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ABSTRACT

The Ezponential Rate Operator (ERO) is presented for de-
termining the “instantaneons exponential rate” of the am-
plitude modulation during musical transients. Its exten-
sion to multiband signal representations such as STFT and
wavelet transforms is also described. Sensitivity of the FRO
to white noise is examined and computational efficiency of
the STFT-based ERO is discussed. Examples involving syn-
thetic and real musical transients illustrate the usefulness
of FRO analysis.

1. EXPONENTIAL RATE OPERATOR

A number of signal models [1, 2, 3] have been developed to
analyze signals with time-varying amplitude and frequency
modulations. A signal model suitable for the analysis of
acoustic transients is :

z(t) = Aexp {/ (s(r) + Jw(r)) dr} , (1)

where s(¢) and w(t) are real-valued functions of ¢. In par-
ticular, we refer to s(t) as representing the “instantaneous
exponential rate”” of z(¢). The function w(t) is called the
“instantaneous frequency” of z(t).

From (1), s(t) can be expressed as :

§(0) = & (wfs(1) 2)

We can thus view s(t) as being obtained by applying an ez-
ponential rate operator (ERO) g{.} to the signal z(¢). That
is,

olz(1)} = = (in|2(1)) ®

We may also express (2) as

_nfz@®)|-Injz(t-A) _ 1 = ()l
S(t) = A = Zln (m) 3 (4)

where A is a small decrement in time.

1For an exponential signal of the form z(t) = €%, we call
a the “exponential rate”. The terms “attack-rate” and “decay-
rate” are also associated with this parameter. The parameter %

is called the “time-constant” of the signal.
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2. CONTINUOUS-TIME ERO FOR
MULTIBAND ANALYSIS

Maultiband signal representations have been used to capture
amplitude and frequency modulations in different frequency
bands [4]. Similarly, the rate operator can be extended to
track exponential rates in different spectral bands by in-
cluding a bandpass filter in its definition. Such an inclusion
is justified because bandpass filters preserve purely expo-
nential amplitude modulations.

The multiband exponential rate operator is defined as

sa{z(t)} = 5 (1 |za() ©)

Here, zq(t) is the output of a bandpass filter with center
frequency (2, when its input is z(¢). Such bandpass filtering
is implicitly performed within well-known time-frequency
representations such as the STFT and the wavelet trans-
form.

The rate operator output has values in the range (—oo,
o0). For convenience, we impose a normalization on the
rate operator that performs a bijective mapping of values in
(=00, 00) to values in (~1,1), preserving symmetry about

0. One of the functions that provides such a mapping is

the hyperbolic tangent function. The normalized multiband
ERO can be defined as

Ga{z(t)} = tanh [gn {2(9)}] = tanh [+ (n za ()] ()

Decay transients have normalized instantaneous exponen-
tial rate values in the range (—1,0], while attack transients
have values in the range [0,1). Furthermore, it should be
noted that the normalized exponential rate preserves the
property of the exponential rate in that, changing its sign
is equivalent to swapping attacks and decays with the same
time constant.

3. DISCRETE-TIME ERO

For digital musical processing we have formulated a
discrete-time approximation to our continuous-time rate
operator. This approximation is obtained from (4) by re-
placing the time-decrement A with NT, where T is the
sampling period and N is a positive integer. The discrete-
time ERO is given by :

o telel) = i (L), @
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Extending this operator for multiband analysis and apply-
ing the normalization of (6) gives

Go {alnl} = tanh (g, (an))) = Pl = 2= 7
(®)

Here, z,{n] is the output of a bandpass filter with center
frequency w, when its input is z[n]. Once again, such band-
pass filtering is implicitly performed by the discrete-time
STFT and wavelet transforms.

4. EFFECT OF WHITE NOISE ON THE ERO

Let us consider a signal of the form z[n] = e®"e’“°™ 4
wi[n] + jwa[n], where wi[n] and ws[n] are stationary zero-
mean independent Gaussian white noise processes with vari-
ance o2. We will now determine the mean and variance of
the normalized exponential rate of the signal z[n]. In the
following derivations, we assume that the impulse response
of the bandpass filter was obtained by modulating a rect-
angular window with a complex exponential of frequency
wo.
Equation (8) may also be written as

/Xi[n] — \/Xz[n o)
VXa[n] +

where X1[n] = |wo[n]|* and X2[n] = |zug[n — N]|2. If we
assume that the bandpass filter has an impulse response
that is Ny points long, it can be shown that the mean and
variance of the random processes X;[n] and X>[n] are given
by

Guo {z[n]} = f(Xa[n], Xa[n]) =

2

palnl =25 49, wxale] = 25—+l N] (10)

62 0'2
ag(x[n] = 4-1—v—;(N_w +p2[n])
Taln] = 412‘(12‘ +7%[n - N]) (11)
for Ny < N
Fxlnl = 4(P[n]p n—1 )ME—+

40' gN,,,—N!

with a rectangular win-

for Ny > N

where p[n] is the convolution of e*"
dow of length N,,.

The mean and variance of Gu,{z[n]} are estimated us-
ing the Taylor series approximation [5]. Using the second
order approximation for the mean and the first order ap-
proximation for the variance, we obtain

HG[n] = f(”'x1[n]7uxz[n])+ (aXz)UXx[n]+

1,0%f a*f

2(ax2)""=[ 1+ Gxox,

ol = (o Voklnl+ (m) k] +
A2 ) )0k xaln] (12)

)‘73(1)(2["]

The expressions for the mean and variance were found to
closely match experimental simulations.

