estimation prob-
lems [3]-[6]. They are some of the tightest bounds available
for all regions of operation. Previously, the application of
the ZZB was restricted to the important but limited class of
problems involving a single uniformly distributed parame-
ter, such as estimating the bearing of one source with a
linear array. For these problems, the ZZB is tighter in the
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threshold and asymptotic regions than the WWB [5]. The
WWB has also been used to analyze performance of pla-
nar arrays in estimating the two-dimensional bearing of a
source [6]. The ZZB has recently been extended to han-
dle vectors of parameters with arbitrary prior distributions
[1}-[2], and can now be applied to this problem. In this pa-
per, the Ziv-Zakai bound on the MSE in estimating bearing
with planar arrays of arbitrary geometry is developed. The
bound is calculated for a square and circular arrays, and
compared with the WWB. As in the scalar problems, the
ZZB is tighter in the regions of interest.

2. VECTOR ZIV-ZAKAI BOUND

Consider estimation of a K-dimensional vector random pa-
rameter @ with pdf p(8), based upon noisy observations x.
Let p(x|6) denote the conditional pdf of x given 4. For any
estimator, 8(x), the estimation error is € = 6(x) — 8, and
the error correlation matrix is defined as

Re=E{e”}. (1)

We are interested in lower bounding a’R.a, for any K-
dimensional vector a. The ZZB has the form:

aTRcaZ/ -A—-V{ max f(6)}dA, (2)
o 2 §:aT6=A

where

f(8)

/(p(B) + p(8 + 6)) Pmin(8,0 + 6)d0 (3)

1\

/ 2min (p(8), (6 + 6)) Pka(8, 6+ 6)d6.  (4)

Proin(8,6 + §) is the minimum probability of error in the
binary detection problem:

. B- = p(8 .
Ho : 6; Prido) = oy pa 18y’ (5)
H,:0+6; Pr(Hi)=1-Pr(Ho),

P2t (8,8 + 6) is the minimum probability of error in the
same binary detection problem but with equally likely hy-
potheses, and V'{.} is the valley-filling function. The bound
may be used with either (3) or (4). When the prior density
of the parameters is uniform, the two forms are equal.

In applying the bound, one has to specify a. The choice
for a is dictated by the particular parameter or linear com-
bination of parameters being investigated. When a bound
on the MSE of the i** component of 4 is desired, then a is
the unit vector with a one in the i*® position.
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To obtain the tightest bound, we must maximize over
the vector §, subject to the constraint aT§ = A. This vector
determines the position of the second hypothesis relative to
the first in the detection problem (5). In order to satisfy the
constraint, § must be composed of a fixed component along
the a-axis, 72 a, and an arbitrary component orthogonal

to a. Thus § has the form

A
=0 a+b, 6
llall? ©)

where b is an arbitrary vector orthogonal to a, i.e., aTb =0,
and we have K — 1 degrees of freedom in choosing § via
the vector b. In the maximization, § should be chosen so
that the two hypotheses are as indistinguishable as possi-
ble by the optimum detector, and therefore produce the
largest probability of error. Choosing b = 0 results in the
hypotheses being separated by the smallest Euclidean dis-
tance. This is often a good choice, but hypotheses separated
by the smallest Euclidean distance do not necessarily have
the largest probability of error, and maximizing over § can
improve the bound.

3. ZZB FOR BEARING ESTIMATION

Consider the bearing estimation problem in which a nar-
rowband planewave signal impinges on a planar array of M
sensors as illustrated in Figure 1. The i*® sensor is located

at
d:,i
a=]4] ")
in the z — y plane. The bearing has two components which

can be expressed in either angular or Cartesian (wavenum-
ber) coordinates :

a = [ Uz ] - [ cosSignsionoﬁ ) (8)

Uy

The observed waveform at i*® sensor consists of a delayed
version of the source signal and additive noise:

i) =s(t— ) +ni(t) - %: <t< % (9)
where .
u'd;
=0 (10)

and c is the speed of propagation. We assume that the
source and noise waveforms are sample functions of inde-
pendent, zero-mean, Gaussian random processes with known
spectra. The source’s spectrum is

Pw) = {(’;

where % < 1, and the noise is white, N(w) = Ef- We
wish to estimate the two-dimensional wavenumber u.

