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ABSTRACT

In this paper, discrete H,, filter design with a linear
quadratic (L Q) game approach is presented. The exogenous
inputs composed of the "hostile” noise signals and system
initial condition are assumed to be finite energy signals with
unknown statistics. The design criterion is to minimize the
worst possible amplification of the estimation error signal,
which is different from the classical minimum variance esti-
mation error criterion for the modified Wiener or Kalman
filter design. The approach can show that how far the esti-
mation error can be reduced under an existence condition
on the solution to a corresponding Riccati equation. The
application of the discrete H, filter to enhance speech con-
taminated by additive noise is then investigated. In the
H, estimation, the noise sources can be arbitrary signals
with only requirement of bounded energy, this estimation
is more appropriate in the practical speech enhancement.

1. INTRODUCTION

Noise contaminated speech results in reduction of speech
discrimination. There have been numerous studies involv-
ing speech enhancement of noised speech [1]-[5]. All the
studies have been based on the minimization of the vari-
ance of the estimation error of the speech, i.e. the celebrated
Wiener and/or Kalman filtering approach. This type of es-
timation assumes that the speech generating process has a
known dynamic, and that the noise sources have known sta-
tistical properties. However, these assumptions may limit
the application of the estimators since in many situations
only an approximate signal model is available and/or the
statistics of the noise sources are not fully known or unavail-
able. Also, both Wiener and Kalman estimators may not be
robust against uncertainty of the speech signal model. Re-
cently, a new class of optimal filter has been developed using
H,, minimum estimation error spectrum error criterion [6]-
[9]. The optimal estimator is designed to guarantee that the
operator relating the noise signals to the resulting estima-
tion error should possess an Ho, norm less than a prescribed
positive value. In the Ho, estimation, the noise sources can
be arbitrary signals with only requirement of bounded noise.
Since H., estimation problem involves the minimization of
the worst possible amplification of the error signal, it can
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be viewed as a dynamic, two-persons, zero sum game. In
this paper, we define a difference game in which the state
estimator and the disturbance signals (system noise, initial
condition and measurement noise) have the conflicting ob-
Jjectives of respectively minimizing and maximizing the es-
timation error. The minimizer picks the optimal filtered es-
timate and the maximizer picks the worst-case disturbance
and initial condition. We give a detail derivation to solve
the game which directly produces the solution for the prob-
lems of the discrete H, filtering. Similar design approach
has been proposed in [6] for the continuous case. We then
investigate a possibility of the application of the H, filter
to the speech enhancement. The speech source model and
the observation model are first written into canonical state
space models, the developed H, filtering algorithm is ap-
plied to estimate(enhance) speech signal. The performance
of the H,, filter is better compared with those of Wiener
and Kalman filters in terms of estimation sensitivity to pa-
rameter uncertainty and the reduction of the peak of the
error spectrum.

2. DISCRETE H, FILTER DESIGN

Consider the following discrete-time system

Tiy1 = Awzi+ Buwn
ye = Crze+ (1)
k = 0,1,...,.N—-1; zo=12o

where z; € R™ is the state vector, wi € R™ is the system
noise vector, yx € R? is the measurement vector and vy €
R? is the measurement noise vector. A, Bx and C) are
matrices of the appropriate dimensions. Assume that (A,
B,) is controllable and (Cx, Ak) is detectable. Define the
measurement history as Yi=(yx, 0 < k& < N —1). The
estimate of the state #; at time k, is computed based on
the measurement history up to N — 1. We are interested
not necessarily in the estimation of z; but in the estimation
of a linear combination of z;

zik = Lizs (2)

The H,, filter is required to provide an uniformly small
estimation error, ex=zi-2, for any ws, vy € Iz and zo €
R™. The measure of performance is then given by
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where ((zo —20), wa,vx) # 0, Qx > 0, Po_l >0, Wi > 0and
Vi > 0 are the weighting matrices. The optimal estimate
2, among all possible Zi(i.e. the worse-case performance
measure) should satisfy

supJ < 1/4 (4)

where “sup” stands for supremum and 4 > 0 is a prescribed
level of noise attenuation. The matrices Qi > 0, Wi > 0,
Vi > 0 and po > 0 are left to the choice of the designer
and depend on performance requirements. The discrete H,
filtering can be interpreted as a minimax problem where the
estimator strategy Zx play against the exogenous inputs w,
and the initial state zo. The performance criterion becomes

min max

2 (vn,ws, 20)

