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ABSTRACT 
 
We clarify the measurement process of fluorescent x-ray 
computed tomography (FXCT) using sheet-beam as incident 
beam, and show that the process leads to the attenuated 
Radon transform. In order to improve quantitativeness, we 
apply Natterer’s scheme to the FXCT reconstruction. We 
show its efficacy by computer simulation. 
 

Index Terms—Fluorescent x-ray, computed tomogra-
phy,   quantitativeness, reconstruction, attenuated Radon 
transform 
 

1. INTRODUCTION 
 
The fluorescent x-ray analysis method has been used in 
tracer non-radioactive element detection studies, with sensi-
tivities reaching one picogram per gram of certain elements 
[1-4]. In addition, use of synchrotron radiation (SR) as an x-
ray source instead of using a conventional x-ray tube re-
markably improves the sensitivity. The advantages of SR 
over an x-ray tube are: 1) high brilliance; 2) broad conti-
nuous spectrum; and 3) small beam divergence. From these 
properties, a thin, parallel, and monochromatic x-ray beam 
having sufficient intensity can be obtained as incident x-
rays. Another advantageous property of SR for fluorescent 
x-ray analysis is its linear polarization. The polarized nature 
of SR allows the reduction of the spectral background origi-
nating from Compton scattering in the plane of the storage 
ring by positioning the detector at 90 degrees to beam in the 
plane of the polarization.  

Fluorescent x-ray computed tomography (FXCT), which 
combines x-ray fluorescence measurements and tomograph-
ic reconstruction algorithms, allows the distribution of trace 
elements within samples to be investigated with high sensi-
tivity and high quantitativeness at high spatial resolution in 
a non-destructive and non-invasive manner [5-12]. There-
fore, FXCT using synchrotron x-ray can be a novel imaging 
modality for biomedical sciences having both a high spatial 
resolution and a high sensitivity. 

Although FXCT allowed a high spatial resolution, this 
approach was hampered by the long measurement time 
required, as conventional FXCT was based on the first gen-
eration type of computed tomography (CT), which acquires 

a set of projections by translational and rotational scans 
using pencil-beam geometry [13-22]. In order to overcome 
the difficulties, we proposed the rapid scanning protocol 
using a linear sensors array with sheet beam [23]. So far, we 
have proved by ex-vivo imaging experiments using synchro-
tron x-ray that the preliminary FXCT system based on the 
rapid scanning protocol using sheet incident beam will ob-
tain the information of blood flow in the rat brain with high 
spatial resolution. However, while we so far used the fil-
tered backprojection (FBP) method as a reconstruction algo-
rithm, the measurement process of FXCT is more complex 
than the usual CT. Thus, the reconstruction based on the 
actual measurement process is indispensable for improved 
quantitativeness. In the present research, we clarify that the 
measurement process is similar to that of SPECT, and then 
propose the analytical reconstruction algorithm for FXCT 
based on that of SPECT devised by Natterer. Finally, we 
show the effectiveness with computer simulation. 
 

2. IMAGING SYSTEM 
 
For faster measurements, simultaneous or parallel acquisi-
tion of a single projection is indispensable. We, therefore, 
adopted sheet-beam geometry with a linear detectors array 
[23]. Fig. 1 shows a schematic diagram of the proposed 
imaging geometry. An incident monochromatic sheet beam 
generated from synchrotron radiation using a monochroma-
tor, where photon fluxes are parallel to one another and are 
linearly polarized in a plane containing the cross-section of 
interest, impinges on the object to cover the width of the 
object cross-section. Imaging agents, such as iodine, are 
thus excited and isotropically emit x-ray fluorescence pho-
tons on de-excitation. A linear array of detectors, where N 
solid state detectors operating in a photon-counting mode 
with energy resolution are equally spaced, is positioned 
perpendicular to the beam propagation direction in the plane 
of polarization. Due to the property of linear polarization the 
emission of Compton scattered photons is lowest. The net 
counts in the characteristic X-ray fluorescent spectral lines 
at each projection point constitute the CT projections. The 
energy of the incident beam is carefully tuned so that the 
fluorescent spectral line does not overlap with the Compton 
scatter peak. 



A long slit-like collimator is installed in front of each de-
tector element in order to restrict the regions emitting x-ray 
fluorescence incident to the detective surface and to reduce 
the amount of stray radiation being detected. For example, a 
detector of interest in Fig. 1 ideally detects just the fluores-
cent photons on a line perpendicular to the detective surface. 
Projections are acquired at constant angular steps using a 
rotation motion of the object over 180. Note that no transla-
tional scans are required in the sheet-beam geometry. 

