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ABSTRACT
Nuclear Quadrupole Resonance (NQR) is a method of de-
tection and unique characterization of compounds containing
quadrupolar nuclei, commonly found in many forms of ex-
plosives, narcotics, and medicines. Typically, multi-pulse
sequences are used to acquire the NQR signal, allowing the
resulting signal to be well modeled as a sum of exponentially
damped sinusoidal echoes. In this paper, we improve upon
the earlier used NQR signal model, introducing an observed
amplitude modulation of the spectral lines as a function of
the sample temperature. This dependency noticeably af-
fects the achievable identification performance in the typical
case when the substance temperature is not perfectly known.
We further extend the recently presented Cramér-Rao lower
bound to the more detailed model, allowing one to determine
suitable experimental conditions to optimize the detection and
identifiability of the resulting signal. The theoretical results
are carefully motivated using extensive NQR measurements.

Index Terms— Nuclear Quadrupole Resonance, temper-
ature dependence, off-resonance effects, Cramér-Rao lower
bound.

1. INTRODUCTION

Nuclear quadrupole resonance (NQR) is a radio-frequency
(RF) spectroscopic method that detects and characterizes
polycrystalline solid materials, containing quadrupolar nu-
clei, such as 14N and 35Cl, allowing for the detection and
identification of a large range of chemical compounds [1–4].
The NQR signal is generated from the interaction of the sam-
ple property, the electric quadrupole moment, with the elec-
tric field gradient of the surrounding charges, such that proper
application of RF pulses will drive transitions between the en-
ergy levels at particular frequencies, which are characteristic
for each material [3, 5]. These measurements are commonly
acquired using pulsed spin-locking (PSL) sequences for en-
hanced detection sensitivity. The PSL sequence consists of
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a series of refocusing pulses phase shifted by 90◦ relative
to the first preparatory pulse θp0◦ [2, 6]. The RF pulses ap-
plied at equal time intervals, 2τ , refocus the transverse NQR
magnetization, forming a train of M echoes as illustrated in
Figure 1. The maximum signal intensity is acquired once
the excitation frequency, ωexc, of the RF pulses matches the
spectral line of the quadrupolar nuclei, a condition known as
on-resonance NQR detection. However, a notable reduction
of the signal intensity may result if the signal is measured
off-resonance [7], i.e., when

∆ωk = ωk − ωexc 6= 0 (1)

with the resonance frequency ωk will typically be strongly
temperature dependent. As shown in [7–9], the frequency de-
pendencies of the NQR spectral lines follow a periodic (sinc-
like) function with periodicity due to the RF pulse spacing
τ . In NQR detection, and in particular, remote detection, the
temperature of the material under study is only approximately
known, and may also exhibit a noticeable temperature gradi-
ent across the substance, ensuring that the spectral lines and
their intensities may be expected to vary substantially from
their on-resonance values. The intensity of the spectral lines
will also depend on the experimental parameters, such as the
pulse spacing, pulse duration, sample quantity, and the type
of pulse sequence used [7, 8, 10]. In this work, we exploit
the model in [7] to improve the commonly used echo train
NQR model proposed in [11] to incorporate the temperature
dependency of the resonance frequency on the NQR signal,
verifying the resulting model using measured NQR signals.
Furthermore, we extend the Cramér-Rao lower bound (CRB)
presented in [12] to the new data model, as well as illustrate
the usability of the resulting expression for determining suit-
able experimental conditions to optimize detection and iden-
tification performance for a given setup and assumed tem-
perature uncertainty. The rest of the paper is organized as
follows: in the next section, we present the extended NQR
model, followed in Section 3 by the derivation of the corre-
sponding CRB. Then, in Section 4, we examine the usabil-
ity of the presented bound to determine suitable experimental
conditions. Finally, Section 5 contains our conclusions.
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Fig. 1. The NQR signal formed using a PSL sequence.