1 1N—l
- = _ A 2 et — 3. 112
= =g llzo —golll-s + 3 Y Clllax - 4,

k=0
1 2 2
= 2 Ulwalfyms + lfoall}-)] (5)

where “min” stands for minimization and “max” maximiza-
tion. Note that unlike the traditional minimum variance fil-
tering approach(Wiener and/or Kalman filtering), the Ho,
filtering deals with deterministic disturbances and no a
priori knowledge of the noise statistics is required. Since
noisy speech (the observations) ys is given, and z; = Lyzy,
24 = La#a, we can rewrite the performance criterion (5) as

min max
£r  (yr, we,zo0)

N-1
1 . 1 -
= —gllso—ollis + 5 Jlllas — 2alll,
k=0

1
= =—(Hlwxlly -1 + llyx = Cazall}-1)) (6)
v * 3

where Qr = LTQxLx. The following theorem presents
a complete solution to the H., filtering problem for the
system (1) with performance criterion (6).

Theorem : Let v > 0 be a prescribed level of noise
attenuation. Then, there exists an Ho, filter for z; if and
only if there exists a stabilizing symmetric solution P, > 0
to the following discrete-time Riccati equation

Puyi = AWPAL + BuWi BT
+ A4 Pi(v@u — CTVTICL)
(I = Pu(vQu — CLVTICU) T PU AT (T)
Po = po Qu=LTQuLs

Proof: By using a set of Lagrange multipliers \;, A3, ...,
AN, we define a new performance index M as follows

N-1
1 . 1 s N2
M = —5;”20 —zo||,;1 t3 hE_oﬁ{[IIzn - Zulg,

1 2 2

- ;( Hwbllwk—x + lye — C'whllvl-x
AT

+ —’:'Yﬂ[Akzk + Bawk — za41]

A
+ [Arzr + Brws — th+x]T%} (8)

Taking the first variation, the necessary conditions for a
maximum are

Zo = &Zo+pore, AnN=0 (9)
wi = WiBjlis (10)
e = AT +1Qu(zs — 22)

+Ci Vi (k — Crzs) (11)

where Qy, = LE‘QI.L)‘.

These first order necessary conditions result in a two
point boundary value problem

ki1 _ Ah BkWth‘
A - Qs - CTVIC A7
. ZTh + 0
Ak1 —1Quie +CTV, 'ya )
k=0,1,...,N -1 (12)

with boundary conditions

ZTo = Zo +poAe, AN =0 (13)

Since the two-point boundary value problem is linear, the
solution is assumed to be of the form

z, = Zx + Pul} (14)

where Z and P, are undetermined variables. z} and )}
represent optimal value of zx and A, respectively, for any
fixed admissible functions of £ and yi. The optimal values
for wi and z¢ are

wp = Wi BT AL, Ty = B0 + Polg (15)
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Substituting (14) into (12) results in

Trt1 + Pk+1/\;+1
= ApZi+ AhPh/\: + BkWthA;+l (16)

and

v = (I-yQuPy+CIVICWP)T!

[YQx(Zx — Ex) + CL Vi (ya — CaZx)

+ AT Xi41) 7
From (16}-(17) we have -

Zet1 + Purrdigg
= Auzu+ AP - YQuPu + CLVTICLR) ™!
- [YQu(Zx — 21)
+ CTV,  (ya — Cuza) + AT M p 4]
+ BaWiBi My (18)

ApZp — A),P),(I - “{Q),P1. + C',:;PV,‘—IC'].P].)_-l
[¥Qx(2x — #1) + CU Vi (3a — Cada))]

Tey1

For equation (19) to hold true for arbitrary Ay, both sides
are set identically to zero, resulting in
Zipr = Awdr+ AP - (7@ — CLVTICh) P
[YQu(2x — 1) + TV, (wa — Cua)]  (20)

Zo = 2o
and
AwPyAT + BiWi By + AuPu(vQx - CEVTICH)

‘I = Pu(vQx — CL VT )] T PuAf,
Py = po (21)

Py =

Equation (21) is the well-known Riccati difference equa-
tion.