To perform attenuation correction, the distributions of the 
linear attenuation coefficients of the object at the energies of 
the incident and fluorescent x-rays must be obtained. This 
information is acquired using a conventional transmission 
computed tomography setup. This includes positioning of a 
zero-degree CCD detector in the imaging system (Fig. 1) to 
measure the transmission CT signal. Two measurements of 
transmission CT projections are carried out, once at the 
energy of the incident beam for fluorescent CT, which is 
measured simultaneously with the FXCT measurement, and 
once at the energy of the fluorescent spectral line, which is 
measured separately. 

 
3. FORMULATION OF THE MEASUREMENT 

PROCESS 
 
We set the x1x2-coordinate fixed to the object, and suppose 
that the sheet beam accompanied with the detectors array is 
rotated around the origin O, where the collimators in front 
of the array are omitted so as to see easily the diagram. The 
hatched region means the incident sheet-beam irradiation.  

We derive the formula representing fluorescent x-ray 
photons measured by a single detector, or the ith detector 
among N detectors of the array. First, we pay attention to a 
single incident ray among the sheet beam. The points, P, Q, 
S and R in Fig. 2 represent the intersection of the single 
incident ray with the object’s surface, the point of interest, 
an intersection of a single emitted fluorescent x-ray with the 
object’s surface, and an intersection of line QS with the 
object’s surface, respectively. We denote the iodine concen-
tration distribution to be estimated, the distribution of the 
linear attenuation coefficient for the energy of the incident 
X-ray, and that of the fluorescent X-ray as d(x), aI(x) and 
aF(x), respectively. These are two-dimensional (2-D) func-
tions with compact supports, where x∈ℝ2. aI(x) and aF(x) 
must be known in advance by the usual x-ray CT using the 
CCD camera shown in Fig. 1. 

Next, let us consider the process in which a single inci-
dent ray with an initial intensity I0, at the point, P, arrives at 
the point, Q, and the fluorescent subsequently emitted x-ray 
from the iodine atoms excited at the point, Q, reaches the ith 
detector. We partitioned the process into three steps. Here, 
θ∈S1 and θ ⊥∈S1 are unit vectors parallel and vertical to the 
single ray of interest, where S1 is a unit circle. 

 
Step 1 (Attenuation of incident x ray): The incident x-ray 

flux rate, ܫሺݔሻ, reaching the point, Q, is given by ܫሺݔሻ ൌ  ଴eିሺ஽௔಺ሻሺ௫,θሻ ,  (1)ܫ

where ሺܽܦூሻሺݔ, θሻ ൌ ׬ ܽூሺݔ െ ஶ଴ݐθሻ݀ݐ  .  (2) 

Fig. 1.  Schematic diagram of a typical FXCT experimental system 
based on sheet-beam geometry. 

 

 

Fig. 2. Schematic diagram of the measurement process  
 

 



Step 2 (Generation of fluorescent x ray): The fluorescent 
x-ray is emitted isotropically with an intensity proportional 
to the product of the absorbed x-ray flux rate at the point, Q, 
μph I(x) Δݒ, and the iodine concentration, d(x), where μph is 
the photoelectric linear attenuation coefficient of iodine, and 
Δv is the differential volume at Q. Accordingly, the flux rate 
of the fluorescent x-ray emitted from the point, Q, and 
reaching the ith detector, f(x), is given by ݂ሺݔሻ ൌ Ω ݒሻ μ௣௛ ω Δݔሻ ݀ሺݔሺܫ 4πൗ    (3) 

where ω and Ω are the yield of the fluorescent x-ray and the 
solid angle at which the point, Q, is viewed by the ith detec-
tor, respectively. 

Step 3 (Attenuation of fluorescent x ray): Following a 
fluorescent x-ray emitted from the point, Q, crossing the 
object toward the ith detector, it is attenuated along the line 
segment QS; it reaches the ith detector with a flux rate given 
by 

ሻݔௗሺܫ ൌ eିሺ஽௔ಷሻቀ௫,θ⊥ ቁ݂ሺݔሻ ,   (4) 

where ሺܽܦிሻሺݔ, θ⊥ ሻ ൌ ׬ ܽி൫ݔ ൅ ஶ଴ݐθ⊥൯݀ݐ  .  (5) 

Here, we obtained the contribution from the single incident 
ray into the ith detector. The formula holds for other rays 
among the sheet beam. The total flux rate of the fluorescent 
x-ray reaching the ith detector for the sheet beam x-ray is 
obtained by integrating with respect to x along line RS, 
x ⋅ θ = s, where s is a distance between origin O and line RS: 

(ܴ௔݂ሻሺθ, ሻݏ ൌ ׬ eିሺ஽௔ಷሻቀ௫,θ⊥ ቁ݂ሺݔሻ݀ݔ௫⋅θୀ௦  . (6) 

Thus, the measurement process by the FXCT based on sheet 
beam geometry leads to the attenuated Radon transform [24]. 