To evaluate the vector bound (2), we need an expres-
sion for Pmin(u,u + 8) or P (u,u+ §8). In this problem,
neither Ppin(u,u 4 §) nor Py (u,u+ §) can be written in

lw—wo| < ¥
otherwise 11)
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Figure 1: Geometry of the single source bearing estimation
problem with 16-element square array.

closed form, however a tight lower bound for equally likely
hypotheses is given by [7],[4]:

Pria(u,u+6) 2 ()
=exp {u(5:0) + 5i (50} @ (-3VEGD) (1)

where pu(s;6) is the log of the semi-invariant moment gen-
erating function

u(s:8) = In / p(xlu + )*p(xju)~dx,  (13)

and j(s;6) is the second derivative of u(s;8) with respect
to s. Although bounds on Pumin{u,u + §) are available, the
best MSE bound for this problem was obtained using (12)
in (4). Note that the probability of error bound is only a
function of § and not a function of u. This simplifies the
computation of the bound. -

For the bearing estimation problem under considera-
tion, p(s; ) has the simple form (see e.g. [3]-[4])

wT

#(s;6) = ———In[l1+s(1-5)5() (14)
where

B8 = (1-1a(8)) (15)

v = l—g—_% (16)

No
o(6) = oE(u+8)E(u), (17)
e‘j%qul
E(m) = (18)

e™d :}quM
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When s = , we get

-——W—Tiln (1+ 159) (19)

m‘_ 26(6)
2 1+ 16(6)° (20)

The final bound has the form

2
aTRgaZ/ A-V{ max Pg
Jo §:aT6=A

where

#(3;9)

A(3;6)

(6)A(6)} da. (21)

A(6) = / min(p(u), p(u + 6))du. (22)

Evaluation of Pf'(6) depends on the geometry of the ar-
ray and A(§) depends on the a priori distribution of u. If
the vector wavenumber is uniformly distributed on the unit

disc:
1 /w2 2
p(u) = { 6’ uz + Uy _<_ 1 (23)

otherwise,
then A(6) is #~! times the area of intersection of two unit
circles centered at the origin and §:

A(8) = 2 arccos (” ") - s.in (2 arccos (“—gﬂ)) Jo(29)

In order to evaluate the ZZB, the expressions (12)-(20) and
(24) must be substituted into (21) and computed numeri-
cally. The WWB for this problem can be found in [6].

4. PERFORMANCE OF SQUARE AND
CIRCULAR ARRAYS

The bound derived in the previous section can be applied
to arrays of any geometry. In this section we investigate
the performance of square and circular arrays. Both arrays
have M = 16 elements with sensors evenly spaced 3 A9 apart.
The square array is shown in Figure 1. Both of the arrays
are symmetric in the z and y directions, therefore the MSE
in estimating u; and u, will be the same. To evaluate the

MSE in estimating %, we choose a = [ 1 0

The ZZB and WWB, normalized with respect to the
prior variance of uz, are plotted vs. SNR in Figure 2 for
the square array. Several versions of the ZZB are plotted to
illustrate the impact of valley-filling and maximizing over
5. All of the bounds approach the prior variance for small
SNR, and the WWB is tighter than the ZZB in this region.
In the threshold and high SNR regions, the use of valley-
filling alone and maximization over § without valley-filling
produces bounds which are slightly better than the WWB.
Combining maximization with valley-filling yields a bound
which is significantly better than the other bounds in this
region. To understand this, it is necessary to look at the
function f(6) = Pg'(6)A(5), which is plotted in Figure 3.

This function is the probability of error for two hypothe-
ses separated by §, weighted by the function A(8), which is
decreasing in ||6]|. Because of the geometry of the array, the
probability of error is high not only for small values of §, but
for values of § which lie on the axes §; = 61 and 62 = —6;.

w
T

Normalzed MSE (dB)
3

-2sf
_M 3
«T
40 . ) L N L
s -30 -25 20 -10 -5
SNR (dB)

Figure 2: Comparison of the ZZB and WWB for the square
array for WT = 100.
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Figure 3: The function f(6) for the square array for
SNR=-14 dB and ¥ = 100.
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Figure 4: Impact of maximization and valley-filling for
square array for SNR=-14 dB and WT = 100.
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Figure 5: Comparison of the ZZB and WWB for the circular
array for % = 100.