Claim 1: If the solution Py to the Riccati equation (21)
exists Vk € [0, N — 1], then P, > 0Vk € [0, N —1].

The optimal strategies (15) are substituted into the per-
formance (6), results in the min-max problem

min mazx

. J
CYRT
1= 1
— - .12 _ 2
= 3 ?_o (1ze — 2xllq, — ;Hyk = Cazally -] (22)

[=Pis1 + AxPu(I — v@x Px + C,';"V;‘C,,P,,)‘IAE'
+ BaWi Bf A4 (19)

subject to the dynamic constraints (20) and (21). Let
*h =Z%x —Zk, qx =Yr— CiZa (23)

equation (22) becomes

min maz

J
r q
1= 1
= =) linlly, = <llgall? -] (24)
2 k=0 v .

The two independent players r; and g in (24) affects the
variables Z,, but Z, does not appear in the performance
index, therefore the optimal strategies of r; and gi are

g =0 (25)

i.e.
Zx =2}, yi=Ciix (26)

The value of the game is the value of the cost function
(6), when all the players use their optimal strategies. When
the optimal strategies £, yi, w; and z; in (15) and (26)
are substituted into the (6)

J(i:;’y:vw:vz;) =0 (27)
giving a zero value game.

Moreover, with the Theorem and equations (20) and (26),
the optimal H, filter is given by

iy = Luzy, k=0,1,...,N -1 (28)
where
Er31 = Awzip+ Ki(ys — Cadx), Z0=2z0 (29)
Ki = AP(I-vQuPi+CTVICLP)™!
cvit (30)

It is important to note that the optimal Ho, estimator
depends on the weighting on the estimation error in the
performance criterion, i.e. the designer choses the weight-
ing matrices based on the performance requitements, while
both Wiener and Kalman estimators are dependents on the
variance of the noise.

3. APPLICATION TO T S
ENHANCEMENT

Assume that a windowed noise signal v has been added to
a windowed speech signal z, with their sum denoted by si

Sk =Tk + Vi (31)
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Let the speech signal z; be generated according to the nth
order autoregressive (AR) model

Thyl = Za,':t;._j + wi (32)
j=t

where w; is a zero mean, white Gaussian process. The
speech generating mechanism is illustrated in Figure 1.
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Figure 1. The speech generating mechanism.

The AR source model and the observation model can be
written into canonical state space models (1) [2]-[3]. The
optimal H, filtering algorithm (28)-(30) and (21) is applied
to the state space model to estimate the state vector where
the last component of which gives the estimated (enhanced)
speech signal. The algorithm is given by
k=0,1,...,N -1,

2y = Li 2y, Ly=1 (33)

Erp1 = AEi+ Ki(ya — Cady), fo==z0 (34)
Ki = AP(I-vQuPu+CiVyICLP)™!
vt (35)
Puy1r = AwPyA; + BWWWBT + APy(vQi — CEVTICH)
[ = Pu(v@x — GV CL) T PaAT,
Py =po (36)

Since the Ho, filtering algorithms require the knowledge
of model parameters, application of the H,, filtering for
speech enhancement consists of two steps: at each iteration,
(a) apply the Expectation-Maximization algorithm [10] for
training the parameters of the dynamical model; (b) filter
the signals with the H filter. Repeats these two steps until
convergence.

The discrete Ho, estimator is designed based on an up-
per bound on the noise signals, it is more robust and more
appropriate in the practical speech enhancement. All esti-
mates quantities are subjects to errors. The classical meth-
ods of estimation (Wiener and Kalman filtering approach)
usually provide a good estimate with minimum least squares
error. The proposed estimation algorithm minimizes the
Heo-norm of the map from exogenous inputs (noise) to the
estimation error of the linear combination of the states. The
strength of the H..-estimation results lies in its superior
performance at the peak error range, and in its impressive
robustness to parameter uncertainty.

4. CONCLUSIONS

A difference game has been formulated and solved. The
existence of a solution to the difference Riccati equation,
over the time interval, is a necessary and sufficient con-
dition for the existence of the optimal discrete Ho, filter.
Since the design criterion is based on the worst case dis-
turbance, the H,-filter is less sensitive to uncertainty in
the exogenous signals statistics and dynamical model. The
application of the H, filtering to the speech enhancement
is also discussed.
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