The inversion for ݃ ൌ ܴ௔݂ was given by Natterer as 

݂ሺݔሻ ൌ ଵସπ Re div ׬ θeሺ஽௔ಷሻሺ௫,θ⊥ሻሺeି௛ܪSభ e௛݃ሻሺθ,  θሻ݀θ , (7)⋅ݔ

where ݄ ൌ ଵଶ ሺܫ ൅ iܪሻܴܽி ，and H and R are the Hilbert 
transform and Radon transform, respectively [24]. We can 
obtain the exact iodine density d(x) by first applying the 
exact inversion formula straightforwardly to Eq. (6), and 
then by applying Eq. (3) to the resulting f(x). 
 

4. SIMULATION 
 
Fig. 3 (a) shows the 256×256 Shepp-Logan phantom used 
in the simulation. The phantom’s dimensions were designed 
to simulate a mouse head, where the major axis was 40 mm. 

Energy of the monochromatic incident x-ray beam was set 
to 37 keV, which is a typical value in the actual experiments. 
Incident x-ray flux was 9.7×107 photons/mm2/s , with a 
sheet beam cross section 0.19×0.19 mm2. The detector slit-
like collimater was 0.19 mm wide, 0.19 mm high, and 10 
mm deep. The distance between the center of object and 
entrance to the collimator in front of the central detector was 
35 mm. We regarded the skull region shown in Fig. 4 as that 
consisting of calcium, where the the linear attenuation coef-
ficients of calcium for the incident beam energy (37 keV) 
and the fluorescent one (28.3 keV) were set to 0.3005 cm-1 
and 0.4464 cm-1, respectively. Next, we set two kinds of 
iodine accumulation regions, A and B. The iodine concen-
tration of A and B regions were 80 μg/ml and 160 μg/ml, 
respectively; The photoelectric linear attenuation coefficient 
of iodine, μph, and the yield of the fluorescent x-ray, ω, were 
0.2745 cm2/g and 0.8, respectively. The other region in the 
brain was regarded as water. The linear attenuation coeffi-
cients of water for the incident beam energy (37 keV) and 
the fluorescent one (28.3 keV) were set to 0.3005 cm-1 and 
0.3005 cm-1, respectively. Since the iodine solution was 
dilute, the attenuation coefficient in the portion including 
the iodine solution was set to the same value as that of water. 
We generated 360 projections for the numerical sample 
according to Eq. (6), with a rotational step of 1 degree over 
360 degrees (Fig. 3 (b)).  
 

5. RESULTS 
 
CT images were reconstructed using the proposed method, 
combined with a filtered back projection (FBP) method with 
the Shepp-Logan filter without attenuation correction. We 
show the reconstructed images in Fig. 4. Both routines satis-
factorily reconstruct A and B regions. In terms of morphol-
ogy, there is no difference between the two.  

(a)                                                (b) 

Fig. 3.  (a) Numerical phantom and (b) the sinogram calculated from 
the phantom. 

 



Next, we compared them in quantitativeness. Fig. 4 com-
pares the original values and the profiles on the lines drawn in 
Figs. 3 (a) and (b). From the figure, the proposed method is 
better in both A and B regions than the FBP method, while 
the both have oscillating components in the regions of interest. 
In addition, we compared the average values and the standard 
deviations in A and B regions (Table 1). In the both ROIs, the 
proposed method is better than the FBP method. 
 

6. SUMMARY 
 
We first introduced an FXCT imaging method using the sheet 
beam geometry to obtain 2-D tomographic image at high 
speed, and then considered the forward problem of FXCT 

using sheet beam geometry. In addition, we proposed an 
analytical reconstruction method with the help of Natterer’s 
result with respect to attenuated Radon transform, and dem-
onstrated its efficacy by applying the proposed method to 
synthetic data and comparing the reconstruction result with 
that by the conventional FBP method. 
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quantitativeness. 
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