The points along these axes are points of ambiguity for the
estimation problem as well as the detection problem, and
estimation errors will tend to occur more often in these di-
rections. The maximization and valley-filling procedures
capture the effects of the ambiguities in the overall MSE.

Optimization of the bound requires maximization of
f ;6) over § for each value of A, subject to the constraint
a*§ = A, followed by valley-filling. In this problem that
means § must have the form § = [ A b(A) ]T, where
b(A) can be chosen arbitrarily. When b = 0, f(6) is evalu-
ated along the line §; = 0, but the bound can be improved
by choosing b(A) so that § lies on one of the diagonal axes.
In Figure 4, the results of maximizing f(§) over §, valley-
filling f(§) with 5(A) = 0, and valley-filling the maximized
function are plotted. The maximized and valley-filled func-
tion is significantly larger than the other functions, and
when it is integrated, a tighter bound is produced.

In Figure 5, the normalized ZZB and WWB are plotted
vs. SNR for the circular array. Once again, both the ZZB
and WWB approach the prior variance for small SNR, with
the WWB being tighter than the ZZB in this region. The
ZZB is tighter in the threshold region, and both bounds
converge for high SNR. For this array, valley-filling and
maximizing over § do not improve the bound significantly.
The function f(§) = Pg'(6)A(5), plotted in Figure 6, is
smoother for the circular array and there are no significant
ambiguities as with the square array.

5. CONCLUSION

The vector Ziv-Zakai bound was applied to the problem
of estimating two-dimensional bearing with planar arrays
of arbitrary geometry. The bound was evaluated for square
and circular arrays, and compared with the Weiss-Weinstein
bound. The square and circular arrays have nearly the same
performance in the low SNR and threshold regions, but
the circular array performs better than the square array
for large SNR. The square array does not possess as much
symmetry as the circular array, resulting in larger estima-
tion errors for some directions of arrival. The ZZB reflects

Figure 6: The function f(§) for the circular array for
SNR=-14 dB and %Z = 100.

the presence of these large errors for high SNR, while the
WWB does not.

6. REFERENCES

{1] K. L. Bell, Y. Ephraim, Y. Steinberg, and H. L. Van
Trees, “Improved Bellini-Tartara Lower Bound for Pa-
rameter Estimation”, in Proc. of IEEE Intl. Symp. on
Info. Theory, (Trondheim, Norway), June 1994.

[2] K. L. Bell, Y. Steinberg, Y. Ephraim, and H. L. Van
Trees, “Improved Ziv-Zakai Lower Bound for Vector
Parameter Estimation”, in Proc. of IEEE-IMS Wk-
shp. on Info. Theory and Stat., (Alexandria, VA), Oct.
1994; A full paper was submitted for publication.

[3] A. J. Weiss and E. Weinstein, “Fundamental Limi-
tations in Passive Time Delay Estimation - Part I:
Narrow-Band Systems”, JEEE Trans. ASSP, vol. 31,
pp. 472-486, April 1983.

[4] E. Weinstein and A. J. Weiss, “Fundamental Limi-
tations in Passive Time Delay Estimation - Part II:
Wide-Band Systems”, IEEE Trans. ASSP, vol. 32, pp.
1064-1078, Oct. 1984.

[5] K. L. Bell, Y. Ephraim, and H. L. Van Trees, “Com-
parison of the Chazan-Zakai-Ziv, Weiss-Weinstein, and
Cramer-Rao Bounds for Bearing Estimation”, in Proc.
of Conf. on Info. Sciences and Syst., (Baltimore, MD),
March 1993.

[6] D. F. DeLong, “Use of the Weiss-Weinstein Bound to
Compare the Direction-Finding Performance of Sparse
Arrays”, MIT Lincoln Laboratory, Lexington, MA,
Tech. Rep. 982, August 1993.

[7] J. N. Pierce, “Approximate Error Probabilities for
Optimal Diversity Combining”, IEEE Trans. Comm.
Syst., vol. CS-11, pp. 352-354, Sept. 1963.

1652