The expressions in (12) were used to analyze the effect
of Ny, on the bias and variance of the exponential rate esti-
mate. A signal of the form z[n] = b"e?“™ + w1[n] + jws[n]
was considered. Here, wi[n] and wz[n] were zero-mean
stationary independent Gaussian white noise random pro-
cesses. Using (12), the bias and variance of the exponential
rate estimate were plotted as functions of Ny, for different
values of b (see Figure 1). The plot shows that the exponen-
tial rate estimate has a larger bias and variance for smaller
exponential rate signals (b = 1.01) as compared to larger
exponential rate signals (b = 1.04). Therefore, greater em-
phasis has to be placed on the smaller exponential rates
when Ny, is being chosen for a particular application. Since
the plots also show that smaller exponential rate signals
show a decrease in both bias and variance with an increase
in Ny, larger values of N, are preferable.

We have also conducted a similar analysis on the effect
of varying N while keeping N, constant. Since the expo-
nential rate estimates of signals with smaller exponential
rates tend to have a larger bias and variance, the choice of
N is also dependent on these rates. We have found that for
smaller exponential rate signals, an increase in N results in
a reduced bias but an increased variance. Therefore, the
value of N has to be chosen such that a favourable tradeoff
is obtained between bias and variance.

Finally, we have also demonstrated through simulations
that a limited amount of averaging performed on X;[n] and
X2[n] reduces the variance in the exponential rate estimate
at the expense of a slight increase in bias.

5. EFFICIENT STFT-BASED ERO

In this section, we discuss an efficient method for imple-
menting an STFT-based ERO. The need for such efficiency
is particularly acute because (as we shall discuss below)
for many practical applications, the ERO-associated STFT
has to have a high degree of overlap between consecutive
analysis window positions. Given such a need, the STFT-
based ERO can take advantage of the recently proposed
[6, 7] overlap-pruned FFT algorithm for STFT analysis with
highly overlapped rectangular windows.

In (8) we assumed that the bandpass filter output z.,[n]
is sampled at the same rate as the signal z[n]. Therefore
the time interval between two consecutive exponential rate
estimates was the same as the sampling period of the orig-
inal signal. If the attack or decay transients that occur in
a particular application are of long duration (many times
the duration of the bandpass filter’s impulse response du-
ration), then the exponential rate need not be determined
at such frequent intervals of time. This in turn implies
that the underlying STFT computation does not have to
have significant overlap between consecutive window posi-
tions. However, musical transients can be as short as a few
milliseconds, which is on the order of the duration of typ-
ical STFT analysis windows. We have found that in such
situations STFT-based ERO analysis loses significant tem-
poral resolution unless there is substantial (30% or more)
overlap between consecutive window positions. To demon-
strate this fact, we conducted STFT-based ERO analysis
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of the synthetic monochromatic transient signal shown in
Figure 2. Based on an exhaustive set of STFT-based ERO
analyses using all possible window overlaps and window-to-
signal alignments, we obtained the data displayed in Fig-
ure 3. For each window-overlap percentage, we have shown
the worst case performance from among the FRO analy-
ses with different window-to-signal alignments. Since each
ERO analysis usually produced several exponential rate es-
timates (within the duration of the exponential transient),
its performance is characterized in terms of the error cor-
responding to the best estimate produced by it. It is clear
from Figure 3 that greater window overlaps result in better
performance.

6. EXAMPLES

Figure 4 shows the results of processing a synthetic signal
with the multiband discrete-time ERO. The signal is a sum
of two sinusoidal components whose frequencies are 2kH z
and 4k H z. Both components have three different temporal
regions - an attack, a steady part and a decay. Figure 4(a)
shows the location of the spectral peaks in the signal. Fig-
ures 4(b) and 4(c) show the rate operator output for the
2kHz and 4kHz components respectively. The FRO out-
put clearly shows the three different temporal regions for
each component. The values of the instantaneous exponen-
tial rate were used to determine the time constants of the
attacks and decays. These values were found to be good ap-
proximations of the parameters that were used to generate
the signal.

Figure 5 shows the results of processing a real music
signal using the multiband exponential rate operator. The
music signal corresponds to an English-horn playing a sin-
gle note. The ERO was used to track the instantaneous
exponential rate in the signal’s three highest spectral com-
ponents (which are at 1xH z, 2kH z and 3k Hz). A threshold
on the ERO output was used to detect transients whose ex-
ponential rates were greater than 25H z (time constants less
that 40m-sec). This was used as a basis for calculating the
duration of the attack and decay transients. Figure 5(a)
shows the results of this calculation for the English horn
note. The three highest spectral components are shown as
streaks of black’and white. The black regions indicate the
attack and decay transient regions. The white regions cor-
respond to the steady part of the note. Figure 5(b) shows
the ERO output for the attack and decay regions of the first
spectral component which lies at 1kHz.
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Figure 2: Synthetic attack transient used to demostrate the
need for high degree of overlap between consecutive STFT
window positions.
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Figure 3: Plot of % error in exponential rate estimate
versus % overlap between consecutive STFT window po-
sitions. The underlying signal was of the form z[n] =
(1.02)"¢?“e+3% The ERO was applied to the STFT chan-
nel corresponding to wo. A window length of 128 samples
was used throughout this experiment.
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Figure 4: (a) Spectral peaks of synthetic signal (b) ERO
output for 2kHz component (c) ERO output for 4kHz com-
ponent.

Figure 5: (a) The three highest spectral peaks of a En-
glish horn note - located at 1kHz, 2kHz and 3kHz. The
black streaks indicate the attack and decay regions of each
component. The white streaks indicate the steady part.
{b) ERO output for attack and decay regions of the 1kHz
component.
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