2. THE NQR SIGNAL DATA MODEL

In this section, we extend the NQR model presented in [11],
modeling the mth echo of an NQR signal resulting from a
PSL excitation sequence as

ym,t = xm,t + υm,t (2)

where υm,t denotes an additive circularly symmetric Gaus-
sian noise, typically being well modeled using a low-order
autoregressive model [13], and with

xm,t = ρ

K∑
k=1

sk(ψ)eiφkeiωk(T )t−βk|t−τ |−(t+2τm)ηk (3)

for echo number m = 0, ...,M − 1 and echo sampling times
t = t0, ..., tN−1, with τ and K denoting the pulse interval
and the number of NQR spectral lines, respectively. Here, the
common scaling factor due to the signal-to-noise (SNR) ratio
is given by ρ, whereas the (normalized) signal amplitude is
described by sk(ψ), detailing the relative amplitudes of the
K spectral lines. Furthermore, φk, βk, and ηk denote the ar-
gument of the signal amplitude, the within echo decay and the
echo train decay for the kth spectral line, respectively. In ear-
lier works, sk(ψ) has been assumed to be a constant vector,
which would not vary between experiments [11].

Here, we will modify this model such that sk(ψ) will be
allowed to depend both on the used experimental setup and on
the temperature of the examined substance, which will deter-
mine whether the measurement is on- or off-resonance, i.e.,

ψ =
[
T τ tpw ωexc ωnf cos θ

]T
(4)

where (·)T denotes the transpose, and with T , tpw, ωexc, ωnf ,
and θ denoting the temperature of the substance, the pulse
length, the excitation frequency, the nutation frequency of the
RF field created by the coil, along its axis, and the angle that
the RF pulse field makes with the coil’s axis, respectively.
Using the model for the temperature dependency of sk(ψ)
presented in [7], where the steady state signal amplitude de-
pendence on the off-resonance effects was proposed and vali-
dated using extensive experimental observations of paranitro-
toluene (PNT), the signal amplitude may be modeled as (see

also [8, 14–16])

sk(ψ) = ζ M

1∫
0

cos θ n1 n
2
2 d(cos θ) (5)

where ζ is a constant, and assuming that 2τ ≤ T2e, with T2e
denoting the effective relaxation time constant of the decaying
echo train, and

n1 =
2ω1θ sin (ω̃1θtpw)

ω̃1θ
(6)

n2 =
ω1θ sin

(
1
2 ω̃1θtpw

)
ω̃1θ

√
1− cos2

(
1
2Ωtc

) (7)

with

cos

(
1

2
Ωtc

)
= cos(∆ωkτ) cos

(
1

2
ω̃1θtpw

)
− ∆ωk

ω̃1θ
sin(∆ωkτ) sin

(
1

2
ω̃1θtpw

)
with the constants ω1θ = ωnf cos θ, tc = 2τ + tpw, and

ω̃1θ =
√

∆ω2
k + ω2

1θ (8)

It should be noted that as the decay of the signal echoes will
depend strongly on the used pulse repetition interval, τ , and
pulse length, tpw, the number of usable echoes, to obtain op-
timum SNR, will be about (see also [7, 10, 14])

M = 1.25
T2e
tc

= 1.25
T2e

2τ + tpw
(9)

The temperature dependent NQR resonance frequencies may
be well modeled as [13, 17, 18]

ωk(T ) = ak − bkT (10)

with ak and bk being the known constants depending on the
examined substance. It may be noted that (6) indicates the
offset effects occurring during the first preparatory pulse,
whereas (7) yields the offset for the remainder of the RF
pulses. Figure 2 illustrates a typical amplitude function for
varying frequency offset, here for the substance sodium ni-
trate, for the spectral line of 3.6 MHz (K = 1), as obtained
using (5). Clearly, the offset variations, with periodicity t−1c ,
substantially affect the expected signal magnitude, also re-
vealing, as expected, the maximum intensity at ∆ω = 0. It
must be noted from the figure that the SNR will be substan-
tially reduced even for an off-resonance frequency of 500 Hz.
In addition, the NQR signal intensity modulation exhibits
minimum and maximum values at ∆ωk = 2π (n + 1/2)/tc
and ∆ωk = 2πn/tc, respectively, with n = 0,±1,±2, . . .
(see also [7, 10]). Finally, the presented NQR model will
be overall controlled by the effect of the bandwidth of the
quality-factor (Q) of the coil. In this work, we have, for
simplicity, assumed that the Q-factor has been selected suffi-
ciently large to make this effect negligible.
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Fig. 2. Theoretical model of the NQR signal magnitude as
a function of the frequency offset, ∆ω = 2π∆ν, for a PSL
sequence, using the 3.6 MHz spectral line of sodium nitrate
as the sample model.

3. THE CRAMÉR-RAO LOWER BOUND

We proceed to derive the CRB for the extended model in (3),
using (5). For simplicity, the mth signal echo may be rewrit-
ten as

xm,t =

K∑
k=1

ρ sk(ψ) eiφk λm,tk (11)

with

λm,tk , eiwkt−βk|t−τ |−(t+2τm)ηk (12)

Gathering the available NM measurements on a vector form,
the NQR echo train may be expressed as

yNM = xNM + υNM (13)

where

xNM =
[
xT
0 . . . xT

M−1
]T

(14)

xm =
[
xm,t0 . . . xm,tN−1

]T
(15)

υNM =
[
υ0,t0 . . . υM−1,tN−1

]T
(16)

Using the Slepian-Bang’s formula [19], the CRB may be
computed as

CRB =
σ2

2

[
Re

{(
∂x

∂γ

)H (
∂x

∂γ

)}]−1
(17)

where (·)H denotes the Hermitian conjugate transpose, σ2 the
variance of vNM , and γ the unknown parameters, i.e.,

γ =
[
ρ T φT βT ηT

]T
(18)

φ =
[
φ1 . . . φK

]T
(19)

β =
[
β1 . . . βK

]T
(20)

η =
[
η1 . . . ηK

]T
(21)
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Fig. 3. Comparison of experimental and theoretical signal in-
tensities as a function of the frequency offset.

and with the derivatives with respect to the elements in γ
given by

∂xm,t
∂ρ

=

K∑
k=1

sk(T ) eiφkλm,tk

∂xm,t
∂T

= ρ

K∑
k=1

(
∂sk(T )

∂T
− i t bk sk(T )

)
eiφkλm,tk (T )

∂xm,t
∂φk

= i ρ sk(T ) eiφkλm,tk

∂xm,t
∂βk

= −ρ |t− τ |sk(T ) eiφkλm,tk

∂xm,t
∂ηk

= −ρ (t+ 2 τ m) sk(T ) eiφkλm,tk

In the following numerical study, we have, given the con-
voluted expression of sk(T ), evaluated the partial derivative
∂sk(T )/∂T numerically.

4. NUMERICAL RESULTS

In order to validate the NQR echo train model in (3), we per-
formed experimental measurements of the signal intensities
for the 3.6152 MHz spectral line of sodium nitrate at varying
frequency offsets. The powder sample of sodium nitrate was
immersed in a silicone oil to reduce the piezoelectric effects.
This is illustrated in Figure 3, with the data being measured
using M = 128 echoes, N = 64 data acquisition points per
echo, τ = 407 μsec, tpw = 40 μsec, and ωnf = 52 kHz.
The temperature shifting constants for this spectral line are
a1 = 3.924 MHz, and b1 = 1.09 kHz/K. As shown in the
figure, the results reveal a reasonably good agreement be-
tween the model and the experimental data yielding an ac-
curate prediction of the expected amplitude as the frequency
offset varies. It should be stressed that the theoretical model
is calculated from the experimental parameters of the PSL se-
quence, and the quadrupolar characteristics of the substance,



with no fitting performed on the real data. Proceeding, we
illustrate the usability of the derived CRB in determining a
proper measurement setup. In practice, NQR may be used
to quantify the active pharmaceutical ingredient present in a
substance, allowing, for instance, for the detection of substan-
dard or counterfeit medicines, which normally do not contain
the expected quantity [2]. Thus, it is important to estimate
the expected signal amplitude under several effects, for ac-
curate quantitative results. For our case, with a signal where
the additive noise may be well approximated as being a white
Gaussian noise, the estimated amplitudes may be expected
to lie within three standard deviations of the true amplitude
with 99% probability. However, as the standard deviation is
generally unknown, we here form an estimate of the corre-
sponding confidence interval by using the CRB of the signal
magnitude, ρ, as a measure of the variance of the signal am-
plitude. Such a case is illustrated in Figure 4, which shows
the required number of echo trains (accumulations) one may
need to achieve a sufficiently strong SNR, with respect to the
corresponding desired estimation accuracy. The NQR param-
eters, βk, ηk, ρ and the noise variance were estimated using
the echo train maximum likelihood (ETAML) detection al-
gorithm proposed in [11], by taking the average over 32 ac-
cumulations. These parameters were then used as the true
parameters for the computation of the CRB. In Figure 4, the
real data were acquired and accumulated 32 times, for the
on-resonance case (∆ω = 0) at T = 283 K, using the ex-
perimental parameters for the same sample, sodium nitrate,
as described above. The measurements were then averaged
using a cross-validation scheme, as shown in Figure 4. Start-
ing from the bottom line, the real data points of the amplitude
estimation error were computed from each of the 32 measure-
ments. The second line shows 32 data points, each of which
is the average of two measurements, chosen at random among
the 32 accumulations. Similarly, the third line is the result of
averaging three measurements, etc., up to 31 averaged data
points. The mean amplitude estimate was then used as the
true amplitude for the CRB computation. As expected, the
CRB is seen to accurately yield the expected variability for
the on-resonance case, i.e., when no temperature uncertainty
is assumed (∆T = 0 K). In order to test how the estimation
accuracy is affected by the presence of uncertainty in the as-
sumed temperature of the substance, the CRB was computed
for the cases of ∆T = 0.5 K and ∆T = 1.5 K, which corre-
spond to the first two minima of the amplitude modulation
model in Figure 3. As shown in Figure 4, the CRB vari-
ability increases dramatically even for the small deviation of
∆T = 0.5 K from the assumed temperature. In particular, the
expected signal magnitude drops off approximately two times
as compared to the maximum NQR signal amplitude for the
on-resonance case. Thus, in the presence of off-resonance ef-
fects, one may need to acquire more echo trains to achieve a
sufficient estimation accuracy to the same level, prolonging
the experimental durations.
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Fig. 4. The 99% estimation accuracy as determined using the
CRB of the NQR signal intensity at different offset frequen-
cies. The theoretical bounds are compared with NQR mea-
surements on sodium nitrate, for the 3.6 MHz spectral line.

5. CONCLUSION

In this paper, we have extended the current state-of-the-art
NQR echo train data model to incorporate the temperature de-
pendence of the resonance frequencies and signal amplitudes.
This recently determined dependency will strongly affect the
expected intensity of the NQR signal, profoundly affecting
the performance of existing detection and identification algo-
rithms. The refined model allows such algorithms to take this
effect into account, as an accurate modeling of the expected
signal intensities, and the corresponding estimation variance,
given an expected uncertainty in the assumed temperature of
the substance. Such an uncertainty can often be as much as
0.5 K, which would affect the resulting SNR. The presented
model was compared and validated using the measured signal
intensities of the substance, sodium nitrate. Furthermore, the
CRB of the refined model was derived and compared to the
variability observed in the sodium nitrate data. As illustrated
in the paper, the presented results may, for instance, be used to
determine the number of signal averages required to achieve
a desired estimation accuracy, given an expected uncertainty
in the assumed temperature of the substance.
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[7] A. Gregorovič and T. Apih, “Relaxation during
spin-lock spin-echo pulse sequence in 14N nuclear
quadrupole resonance,” J. Chem. Physics, vol. 129, pp.
214504, 2008.
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